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I. The Principal Signs, 

h Algebra is the science in which we reason about 
numbers, with the aid of letters to denote the numbers, 
and of certain signs to denote the operations performed 
on the numbers^ and the relations of the numbers to each 
other. 

2. Numbers may be either knoton numbers, or num- 
bers which have to be found^ and which are therefore 
called unknotcn numbers. It is usual to represent known 
numbers by the first let^rs of the alphabet a, h, c, &c., 
and unknown numbers by the last letters x,y, z; tnis is 
however not a necessary rule, and so need not be strictly 
obeyed. Numbers may be eiUier whole or fractional. The 
word quantity is often used with the same meaning as 
number. The word integer is often used instead of whole 
number. 

3. The beginner has to accustom himself to the use of 
letters for representing numbers, and to learn the meaning 
of the signs ; we shaU begin by explaining the most im- 
portant signs and illustrating their use. We shall assume 
that the student has a knowledge of the elements of Arith- 
metic, and that he admits the truth of the common notions 
required in all parts of mathematics, such as, if equals be 
aaded to equals the wholes are equals and the lik^. 

T. A. \ 



2 THE PRINCIPAL SIGNS. 

4. The sign + placed before a number denotes that the 
number is to be added. Thus a + & denotes that the num- 
ber represented by & is to be added to the number repre- 
sented by a. If a represent 9 and h represent 3, then a + h 
represents 12. The sign + is called the pliis sign, and 
a + & is read thus " a pliis b." 

5. The sign — placed before a nimiber denotes that the 
number is to be subtracted. Thus a—h denotes that the 
number represented by h is to be subtracted from the 
number represented by a. If a represent 9 and h repre- 
sent 3, then a— 6 represents 6. The sign — is called the 
minus sign, and a— & is read thus ^'a minus b." 

6. Similarly a+h+c denotes that we are to add h to 
a, and then add c to the result; a-\-h—c denotes that we 
are to add h to a, and then subtract c from the result ; 
a'^h-^c denotes that we are to subtract h from a, and then 
add c to the result; a—h—c denotes that we are to sub- 
tract h from a, and then subtract c from the result. 

7. The sign = denotes that the numbers between 
which it is placed are equal. Thus a=h denotes that the 
number represented by a is equal to the number repre- 
sented by 0. And a+h=c denotes that the sum of the 
numbers represented by a and b is equal to the number 
represented hj c; bo that if a represent 9, and b represent 
3, then c must represent 12. The sign = is called the 
sign qf equality, and a =6 is read thus "a equals b" or 
" a is equal to b." 

8. The sign x denotes that the numbers between 
which it stands are to be multiplied together. Thus 
axb denotes that the number represented by a is to be 
multiplied by the number represented by b. If a repre- 
sent 9, and b represent 3, then axb represents 27. The 
sign X is called the sign of multiplication, and axb is 
read thus " a into b." Similarly axbxc denotes the pro- 
duct of the numbers represented by a, b, and c, 

9. The sign of multiplication is however often omitted 
for the sake of brevity ; thus ab is used instead of axb, 
and has the same meaning ; so also abc is used instead of 
axbxc, and has the same meaning. 



y 



THE PRINCIPAL SIGNS. 3 

The sign of multiplication mnst not be omitted when 
numbers are expressed in the ordinary way by figures. 
Thus 45 cannot be used to represent the product of 4 and 
6, because a different meaning has already been ; appro- 
priated to 46, namely, forty-five. We must therefore re- 
present the product of 4 and 5 in another way, and 4x6 
IS tbe way which is adopled. Sometimes, however, a 
point is used instead of the sign x ; thus 4.6 is used in- 
stead of 4x6. To prevent any confusion between the 
point thus used as a sign of multiplication, and the point 
used in the notation for decimal fractions, it is advisable 
.to place the point in the latter case higher up; thus 

4*5 may be kept to denote 4 + r^ . 

The ]x>int is sometimes placed instead of the sign x 
between two letters ; so that a.h \& used instead of a x &. 
But the point is here superfluous, because, as we have 
said, ab is used instead of axb. Nor is the point, nor the 
sign X , necessary between a number expressed in the or- 
dmary way by a figure and a number represented by a 
letter ; so that, for example, 3a is used instead of 3 x a, 
and has the same meaning. 

10. The sign -r denotes that the number which pre- 
cedes it is to be divided by the number which follows it. 
Thus airb denotes that the number represented by a is to 
be divided by the number represented by 6. If a repre- 
sent 8, and b represent 4, then a-rb represents 2. The 
sign -f is called the sign of division, and a-rb is read 
.thus"aft2^b." 

There is also another way of denoting that one num- 
ber is to be divided by another ; the dividend is placed 

over the divisor with a line between them. Thus v is 



used instead ofai-b, and has the same meaning. 

11. The letters of the alphabet, and the signs which 
we have already explained, together with those which may 
occur hereafter, are called algebraical symbols, because 
they are used to represent the numbers about which n^^s^ 

- may be reasoning, the operations perfonxie^ on \)![vbT(i^ ^s^^ 
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their relations to each other. Any collection of Algebraical 
symbols is called an algebraical expression^ or briefly an 
expression, 

12. We shall now give some examples as an exercise 
in the use of the symbols which have been explained; 
these examples consist in finding the numerical yalues of 
certain algebraical expressions. 

Suppose a=l, &=2, c=3, d=6, 0=^=6, /=0. Then 

7a + 36-2f?+/=7 + 6-10+0 = 13-10=3. 

2a5+86c-(W + cJ/*=4 + 4jS-6 + 0=62-6=46. 

b cd ac 2 16 Z 

4c + 5f_ 12 + 30 42 _ 
d-b ~ 6-2 ~ 3" 



Examples. I. 

If a=l, 5=2, c=3, d=4, «=6, /=0, find the numeri- 
cal Talues of the following expressions. 

1. 9a+26+3c-2/. 2. 4e-Sa-3b+5c. 

3. 7ae+2bc + 9d—({f. 4. 8abc—bcd+9cd4—dif. 

^ 4a<j 86c_5c^ 12a 6& 20c 

b d e ' ' be cd de' 

^ <^^ 6&c<? 6a^ ,^ ^ , , SZwfo 

ab ae be 2ac 

2a+5b , 3&-t-2c a+b+c-\-d „ & + g+3g 

c d 2e e-\-c-d 

a-hc b + d c-^e a + b + c + d+e 

c-a rf— 6 «~c e-d + c-b + a 
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II. Factor. Coefficient. Power. Terms. 

13. When one nnmber consists of the product of two 
or more numbers, each of the latter is called a factor of 
the product. Thus, for example, 2 x 3 x 5 ~ 30 ; and each 
of the numbers 2, 3, and 5 is a factor of the product 30. 
Or we may regard 30 as the product of the two factors 
2 and 15, or as the product of the two factors 6 and i, 
or as the product of the two factors 3 and 10. And so, also, 
we may consider 4Mb as the product of the two factors 
4 and db, or as the product of the two factors 4a and b, 
or as the product of the two factors 46 and a; or we may 
regard it as the product of the three factors 4 and a and b. 

14. When a number consists of the product of two 
factors, each factor is called the coefficient of the other 
factor ; so that co^cient is equivalent to cafactor. Thus 
considering 4db as the product of 4 and ab, we call 4 
the coefficient of ab, and ab the coefficient of 4; and 
considering 4ab as the product of 4a and b, we call 4a 
the coefficient of 6, and b the coefficient of 4a. There will 
be little occasion to use the word coefficient in practice in 
any of these cases except the first, that is the case in which 
4 is regarded as the coefficient of ab ; but for the sake of 
distinctness we speak of 4 as the numerical coefficient of 
ab in 4a&, or briefly as the numerical coefficient. Thus 
when a product consists of one factor which is represented 
arithmetically, that is by a figure or figures, and of an- 
other factor which is represented algebraically, that is b^ 
a letter or letters, the former factor is called the numen* 
eal coefficient. 

15. When all the factors of a product are equal, the 
product is called a power of that factor. Thus 7 x 7 is 
called the second power of 7 ; 7 x 7 x 7 is called the third 
power of 7; 7x7x7x7 is called the fourth power of 7 ; 
and so on. In like manner a x a is called the second power 
of a; a X a X a is called the third power of a; ax ax ax a 
ig called the fourth power of a ; and so on. And a itself is 
sometimes called the Jirst power of a. 
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16. A power is more briefly denoted thus; instead of 
expressing all the equal factors, we express the factor once, 
and place oyer it the number which indicates how often it 
is tolbe repeated. Thus a^ is used to denote a x a ; a^ is 
used to denote ax ax a \ a^ is used to denote a x a x a x a ; 
and so on. And a^ may be used to denote the first power 
of a, that is a itself -, so that a^ has tJie same meaning as a. 

17. A number placed over another to indicate how 
many times the latter occurs as a factor in a power, is 
called an index qf the power, or an exponent of the power; 
or, briefly, an index, or exponent. 

Thus, for example, in a' the exponent is 3 ; in a*" the 
exponent is n, 

18. The student must distinguish very carefully between 
a coefficient and an exponent. Thus Zc means three times c ; 
here 3 is a coeffi^ent But <^ means c times c times c; 
here 3 is an expovient. That is 

3c=c + c+(7, 

(^^CXCXC. 

19. The second power of a, that is a\ is often called the 
square of a, or a sqtiared; and the third power of a, that is 
cr, is often called the cube of a, or a cubed. There are no 
such words in use for the higher powers ; a^ is read thus 
"a to the fourth power ^^ or briefly **a to the fourth.** 

20. If an exi)ression contain no parts connected by the 
signs + and — , it is called a simple expression. If an 
expression contain parts connected by the signs + and — 
it is called a compound expression, and the parts con- 
nected by the signs + and — are called term^ of the ex- 
pres^on. 

Thus flw?, 4&C, and 6a'c* are simple expressions ; a' + &^ - c* 
is a compound expression, and a^, 2^, and c^ are its terms. 

21. When an expression consists of two terms it is 
called a binomial expression: when it consists of three 
terms it is called a trinomial expression ; any expression 
consisting of several terms may be called a multinomial 
expression, or & polynomial expression. 



FACTOR. COEFFICIENT. POWER. TERMS, 7 

Thus 2a + 3& is a binomial expression; a— 2b + 6c is a 
trinomial expression; and a—b-\-c-d-e may be called a 
multinomial expression or a polynomial expression. 

22. Each of the letters which occur in a term is 
called a dimension of the term, and the number of the 
letters is called the degree of the term. Thus aH^c or 
axax&x&x&xc is said to be of six dimensions or of 
tiie sixth degree. A numerical coefficient is not counted ; 
thus 9a^6^ and c^l^ are of the same dimensions, namely 
seven dimensions. Thus the word dimensions refers to 
the number of algebraical multiplications involved in the 
term ; that is, the degree of a term, or the number of its 
dimensions, is the sum, of the exponents qfits algebraical 
factors, provided we remember that if no exponent be 
expressed the exponent 1 must be understood^ as in(^cated 
in Art. 16. 

23. An expression is said to be Jiomogeneous when all its 
terms are of tne same dimensions. Thus la^+Sa^b-h^abc 
is homogeneous^ for each term is of three dimensions. 

We shall now give some more examples of finding the 
numerical values of algebraical expressions. 

Suppose a = 1, &= 2, c= 3, «?= 4, « = 5,/= 0. Then 
ft»=4, &3=8, &*=16, 6»=32. 
3ft'' = 3x4=12, 56^=5x8 = 40, »6'=9 x 32=288. 
e«=5i = 5, e* = 5«=25, «*'=5»=125. 
a«68=lx8 = 8, 36»c2=3x4x 9 = 108. 
d:'+c*-7a6+/«=64 + 9-14+0=59. 
3c«_4c-10 27-12-10 _6^g 



c*-2c2 + 5c-23 27-18-1-15-23 1 

e^ + d^ c«-g» 125 + 64 27-1 
e+d c—a ~ 5 + 4 3—1 

189 26 „, ,„ ^ 
= — --2=21-13 = 8. 
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Examples. II. 

Ifa=l, &=2, c=3, d=4, «=5, /=0, find the numerical 
values of the following exi)ressions. 

3. ab(?-\-J)cd*-dea*-¥P. 4. c«-2c«+4c-13. 

5. o»+3a'& + 3a6'»+6». 6. ^-4^6 + 6^6»-4«6» + 6<. 

^ ^ de Z2 f. 2e+2 3g~9 g*-l 

^' 4a"*'6« 64- ^' ^-3^-2^«+3' 

- «*+&" c"+e* e«-rf* 
e b c 

n. 28 + 12 4 



15. .-^t^. 16. ''-'' 



b^ + d^-bd' *"• ^+erf+fl?2* 



III. Remaining Sigm. Brackets. 

24. Tlie difference of two numbers is sometimes de- 
noted by the sign -* ; thus a -* 5 denotes the difference of 
the numbers represented by a and b ; and is equal to a— &, 
or b—a^ according as a is greater than by or less than b. 

25. The sign > denotes is greater than, and the 
sign < denotes is less than; thus a>& denotes that the 
number represented by a is greater that the number 
represented hjb, and b<.a denotes that the number re- 
presented by b is less than the number represented by a. 
Thus in both eases the opening of the angle is turned 
towards the greater number. 
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26. The sign .*. denotes then or therefore; the sign •/ 
denotes since or because. 

27. The sqttare root of any assigped number is that 
number which has the assigned number for its square or 
second power. The cube root of any assigned number 
is that number which has the assigned number for its cube 
or third power. The fourth root of any assigned number 
is that number which has the assigned number for its fourth 
power. And so on. 

Thus since 49 = 7^ the square root of 49 is 7 ; and so if 
a=&^, the square root of a is b. In like manner, since 
125 = 5^, the cube root of 125 is 5 ; and so if a = o'^ the cube 
root of a is c. 

28. The square root of a is denoted thus IJa^ or simply 
thus J a. The cube root of a is denoted thus ^a. The 
fourth root of a is denoted thus ija. And so on. 

Thus ^9 = 3; i/8 = 2. 

The sign J is said to be a oorruption of the initial 
letter of the word radix. 

29. When two ^r more numbers are to be treated as 
forming one number they are enclosed within brackets. 
Thus, suppose we have to denote that the sum of a and b 
is to be multiplied by c; we denote it thus (a+6)xc or 
{«+&[ X c, or simply {a-\-b)c or \a+b\c \ here we mean that 
the whole of a+ & is to be multiplied by c. Now if we omit 
the brackets we have a+bc, and this denotes that b only 
is to be multiplied by c and the result added to a. Simi- 
larly, {a+b-'C)d denotes that the result expressed by 
a+o—c is to be multiplied bv d, or that the whole of 
a + b—c is to be multiplied by d\ but if we omit the 
brackets we have a+b—cd^ and this denotes that c only 
is to be multiplied by d and the result subtracted from 
a+b. 

So also (a— 6+c)x(tf?+«) denotes that the result ex- 
pressed by a— &+C is to be multiplied by the result ex- 
pressed hj d+e. This may also be denoted simply thus^ 
Xa—h-^-cXd^-e) ; just as a x 2> is shortened iiv^ ab. 
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So also ^J(a+b+c) denotes that we are to obtain the 
result expressed hj a+b+c, and then take the square root 
of this result. 

So also {aby denotes ab^cib; and (oft)' denotes ab>^dbxdb. 

So also {a+b-'C)-T(d+e) denotes that the result ex- 
pressed bya+ft—cistobe diyided by the result expressed 

30. Sometimes instead of waang brackets a line is 
drawn over the num bers whi ch are t o be treated as forming 

one number. Thus a—b+cyd+e is used with the same 
meaning m {a—b+c)x{d+e). A line used for this pur- 
pose is called a vinculum. Bo also {a+b—c)-r{d+e) may 

be denoted thus -^ ; and here the line between 

d+e ' 

a + b—c and d^+ ^ is really a vinculum used in a particular 
sense. 

31. We have now explained all the signs which are 
used in algebra. We may observe that in some cases the 
word sign is applied specially to the two signs + and — ; 
thus in the Rule for Subtraction we shall speak of changing 
the signs, meaning the signs + and — ; and in multiplica- 
tion and division we shall speak of the Rule of Signs, mean- 
ing a rule relating to the signs + and — . 

32. We shall now give some more examples of finding 
the numerical values of expressions. 

Suppose a=l, 5=2, c=3, ^=5, e=S. Then 
^{2b + 4c)= ^/(4 + 12) = ^/(16) = 4. 
4/(4c-2&) = V(12-4)= i/(8) = 2. 

^ ^(26+4c)-(2<3?-&) J/(4<J-2&) = 8 X 4-8 X 2 = 32- 16 = 16. 
V{(«-&)(2e-66)} = ^/{(8-2Xl6-10)} = ^/(6 X 6) = 6. 
\[e-dXb+c)-(d-cXc+a)\{a-^d) = {i>^5'-2x4\6 = 7^6 = 42. 
J/(c» + Sc^b -f 3c62 + 58)^ ^(^2 + 2,2 _ 2ab) 

= ^/(27 + 64 + 36 + 8)n-^/(l+4-4)= 4/(126)^1 = 5. 
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Examples. III. 

If a=\, b=2, c=3, d=5, e=8y find the numerical 
values of the following expressions. 

I. a(J)+c), 2. h{c-¥d). 3. c{e-d), 

4. 6«(a«-f^-o«). 6. c«(^-6»-c»). 6. ^^ y^ . 

7. — ^_^ \ 8. ^{2ibce), 9. /,y(26+4<?+6«). 

10. (a + 2ft + 3c+6e-4^(6«-5<?-4<;-3&+2a). 

11. (a«4-6»+c»)(e«-rf«--<^. 12. (3rf«-7c»)». 

13. « s/{d'-3e) + <3? V(<^« + 34 

14. «-W(« + l) + 2} + («-i«/^)^(6-4). 

16. ^/(a« + 2a5 + 6") X 4/(a? + 3a»& + 3a&» + fe^). 
16. J/(c»-3c»a+3ca*-a?)4-^(68+c»-2c6). 

IV. Change qfthe order qf Terms, Like Terms, 

33. When all the terms of an expression are connected 
by the sign + it is indifferent in what order they are 
placed ; thus 6 + 7 and 7 + 6 give the same result^ namely 
12 ; and so also a + & and & + a give the same result, namely , 
the sum of the numbers which are represented by a and o. 
We may express this fact algebraically thus, 

a+&=&+a. 
Similarly, a+fe+c=a+c+6=&+c+a. 

34. When an expression consists of some terms pre- 
ceded by the sign + and some terms preceded by the 
sign — , we may write the former terms first in any order 
we please, and the latter terms after them in any order we 
please. This is obvious from the common notions of arith- 
metia Thus, for example, 

7 + 8-2-3 = 8 + 7-2-3 = 7 + 8-3-2 = 8 + 7-3-2, 

0+&— c— «=fe+a-c— «=a+&— ^— c=&+a— 6— c. 

36. In some cases we may change the order ot ^Jaa 
terms further, by mixing up the termft ^\aO[i ^t^ \pc^fifo^<^^ 
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by the sign — with those which are preceded by the sign + . 
Tnus, for example, suppose that a represents 10, and h re- 
presents 6, and c represents 5, then 

for we arrive without any difficulty at 11 as the result in 
all the cases. 

Suppose however that a represents 2, b represents 6, 
and c represents 5, then the expression a-c-hb presents a 
difficulty, because we are thus apparently required to take 
a greater number from a less, namely, 5 from 2. It will 
be convenient to agree that such an expression b,s a—c+b, 
when c is greater than a, shall be understood to mean the 
same thing as a+&~c. At present we shall not use such 
an expression bs a-hb—c except when c is less than a + b; 
so that a+b—c will not cause any difficulty. Similarly, 
we shall consider -b+a to mean the same thing as a—b. 

36. Thus the numerical value of an expression remains 
the same, whatever may be the order of the terms which 
compose it. This, as we have seen, follows partly from our 
notions of addition and subtraction, and partly from an 
agreement as to the meaning which we ascribe to an ex- 
pression when our ordinary arithmetical notions are not 
strictly applicable. Such an agreement is called in algebra 
a conv&ntKmj and conventicmal is the corresponding ad- 
jective. 

37. We shall often^ as in Art 34, have to distinguish 
the terms of an expression which are preceded by the sign 
+ from the terms which are preceded by the sign — , and 
the following definition is accordingly adopted. The terms 
in an expression which are preceded hj the sign + are 
called positive terms, and the terms which are preceded 
by llie sign — are called negative terms. This dennition is 
introduced merely for the sake of brevity, and no meaning 
is to be given to the words positive and negative beyond 
what is expressed in the definition. 

38. It will be seen that a term may occur in an ex- 
pression preceded by no sign, namely the first term. Such 
a term is counted with the positive terms, that is it is 
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treated as if the sign + preceded it. It will be fonnd that 
if such a change be made in the order of the terms, as to 
bring a term which originally stood first and was preceded 
by no sign, into any other place, then it will be preceded by 
the sign + . For example, 

a-\-h—c-..h+ a—c=h—c-¥a \ 

here the term a has no sign before it in the first expres- 
sion, but in the other equivalent expressions it is preceded 
by the sign + . Hence we have me following important 
addition to the definition in Art. Zl\ifa term he preceded 
by no sign, the sign -h is to be understood. 

39. Terms are said to be like when they do not differ 
at s31, or differ only in their numerical coefficients ; other- 
wise they are said to be unlike. Thus a, 4a, and 7a are 
like terms ; a\ 6a', and 9a' are like terms ; a', ab, and &* 
are unlike terms. 

40. An expression which contains like terms may be 
simplified. For example, consider the expression 

6a—a-^Zb+5c-b-^3c-2a; 

by Art. 35 this expression is equivalent to 

6a^a-'2a^-Sb-b-^5c+Zc, 

Now 6a -a— 2a = 3a; for whatever number a may re- 
present, if we subtract a from 6a we have 5a left, and then 
if we subtract 2a from 5a we have 3a left. Similarly 
3b—b=2b; and 5c+3c= 8c. Thus the proposed expression 
may be put in the simpler form 

3a + 26+8c. 

Again; consider the expression a^^—4b. This is 
eqiuJ to a— 7&. For if we have first to subtract 3b from 
any number a, and then to subtract 4b from the remainder, 
we shall obtain the required result in one operation by 
subtracting *Jb from a ; this follows from the common no- 
tions of Arithmetic. Thus 

a-'3b-4^=a-1b, 

41. There will be no difficulty now in giving a mean- 
ing to such a statement as the following, 

^^-4b=-1b. 



14 EXAMPLES. IV. 

We cannot subtract 3& from nothing and then subtract 
45 from the remainder, so that the statement just given is 
not here intelligible in itself, separated from the rest of an 
algebraical sentence in which it may occur, but it can be 
easily explained thus; if in the course of an algebraical 
operation we have to subtract Zh from a number and then 
to subtract 4& from the remainder, we may subtract 7& at 
once instead. 

As the student advances in the subject he may be led 
to conjecture that it is possible to give some meaning to 
the proposed statement Iby itselfl that is, apart from any 
other atgebraic^d operation, and this conjecture will be 
found correct, when a larger treatise on Algebra can be 
consulted with advantage; but the explanation which we 
have given will be suffiaent for the present 

42. The simplifying of expressions by collecting like 
terms is the essential part of the processes of Addition and 
Subtraction in Algebra, as we shall see in the next two 
Chapters. 

Examples. IV. 

If a=l, &=2, c=3, tf?=4, «=6, find the numerical 
values of the following expressions. 

1. a-3&+4c. 2. a-ft'+c'+tf?'. 

3. {a-^h)(J>-\-c)-(b + c){c+d)-{-{c-^d){d+e). 
4a+36 4c4-3gg fSd+Ae 
b+c h-\-d a-hd+e' 
6. {a-2b+Scf-{b-2c+Sdf+(c-2d'hSef. 
6. a*-4a8&+6a»6»-4a68+2^. 

^' a«-2a6+6»' &*-46»c+66^c^~4ftc«-f c* * 

9. 7a-26-3c-4a+6&+4c+2a. 

10. 5a«+3a6-2&«-a6+9&'-2a6--76». 

11. 3a'-2a*+5a+a?+a+9a'-4a''-6a. 

,^ a*+2a&+6« 6«+2^;+c« . c^-h2cd+d' 

12. T 7- + —J . 

a+b b+c c+d 

13. ^/(4c2+6c?2+^). 14. ^i^+d^ + e^-a?). 
16. */{2e^+d^. 16. i/{2b^'\-<^-a). 
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V. Addition, 

43. It is conTenient to make three cases in Addition, 
namely, I. When the terms are all like terms and have the 
same sign; II. When the terms are all like terms but 
have not all the same sign ; III. When the terms are not 
all like terms. We shall take these three cases in order. 

44. I. To add like terms which have the same sign. 
Add ths numerical coefficients ^ prefix the common sign, 
and cmnex the com/mon Utters, 

For example, 6a + 3a + 7ei = 1 6a, 

-26c --7&c-9&c= -186c. 

In the first example 6a is equivalent to + 6a, and 16a 
to + 16a. See Art. 38. 

45. II. To add like terms which have not all the 
same sign. Add all the positive numerical coefficients 
into one sum, and all the negative numerical co^icients 
into another; take the difference of these ttco sums, 
prefix the sign qf the greater, and annex the common 
letters. 

For example, 

7a-3a+lla + a-6a-2a=19a-10a=9a, 
26c-76c-36c+46c+66c-66c=ll6c-l€6c=-56c. 

46. III. To add terms which are not all like terms. 
Add together the terms which are like term>s by the rule 
in the second case, and put down the other terms each 
preceded by its proper sign. 

For example ; add together 
4a+66— 7c+3tf?, Sa-b-^2c+5d, 9a-ib—c-d, 
and —a-hSb+ic-Sd+e, 

It is convenient to arrange the terms in columns, so 
that like terms shall stand in the same column ; thus we 
have 



16 ADDITION. 

3a- &+2c+6<3? 
9a- 2&- c- d 
-a+3&+4c-36?+^ 



16a+56-2c+4^+« 



Here the terms 4a, 3a, 9a^ and — a are all like terms ; 
the sum of the positive coefficients is 16 ; there is one term 
with a negative coefficient namely — a, of which the co- 
efficient is 1. The difference of 16 and 1 is 15 ; so that 
we obtain +15a from these like terms; the sign + may 
however be omitted by Art. 38. Similarly we have 
6&—&— 25+36=56. And so on. 

47. In the following examples the terms are arranged 
suitably in columns. 

fl?' + 2a?'- 3a?4-l a'+ a6+ 6'-c 

Aa^-\-*la^-¥ ^-9 3a«-3a6-76' 

-20?^+ aj»- 9:!?4.8 4a«+6a6+96« 

-3iu8- aj*+10a?-l a«-3a6-36' 



9a^- x-l Qa^ -c 

In the first example we have in the first column 
a^ + 4a^-2^-3a^, that is 5ir'-5;i;', that is, nothing; this 
is usually expressed by saying the terms which involve x^ 
caned each other. 

Similarly, in the second example, the terms which in- 
volve a6 cancel each other ; and so also do the terms which 
involve 6^. 

*la^-Zxy + X 

Za^ - y2+ Zx- y 

"20^ + 4x1/ + 51^- x-2y 

-Ixy- ^+ 9x-5y 

4x^ +4y2- 2a? 

124?2 - exy + 1y^ + 10a? - Sy 
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Examples. V. 
Add together 

1. 3a-2&, Aa-fSh, la-\\b, a-^Bb, 

2. 4x^-Sy% 2a^-5y^y -a^i-y^, -2a^+4yK 

3. 6a + 3& + c, 3a+36 + 3c, a-\-Sb-\-6c. 

m 

4. Zx-\-2y-z, 2x-2y-\-2z^ -x+2y-{-Zz, 
6. 7a-4b-\-c, 6a + 3&-6<:, -12a + 4c. 

6. a?- 4a + ft, 3:1? + 2&, a— a?-5&. 

7. a-hb-c, b + c-aj c+a-b, a-k-b-c, 

8. a + 2& + 3c, 2a-&-2c, b-a-c, c-a-b. 

9. a-2b + 3c-4td, 3b-4c + 6d-'2a, bc-ed-hSa-^b, 

1d-4a + 5b-4c, 

10. a^-4;i?2 + 6a?-3, 2x^-1a^-lix-^5, -x^-{-9a^ + x + S. 

11. a?*-2;ij3^3<jj!^ ips^.^^.^^ 4a7*+6iC=, 2aj24-3a?-4, 

-3^-2a?-5. 

12. a?-3a2& + 3a&2_58^ 208 + 5^25 -6a&2_ 7^2^ 

a5-a62+25». 

13. a^-2aa!^-^a^x+€^, a^+3aa^y 2c^-ao^-2^, 

14. 2a5-3aa?2+2a2^, I2ai> + 10a^-6a2:!?, 

15. ic2 + y*+;2^, -4a?2-6^, 8aj2-72/*+10^, 6y*-6;?». 

16. 3aj2-4;i?2/ + 2^+2:!? + 3y-7, 2^-42^+3:!?-6y + 8, 

10^ + 82/^ + 9y, 6d^-6^ + 3y2 + 7a?-.7y + ll. 

VI. Subtraction, 

48. Suppose we have to take 7 + 3 from 12 ; the result 
is the same as if we first take 7 from 12, and then take 3 
from the remainder; that is, the result is denoted by 
12-7-3. 

Thus 12-(7-l-3)= 12-7-3. 
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Here we eDclose 7 + 3 in brackets in the first expression, 
because we are to take the whde of 7 + 3 from 12 ; see 
Art. 29. 

Similarly 20-(5+4+2)=20-5-4-2. 

In like manner, suppose we have to take h + c from a ; 
the result is the same as if we first take h from a, and 
then take c from the remainder ; that is, the result is- 
denoted by a - 5 - c. 

Thus a-(J) + c)=a-h-c, 

Here we enclose & + c in brackets in the first expression, 
because we are to take the whole of & + c from a. 

Similarly a— (&+c+<]?) = a— 6— c-^. 

49. Next suppose we have to take 7-3 from 12. If 
we take 7 from 12 we obtain 12-7; but we have thus 
taken too much from 12, for we had to take, not 7, but 7 
diminished by 3. Hence we must increase the result by 3 ; 
and thus we obtain 

12-(7-3)=12-7 + 3. 
Similarly 12-(7 + 3-2) = 12-7-3 + 2. 

In like manner, suppose we have to take h-c from a. 
If we take h from a we obtain a-&; but we have thus 
taken too much from a, for we had to take, not h, but h 
diminished by c. Hence we must increase the result by c ; 
and thus we obtain 

a-(5-c)=a-&+c. 
Similarly a-(6+c-<3?) = a-6-c+t/. 

60. Consider the example 

that is, if h-^c—d be subtracted from a the result is 
a-h-c-^-d. Here we see that, in the expression to bo 
subtracted there is a term —d, and in the result there is 
the corresponding term +d ; also in the expression to bo 
subtracted there is a term ^c^ and in the result there is a 
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tenn —c\ also in the expression to be subtracted there is a 
term h, and in the result there is a term ~ &. 

From considering this example, and the others in the two 
preceding Articles we obtain the following rule for Subtrac- 
tion ; change the signs of aU the terms in the expression 
to he subtracted^ and then collect the terms as in Ad- 
dition. 

For example; from 4a!-Zy+2z subtract 3x-y-\-z, 
Change the signs of all the terms to be subtracted ; thus 
we obtain -Sx-hy-z; lien collect as in addition ; thus 

4X'-Sy+2Z'-Sx+y''Z=X'-2y-^z, 
From 3a?* + Saj" - 6a?2 - 7a? + 6 take 2a?* - 2^!* + 6aj2 - 6a? - 7. 

Change the signs of all the terms to be subtracted 
and proceed as in addition ; thus we have 

Sa^ + 6a^^ 6a;2-7a?4- 6 
-2a?*+2aj»- 6a?2+6a?4- 7 

a?*+7a?'-lla?8-- a?+12 

The bepnner will find it prudent at first to go through 
the operation as fully as we have done here ; but he may 
gradually accustom himself to putting down the result 
without actually changing all the signs, but merely sup- 
posing it dona 

51. We have seen that 

a-(b'-c)=a-h-{-c. 

Thus corresponding to the term - c in the expression 
to be subtracted we have + c in the result. Hence it is 
not uncommon to find such an example as the following 
proposed for exercise ; from a subtract - c ; and the result 
required is a+c. The beginner may explain this in the 
manner of Art. 41, by considering it as having a meaning, 
not in itself, but in connexion wiw some other parts of an 
algebraical operation. 
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Examples. VI. 

1. From 7a + 146 subtract 4a + 106. 

2. From 6a - 26 - c subtract 2a - 26 - Zc, 

3. From 3a - 26 + 3c subtract 2a—*Jb-'C-d. 

4. From 7^ - &» - 1 subtract 6^ - 6a? + 3. 

6. ¥rom4a!^-3a!^-'2a!^-7a!+9 

subtract a*-2a^- 2a^ + 7a? - 9. 

6. From 2a?2-2aa?+3a2 subtract a^-ax-^a^, 

7. From a^-Zocy-y^-\-yz-2z^ 

subtract a^ + 2xy + bxz - Zy^ - 2z\ 

8. From 6a?2+6aJ2^-12a?2r-4y2_72^^_5^2 

subtract 2a^ - 7^;^ + 4ar;2f - Zy'^ + 6y;2f - Sjzt^. 

9. From a' -3a26 + 3a62 -6' subtract -a5+3a26-3a62 + 6». 

10. From 1a^-2x^-^2x+2 subtract 4a?=-2a?2-2a?-14, 

and from the remainder subtract 20?* - Sa^ + 4a? + 16. 

VII. Brackets. 

52. On account of the extensive use which is made of 
brackets in Algebra, it is necessary that the student should 
observe very carefully the rules respecting them, and we 
shall state them here distinctly. 

IVken an expression within a pair (^"brackets is pre- 
ceded by the sign + ths brackets may be removed. 

When an expression within a pair qf brackets is 
preceded by tJie sign - the brackets may be removed if 
the sign of every term within the brackets be changed. 

Thus, for example, 

a-6 + (c-rf+«) = a-6+c-<3?+^, 

a—b-{c-d'^e)=a'-b-c-\-d-e. 

The second rule has already been illustrated in Art. 50 ; 
it is in fact the ndefor Subtraction. The first rule might 
be illustrated in a similar manner. 



BRACKETS. 21 

53. In particular the student must notice such state- 
ments as the following : 

^(^^d)=-d, -{-d)= +d, 

These must be assumed as rules by the student, which 
he may to some extent explain, as in Art 41. 

54. Expressions may occur with more than one pair of 
brackets ; these may be removed in succession by the pre- 
ceding rules beginning with the iiiside pair. Thus, for 
example, 

a + {b + (c-d)}=a->r{h + c-d} = a->rh-\-c-d, 

a+{b'-{c-d)} = a-¥{b-c+d}=a-k-h'-C'\-d, 

a-{b + {c-'d)}=a-{b-{-c-d}=^a-b-c-k-d^ 

a-{b-{c-d)} = a-{b-c-{-d}=a-b-{'C-d. 

Similarly, 

a-\b''{c-{d-e)}']=a-\b-{c-d+e}'\ 

=a-\b—c-{-d—e\=a-b + c-d-\-e. 

It will be seen in these examples that, to prevent con- 
fusion between various pairs of brackets, we use brackets 
of different shapes; we might distinguish by using brackets 
of the same shape but of different sizes, 

A vinculum is equivalent to a bracket; see Art. 30. 
Thus, for example, 

a^[b-{c-id-'^)}] = a-'[b-{c-{d-e+f)}] 
= a-[b-{c-d + e-f}]=a-[b-c-h,d-e+f] 
= a—b-^c--d + e—/. 

55. The beginner is recommended always to remove 
brackets in the order shewn in the preceding Article; 
namely, by removing first the innermost pair, next the in- 
nermost pair of all which remain, and so on. We may how- 
ever vary the order ; but if we remove a pair of brackets 
including another bracketed expression within it, we must 
nmke no change in the signs qfthe indvded expression. 
In fact such an included expression counts as a 8iii<^le^\jsrc£L. 



22 EXAMPLES. VIL 

Thus, for example, 

a + {b + {c-'d)}=aJhh + {c-d)-a + h-\-c-d, 

a+{b-{c-d)}=a-\-h-'{c-d)=a+b-c + d, 

a-{b + (c-d)}=a-b-{c-d)=a-b-c + d, 

a-'{b-(c-d)}=a-b + {c-d)=a-b + c-d. 

Also, a-[b-{c-{d-e)}]=a-b + {e-{d-e)} 

:=a-b+c-{d-e)=a-b-\'C-d+e. 

And in like manner, a—[b—{c- {d- e -/)}] 



=a-b+{c-{d-e-f)}=a-b+c-{d-6-/) 
=a-b + c—d-^e—/=a-b + c-d+e-'f. 

66. It is often convenient to put*two or more terms 
within brackets ; the rules for introducing brackets follow 
immediately from those for removing brackets. 

Any number qf terms in an expression niay be put 
within a pair qf brackets and the sign + placed before 
the whole. 

Any number qf terms in an expression mxiy be put 
within a pair of brackets and the sign — placed before 
the whole, provided the sign of every term within the 
brackets be changed. 

Thus, for example, a—b-^c-d-¥e 

=a-b+{c-d + e)y or =a-b + c-^{-d+e), 
or =a-(lb-c+d-e)j or =«—&-(-<? + <:?-«). 

In like manner more than one pair of brackets may 
be introduced. Thus, for example, 

a-b + c-d-\-e=a-{b-c+d—e}=a—{b-((;-d+e)}. 

Examples. VII. 

Simplify the following expressions by removing the 
brackets and collecting like terms. 

1. Za-b-{2a-b), 2. a-&+c-(a-5-c). 

3. l-(l-a)+(l-a + a2)_(l.^ + ^«^). 

4. a+6 + (7a-6)-(2a-3&)-(6a+6&). 
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5. a-& + c~(&—a+c)+(c— « + &)-(«-<?+&). 

7. O — {6-C— ({3? — «)}. 

8. 2a-(2&-c?)-{a-6-(2c-2^}. 

9. a-{26-(3c+2&-a)}. 10. 2a-{6-(a-2&)}. 

11. Sa'-{b + {2a-b)-ia-b)}, 

12. 7a- [3a- {4a - (6a - 2a)}]. 

13. 3a-[6-{a + (&-3a)}]. 

14. 6a-[46-{4a-(6a-4&)}]. 

16. 2a - (3& + 2c) - [66 - (6c - 6b) + 5c - {2a - (c + 2b)}l 

16. a-[26+{3c-3a-(a+6)} + {2a-(&4-c)}]. 

17. 16-{5-2^-[l-(3-:i?)]}. 

18. 16;i?-{4-[3-6ar-(3a?-7)]}. 

19. 2a-[2a-{2a-(2a-2a-a)}]. 



20. l6-a!-[1x-{Sx-(9x-Sa!- 6x)}l 

21. 2:1?- [3y - {4x-{5y-ex-1y)}], 



22. 2a - [36 + (26 - c) - 4c + {2a - (36 - c - 26)}]. 



23. a-[56-{a-(6c^2c-6-46)4-2a-(a-264-c)}]. 

24. a^-[4x^-{6a^-(4x-l)}]-{ai^ + 4ai^ + 6x^ + 40! + 1). 

VIII. MiUtiplication. 

57. The student is supposed to know that the product 
of any number of factors is the same in whatever order the 
factors may be taken ; thus 2x3x5=2x6x3=3x6x2; 
and so on. In like manner a6c=ac6= 6ca, and so on. 

Thus also c(a + 6) and (a+6)c are equal, for each de- 
notes the product of the same two factors; one factor 
being c, and the other factor a + 6. 

It is convenient to make three cases in Multiplication, 
namely, I. The multiplication of simple expressions ; II. The 
multiplication of a compound expression by a simple ex- 
pression; III. The multiplication of compound expres- 
sions. We shall take these three cases in order. 
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58. I. Suppose we have to multiply 3a by 4&. The 
product may be written at full thus, 3 x a x 4 x &, or thus 
3 X 4 X a X & ; and it is therefore equal to 12a&. Thus we 
have the following rule for the multiplication of simple ex- 
pressions; multiply together the numerical coefficients 
and put the letters after this product. 

Thus for example, 

1axdbc=2labc, 
4a X 5& X 3c = SOabc. 

69. The powers qf the same number are multiplied 
together by adding the exponents. 

For example, suppose we have to multiply a* by a^. 

By Art. 16, €^=axaxa, 

and a^=axa; 

therefore a' x a^=a x ax ax ax a=a^=a^*^. 

Similarly, c* x <^=cx cxcxcxcxc xc=c''=C^*\ 

In like manner the rule may be seen to be true in any 
other case. 

60. II. Suppose we have to multiply a + & by 3. We 
have 

^a-\-b)=a+b + a+b-\-a+b=^ + 3b. 

Similarly, *J{a + b)=7a + lb. 

In the same manner suppose we have to multiply a + 6 
by c. We have 

c{a+b)=ca+cb. 

In the same manner we have 
d{a-b) = 3a-^, *7{a-b) = 'Ja-'Jb, c{a-b)=ca-cb. 

Thus we have the following rule for the multiplication 
of a compound expression by a simple expression ; multiply 
each term of the cow/pound expression by the simple ex- 
pression, and ptU the sign qf the term, b^ore the result; 
and collect these results to form the complete product. 
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61. III. Suppose we have to multiply a + 6 by c + dL 
As in the second case we have 

also a(c-^d)-ac-»fady and ft(c + <0=dc + &rf; 
therefore {a + 6)(c •>fd) = ac-»fad-\-hc-{-hd. 

Again ; multiply «— & by c + flK. 

(a-6)(c + rf)=a(c + rf)--ft(c + <:?); 

also a(c+i?)=5a(?+arf, &(c+rf)=6c+6rf; 

therefore 

Similarly ; multiply a+h hy c—d. 

{a+b){c-d)={c-d){a+b)=c{a-^b)-d{a-^h) 
= ca + cb-{da+db)=ca+cb-da-db. 

Lastly ; multiply a-bhj c-d. 

{fl—bXc-d)={c-d)a-{c-dy>\ 

also {C'-d)a=ac-ady {c-d)b=bc-'bd; 

therefore 

{a-b){c-d)=ac-ad-(bc-bd)=€tc-cui'-bc + bd. 

Let us now consider the last result. By Art. 38' we 
may write it thus, 

{+a-'b){-^c-d)^+ac-ad-bc + bd. 

We see that corresponding to the +a which occurs 
in the multiplicand and the +c which occurs in the multi- 
plier there lis a term -f-oc in the product; corresponding 
to the terms -f-a and - d there is a term - o^ in the pro- 
duct; corresponding to the terms —b and -^c there is a 
term —1^ in the product; and corresponding to the terms 
— ( and —d there is a term +2^ in the product. 

Similar obseryations may be made respecting the other 
three results ; and these observations are briefly collected 
in the following important rule in multiplication ; like signs 
produce + and unlike signs —. This rule is called the 
Mtde qf Signs, and we shall often refer to it b^j \&A&\!asssKv« 
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62. We can now give the general rule for multdplying 
algebraical expressions ; multiply each term qf the m,vUi- 
plicand by each term of the multiplier; if the terms have 
the $am^ sign prefix the sign + to the product, if they 
have different signs prefix the sign — ; then collect these 
results to form the complete product. 

For example; multiply 2a + 3b -4c by 3a -46. Here 

(2a + 3i>-4<;) (3a-4&) = 3a (2« + 36-4c)-4ft (2a + 3&-4c) 
= 6a^-^9ab-l2ac-(8ab + l2l>^-lGbc) 
= 6a^+9db-i2ac-Sab-l2i^ + l6bc. 

This is the result which the rule will give; we may 
simplify the result and reduce it to 

6a2 4- a6 - 12a<; - 126» -f- 165c. 

We might illustrate the rule by using it to multiply 
6—3 + 2 by 7 + 3—4 ; it will be found that on workiug by 
the rule, and collecting the terms, the result is 30, that is 
5 X 6, as it should be. 

63. The student will sometimes find such examples as 
the following proposed; multiply 2a by —46, or multiply 
-4<; by 3a, or multiply -4c by -46. 

The results which are required are the following, 

2a X -46=- 8a6 

— 4cx 3a=-12ac 

-4<;x-46= 166c. 

The student may attach a meaning to these operations 
in the manner we have already explained ; see Article 41. 

Thus the statement -4cx -46 = 166c may be under- 
stood to mean, that if -4c occur among the terms of a 
multiplicand and —46 occur among the terms of a multi- 
plier, there will be a term 166c in the product correspond- 
mg to them. 

Particular cases of these examples are 

2ax-4=-8a, 2x-4=-8, 2x-l=-2. 

64. Since then such examples may be given as those 
in the preceding Article, it becomes necessary to take ac- 
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count of them in our rules ; and accordingly the rules for 
multiplication may be conyeniently presented thus. 

To multiply simple terms ; mtdtiply togethsr the nu- 
merical coefficients, put the letters c^/ter this product and 
determine the sign by the Rule of Signs, 

To multiply expressions; multiply each term in one 
expression by each term in the other by the rule for 
m/ultiplying simple terms, and collect these partial pro- 
ducts to form t/ie complete product. 

65. We shall now give some examples of multiplication 
arranged in a convenient form. 

a +6 a +6 a^+Zx 

a +6 a -6 x -1 



a^ + db a^-¥db a^ + 3a^ 

+ab+b^ -ab-b^ -x^-3x 



a^ + 2.ab-\-l^ 

a^-db + l^ 
a +b 


a« 

3a'- 

a»- 


-62 

4a6 + 
2a6 + 


66« 
36« 


a^-a^b + ab^ 
+ a^b-a¥ + b^ 


3a*- 


4a'6 + 
6a36 + 

+ 


5a«6' 
Sa^¥-lOdb^ 


a^ +¥ 


9a^b^-l2ab^-^l5b* 



3a*- 10a36 + 22a^b^-22db^ + 156* 

Consider the last example. We take the first term in 
the multiplier, namely a', and multiply all the terms in the 
multiplicand by it, paying attention to the Ride of Signs; 
thus we obtain 3a* - 4a^6 + 5a^6^ We take next the second 
term of the multiplier, namely - 2a6, and multiply all the 
terms in the multiplicand by it, paying attention to the 
Ride cf Signs; thus we obtain -6a'6 + 8a^6*-10a6'*. 
Then we take the last term of the multiplier, namely 36^, 
and multiply all the terms in the multiplicand by it, 
paying attention to the Rule of Signs; thus we obtaLn 
+ 9a«6»- 12068 + 156*. 
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We arrange the terms which we thus obtain, so that 
like terms may stand in the same column; this is a very 
useful arrangement, because it enables us to collect the 
terms easily and safely, in order to obtain the final result. 
In the present example the final result is 

3a* - 10a«5 + 22a*6» - 22ab^ + 166*. 

66. The student should observe that with the view of 
bringing like terms of the product into the same column the 
terms of the multiplicand and multiplier are arranged in a 
certain order. We fix on some letter which occurs in 
many of the terms and arrange the terms according to the 
powers qf that letter. Thus, taking the last example, we 
fix on the letter a ; we put first in the multiplicand the 
term 3a', which contains the highest power of a, namely the 
second power; next we put the tertn — 4a6 which contains 
the next power of a, namely the first power ; and last we 
put the term 5b\ which does not contain a at all. The 
multiplicand is then said te be arranged (according to 
descending powers of a. We arrange the multiplier in 
the same way. 

We mi^ht also have arranged both multiplicand and 
multiplier m reverse order, in which case they would be 
arranged according to ascending powers of a. It is of 
no consequence which order we adopt, but we must take 
the same order for the multiplicand and the multiplier. 

67. We shall now give some more examples. 

Multiply l + 2x-3a^+a^ by a^ -20^-2, Arrange ac- 
cording to descending powers of a. 

a^-Za^-^2x +1 
^-2:1? -2 



aF-Za^-{-2ai^-k-oi^ 

-20^ +60^-40^-20! 
"20!*' +6^-4;i?-2 

ai'-bo!^ +7^4-2;»«-6aJ-2 

Multiply a^+l^+c^-ab-bc-ca by a + b + c. 
Arrange according te descending powers of cu 
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a + b + c 

n^-a^-a^c + dt^-abc+cu^ 

+ a^ -dbc—of? +¥c-bc^ + c^ 
cf Sabc +&' +c" 

This example might also be worked with the aid of 
brackets^ thus, 

a'- a(6 + c) + 6* - &c 4- c* 

a + {b+c) 



€^-a\b-\'C)+a{l^-bc-¥(f) 
-h€^(p+c)-'a{b+c){b + c) + (p + c)(Jj^-bc + c^ 

Then we have a{l^-bc-^c^)-a{b-hc)(b + c) 
^a{b^-be+d^'^(b-^c){b + c)} ' 

=a{l^-bc + c^-l^-2bc-c^= -Zabc; 
and (64-c)(&2-&c + c2)=634.ci. 

Thus, as before, the result is a' + 6" + c" - 3abc, 

Multiply together x—a, x-b^ x-c, 
X —a 
X -b 



a^-ax 
-bx+ab 

a^-{a-\-b)x+ab 
X —c 

a^-{a-¥b)a^-k'dbx 

-'Cx^-¥(a + b)cx-abc 

a?-{a+b-k-c)a^ + (ab + aC'\-bc)x-'Cibc 
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The student shoiiild notice that he can make two exer- 
cises in midtiplication from every example in which the 
midtiplicand and multiplier are different compound ex- 
pressions, by chandng the origmal multiplier into the 
multiplicand, and the original multiplicand into multiplier. 
The result obtained should be the same, which will be a 
test of the correctness of his work. 

Examples. YIII. 
Multiply 

1. 2^ by 4^. 2. 3a*by4a'^. 3. 2a2&by2a6*. 
4. Za^'^z by ba^z\ 6. T^y* by 7yV. 

6. 4a2-3& by 3a6. 7. Sa^-^db by 3a* 

8. 3^-4y«4-5;y2 ijy 2^. 

9. x^-y^s^+s^a^ by a^^z\ 

10. 2xy^z^ + Za^z-6x^ys^ by 2xy^z, 

11. ^x-y by 2y+ic. 

12. 2^ + 4^ + 8ii? + 16 by Zx-Q, 

13. ^4-ii^+4?-l by x-\. 

14. l + 4a?-10ic2 ijy i-6aJ4-3a?2. 
J16. a?'-4^4-lla?-24 by a:2 + 4a« + 5. 

16. a?' + 4ic2 + 6aJ-24 by ^-4^4-11. 

17. a^-*j9fi-\-6x+\ by 2a^'-4x + i. 

18. iB» + 6ir24. 24^+60 by aj*- 6^:2+ 124? + 12. 

19. aj*-2;u2 + 34?-4 by 4aj* + 3^:2^.2^+1. 

20. a?*-2;i;' + 3^-2^ + l by a:*+2;u' + 3;»* + 2a:+l. 

21. x^-Zax by ^4- 3a. 

22. a* + 2ax-x^ by a^+2ax+x\ 

23. 2i^ + 3ab-a* by 7a-6ft. 

24. a*-a64-62 by aa+aft-ft*. 
26. a2-a&+2&' by a»+a& + 2e>». 
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^6. Aa^-Zxy-j^ by Zx-^y, 

27. a^-a&y-k'xy^-j^ by x + y. 

28. 2;c'+3icy + 42/* by 3;c'+4^ + y'. 

29. 4?*+y*~;cy-f-a?+y-l by a?4-y-l. 

30. a^-^2a^-\-^y^^Sx^+\Qy*^ by ;r-2y. 

31. 81ii?*4-27aj'y+9a;V + 3^+y* by 3a;-y. 

32. *x + 2y-Sz by ir-2y + 3;2r. * 

33. a*-ax-^bx+l^ by a + b-^x. 

34. a^-hl^+c^-bc-ca—ab by a+b-\-c. 

35. a«4-4&a? + 4&«;i^ by a'-45a; + 4&«:c». 

36. a'-2a6 + &«-f-c» by a'' + 2a&+5»-c'. 

Multiply the following expressions together. 

37. x-ay x+a, a^ + a\ 

38. ay+O) ir+&, iP+c. 

39. a^-ax-¥a\ a^-^ax+a\ a^-a^a*-{-a^, 

40. a?-2a, ;c-a, x-k-a, x-{-2a. 

IX ZHviston. 

68. Division, as in Arithmetic, is the inverse of Multi- 
plication. In Multiplication we determine the product 
arising from two given factors ; in Division we have given 
the product and one of the factors, and we have to deter- 
mine the other factor. The factor to be determined is 
called the quotient. 

The present section therefore is closely connected with 
the preceding section, as we have now in fact to undo the 
operations there performed. It is convenient to make 
three cases in Division, namely, I. The division of one 
simple expression by another ; II. The division of a com- 
pound expression by a simple expression ; III. The division 
of one compound expression by another. 
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69. I. The rule for dividing one simple expression by 
another will be obtained from an examination of the cor- 
responding case in Multiplication. 

For example, we have 

4a&x3c=12a5(;; 

therefore ^ , =3c, —^ — =4a&. 

4abx -3c=-'l2abc; 

therefore ^ . = - 3c, ;; — = 4ab. 

4ab ' -3c 

— 4a6 X 3c=s — 12a&c ; 

., - — 12a&c ^ — 12a5c . , 

therefore — :r-r- = 3c, — r = - 4ab, 

-4a& ' 3c 

-4a6x -3c=12aftc; 

.i ^ 12a6c - 12a&c . , 

therefore — r^ = — 3c, — ir- = - 4a6. 

-4a6 ' -3c 

Hence we have the following rule for dividing one 
simple expression by another ; remove from the dividend 
all the factors which occur in the divisor , and prefix the 
sign + if the two expressions have the same sign, and the 
sign - {f they have different signs. 

70. Thus it will be seen that the Rule qf Signs holds 
in Division as well as in Multiplication. 

71. It may happen that the factors of the divisor do 
not occur in the dividend ; in this case we can only indicate 
the division b^ the notation which we have appropriated 
for it Thus, if S^z is to be divided by 3c, the quotient can 

only be indicated by 6a -r 2c, or by — . 

Again, it may happen that some of the factors of the 
divisor occur in the dividend, but not all of them ; in this 
case the expression for the quotient can be simplified by a 
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principle already used in Arithmetic. Suppose, for exam- 
ple, that 15a'& is to be divided by 6^ ; then the quotient is 

denoted by -rr— . Here the dividend 16a'6=5a'x36; 

and the divisor 66c = 2c x 36; thus the factor 36 occurs 

in both dividend and divisor. Then, as in Arithmetic, wo 

may remove this common factor, and denote the quotient 

, 6a* ., 15^25 6a2 

by — - ; thus -^r— = -z- . 

•' 2c ' 66c 2c 

72. One power of any number is divided by another 
power of the same number, by subtracting the index of 
the latter power from the index qftlie former. 

For example, suppose we have to divide a* by a^. 

By Art. 16, a*=axaxaxaxa, 

€fi=axaxa; 

^, - a^ axaxaxaxa , ._, 

therefore -i = =axa=a^=€r \ 

<r axaxa 

Similarly -; =» =cxcx c=(r= c~\ 

^ <r cxcxcxc 

In like manner the rule may be shewn to be true in any 
other case. 

Or we may shew the truth of the rule thus ; 
by Art. 69, c^x(^=c'^, 

therefore "Zi^^i ;5=^- 

73. If any power of a number occurs in the dividend 

and a higher power of the same number in the divisor, the 

quotient can oe simplified by Arts. 71, and 72. Suppose, 

for example, that 4a6* is to be divided by 3c6'; then the 

4^6* 
quotient is denoted by ^-^g . The factor 6' occurs in both 

dividend and divisor ; this may be removed, and the quo- 
tient denoted by —r^ ; thus --^1 = ^rri • 

^ 3c6^* 3c6*' 3r6' 

T. A. •=! 
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74. II. The rule for dividing a compound expression 
by a simple expression will be obtained from an examina- 
tion of the corresponding case in Multiplication. 

For example, we hare 

{a-b)c=ac-hc\ 

XI. r ac-hc , 

therefore = a - o. 

c 

^, - — oc + ftc , 

therefore = a — ft. 

Hence we have the following rule for dividing a com- 
pound expression by a simple expression ; divide each term 
of the dividend by the divisor^ by the rtde in the first 
case, and coUect the results to form the complete quotient, 

Tj, , 4a^—Sabc-\-a^c . - „, 

For example, = 4a' - 35c + ac, 

76. III. To divide one compound expression by 
another, we must proceed as in the operation called Long 
Division in Arithmetic. The following rule may be given. 
Arravge both dividend and divisor according to ascend- 
ing powers of some common letter, or both according to 
descending powers qf some common letter. Divide the 
first term nfthe dividend by the first term of the divisor^ 
and put the result for the first term, qf the quotient; mul- 
tiply the whole divisor by this term and subtrad ihe 
produ4^t from the dividend. To the remainder join as 
many terms qf the dividend, taken in order, as mxvy be 
required, and repeat the whole operation. Continue the 
process until all the terms qf the dividend have been 
taken doum. 

The reason for this rule is the same as that for the 
rule of Long Division in Arithmetic, namely, that we may 
break the mvidend up into parts and find how often the 
divisor is contained in each part, and then the aggregate 
of these results is the complete quotient. 

76. We shall now give some examples of Division 
arraujored in a convenient form. 
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ab+}^ ~ab-b^ 



a-b)a^-b^{a-^b a!^-\-Za!)a^ + 2a!^-Sx(a-l 



ab-b^ —a^-Zx 



a* - 2a6 + 36V3«* - look's 4- 22a'ft» - 22fl&8 4- 15&\3a» - 4a& + 55« 

-4a«6 + 13a'6'-22«6» 



Consider the last example. The dividend and divisor 
are both arranged according to descending powers of a. 
The first term in the dividend is 3a^ and the first term in 
the divisor is a'; dividing the former by the latter we 
obtain 3a' for the first term of the quotient. We then 
multiply the whole divisor by 3a', and place the result so 
tiiat each term comes below the term of the dividend which 
contains the same power of a; we subtract, and obtain 
-do'^^-f-lSa'd'; and we bring down the next term of the 
dividend, namely, ~22a&^ We divide the first term^ 
—46^, by the first term in the divisor, a^. thus we obtain 
— 4a& for the next term in the quotient. We then multiply 
the whole divisor by — 4a& and place the result in order 
under those terms of the dividend with which we are now 
occupied; we subtract, and obtain 6aW—\(iaW\ and we 
bring down the next term of the dividend, namely, \6b\ 
We divide 6aH^ by a% and thus we obtain 66^ for the next 
term in the quotient We then multiply the whol^ ^xhy^t 



36 DIVISION. 

by bV^j and place the terms as before; we subtract^ and 
there is no remainder. As all the terms in the dividend 
have been brought down, the operation is completed; and 
the quotient is Sa^— 4ab + 562, 

It is qf great importance to arrange both dividend 
and divisor according to the same order qf some common 
letter; and to attend to this order in every part qf the 
operation, 

77. It may happen, as in Arithmetic, that the diyision 
cannot he exactly performed. Thus, for example, if we 
divide a^ + 2ab 4- 2b^ by a + 6, we shall obtain, as m the first 
example of the preceding Article, a + b in the quotient, 
and there will then be a remainder b^. This result is ex- 
pressed in ways similar to those used in Arithmetic ; thus 
we may say that 

=a+b + 



a-hb a + b* 

b^ 

that is, there is a quotient a + b, and a fractional part = . 

a-ho 

In general, let A and B denote two expressions, and 
suppose that when A is divided by B the quotient is ^, and 
the remainder R; then this result is expressed algebrai- 
cally in the following ways, 

A=qB-{^E, or A-'qB=R, 

ARAB 
or 5=^+5, 01^-^=^. 

The student will observe that each letter here may re- 
present an expression, simple or compound; it is often 
couvenient for distinctness and brevity thus to represent 
an expression by a single letter. 

We shall however consider algebraical fractions in sub* 
sequent Chapters, and at present shall confine ourselves to 
examples of division in which the operation can be exactly 
performed. 

78. We give some more examples. 

Divide a^-6^' + 7ir'-f 2a?2-64?-2 by 1 +2^- 3^' + :r*. 
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Arrange both dividend and divisor according to de- 
scending powers of x, 

iu^— 3ar' + 2a?*+ a? 



-2^ +6^-4a;^-2;» 

-2a:* +6ii^-4;j:-2 

-2a:* +6a:^-4a?-2 



Divide a'+ft'+c*— 3df6c by df + &+<?. 

Arrange the dividend according to descending powers 
of a, * 

a + b + cjc^ — 3a5c+&'+c^(^a*— oft— (wj + ft*— &C+C* 

a^+a^b + a^c 



^a^b—c^c Sabc 










+ 62cr 


— abc+oi^ 

— aftc 









It will be seen that we arrange these terms according 
to descending powers of a; then when there are two 
terms, such as ^ and a% wMch involve the same power of 
a, we select a new letter, as &, and put the term which 
contains b before the term which does not*, and^j^^^i^^^l 



38 DIVISION. 

the terms a^ and a5c, we put the former first as involving 
the lugher power of h. 

This example might also be worked, with the aid of 
brackets, thus : 

-a2(64c)-3a^+&' + c' 



Divide a^— (a+5 + c)^+(a& + flk;+5c)a?— a5c by ar-c. 



— (a + 6);r2 + (a5 + ac + h&jx—abc 
— {a + b)x^+{a+b)cx 



abx "(ibc 
abx —abc 

Every example of Miiltix)Hcation, in which the mtdti- 
plier and the multiplicand are different expressions, will 
furnish two exercises in Division ; because if the product 
be divided by either factor the quotient should be the other 
factor. ^ Thus from the examples given in the section on 
Multiplication tne student can derive exercises in Division, 
and test the accuracy of Ms work. And from any example 
of Division, in which the quotient and the cuvisor are 
different expressions^ a second exercise may be obtained 
by making the quotient a divisor of the dividend, so that 
the new quotient ought to be the original divisor. 
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EXAMPL£& IX 

Divide 

I. 15a?»by3a^. 2. 24a«by-8a». 3. 18^y'by6a?V. 
4. 24a*ftVby -Sa^fts^. 6. 20a*&*;iV lt)y 66'^. 

6. 4aj'-8^ + 16a?by4a?. 7. 3a*-12a» + 16a«by -3a'. 

8. a^-Za^+Axy^hj ocy, 

9. - 16a868-3a«62+ i2a5 by -3a&. 

10. 60a'68c*- 48a«ft*c* + 36a«&V - 20aZ>c« by 4a5c*. 

II. a!*-7a?+12by ;p-3. 12. a^-{-x-*J2,\>j x-\-^. 

13. 2;B'-ir»+3ii?-9byai?-3. 

14. 6aj' + 14i»"-4;c + 24by 2iP+6. 
16. 9a;' + 3;i:*+;p-l by 3a?-l. 

16. 7;i?'-24iU»+684?-21 by 7^-3. 

17. ;»«-lby;p-l. 18. a»-2aJ» + 6»bya-6. 

19. ir*-8l2^by ;p-3y. 

20. a?*-ai?V+2;»V-«^by;p-y. 

21. a^-'i/^hj x-y. 22. a* +32^ by a + 2?). 

23. 2a*+27aft»-81&*bya+3&. 

24. a^+a^+a^^+a^ + xy*+f/^}yj a^-^y^. 

25. a^-\-2xh/-^Sx^t/'-x^'-2xy^-Zy^hj x^-y\ 

26. a?*-5aj' + llir^-iai? + 6by i»"-3^+3. 

27. a^+a^-9a^—l6x-4hj a^+4x + 4. 

28. a^-l3a^+36hj a^+5x+e. 

29. ir*+64byi»"+4;c+8. 

30. x*-^l0a^ + 35a^ + 50x + 24:hj a^ + 5x-\-4, 

31. a?*+^-24i»3-36;i? + 67byir» + 2a?-3. 

32. l-ar-3a?*-ar'by 1+2^ + a?*. 

33. afi-2a^+lhja^'-2x+l. 

34. a* + 2a*&' + 9&* by a* - 2ab + 3&2. 

35. a«-6« by a8-.2a26+2a62_&t. 
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36. ^ + 2j?'-4:c*-2:i?»+124^-ai?-l hy a^-{-1x-\, 

37. ;c* + 2jr« + 3.r* + 2;c2 4.i|jy^_2^ + 3j^_2d:+l. 

38. a^^afi-2}aja^-¥a^+\. 

39. ie^-{a + b-\-c) a? + {ab-\-(ic-\-bc)x—abc 

\>^ x^-{(a-\-b) x+db. 

40. aV + (2a<?-6') a?» + c* by a^r'-ftoj + c. 

41. ai^—a^-xy^ + y^hja^-\-xy + y\ 

42. aj'-3^~y'-l by ;r-2^-l. 

43. 49;c* + 21;ry + 12]/^ - IQz^ by 7^ + 3y - 4*. 

44. a*+2a&+5'— c*by a + &-c. 

45. a» + 86» + c«-6a5cbya' + 46»+c*-a<;-2a5-26(?. 

46. a' + 3a'6 + 3aJ' + 6' + c'by a + 6 + c. 

47. a' (ft + c) + 6' (a - c) + c* (a - ft) + a6c by a + 6 + <?. 

48. a;'-2a^ + (a*+a&-6^4?-a'& + a&'by a?-a + 6. 



X. General Results in Multiplication. 

79. There are some examples in Multiplication which 
occur so often in algebraical operations that they deserve 
especial notice. 

The following three examples are of great importance. 



a +6 
a +b 


a —6 
a -ft 


a +6 
a-b 


a^ + ab 


a^-ah 


a^-hdb 
-db-V^ 


aH2a6 + 6« 


a«-2a6 + 6' 


a« ^6« 



The first example gives the value of (a + ft) (a + ft)^ that 
is of {a + ft)' ; thus we nave 

(a+ft)«=a2 4-2aft + ft". 



GENERAL RESULTS IN MULTIPLICATION. 41 

Thus the square qfthe sum of two numbers U eqtud to 
the sum of the sqtiares of the two numbers increcued by 
twice their pf*oduct. 

Again, the second example gives 

Thus the square qf th>e difference qf two numbers is 
equal to the sum qf the squares of the two numbers 
diminished by twice their product. 

The last example gives 

Thus the product of the sum. and difference qf two 
numbers is equal to the difference of their squares. 

80. The results of the preceding Article fdrnish a 
simple example of one of the uses of Algebra; we may 
say that Algebra enables us to prove general theorems 
respecting numbers, and also to express those theorems 
briefly. 

For example, the result 

(a + &)(a-5)=a2_2^ 

is proved to be true, and is expressed .thus by symbols 
more compactly than oy words. 

A general re^ilt thus expressed by symbols is often 
called 2k formula, 

81.^ We may here indicate the meaning of the sign =t 
which is made by combining the signs + and ~, and which 
is called the double sign. 

Since (a + &)'=a' + 2a& + &', and (a-b^=a*-2db + b\ 
we may express these results in one formula thus : 

where ^ indicates that we may take either the sign + or 
the sign — , keeping throughout the upper sign or the 
lower sign, a dczb is read thus, " a pltu or minus &." 
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82. We shall devote some Articles to explaining the 
iise that can be made of the formulas of Art. 79. We shall 
repeat these formiQse, and number them for the sake of 
easy and distinct reference to th&m, 

{a^hf ==a* + 2ab+b* (1) 

{a-by =a'-2ab + b^ (2) 

{a + b)(a^b)=a''-b^ (3) 

83. The formulse thII sometimes be of use in Arith- 
metical calculations. For example ; required the difference 
of the squares of 127 and 123. 

By the formula (3) 

(127)'-(123)»=(127 + 123) (127-123) 
= 250x4=1000. 

Thus the required number is obtained more easily than 
it would be by squaring 127 and 123, and subtracting the 
second result m>m the nrst. 

Again, by the formula (2) 

(29)2 = (30 - 1)2=900 - 60 + 1 = 841 ; 

and thus the square of 29 is found more easily than by 
multiplying 29 by 29 directly. 

84. Suppose that we require the square of 3a?+2y. 
We can of course obtain it in the ordinary way, that is by 
multiplying Zx+2y by Zx-\-2y, But we can also obtain it 
in another way, namely, by employing the formula (1). 
The formula is true whatever number a may be, and what- 
ever number b may be ; so we may put Zx for a, and 2y 
for h. Thus we obtain 

(3;»+22^)*=(3a?)* + 2 {Zx 2y) + {2yy=^a^+\2xy+4y\ 

The beginner will probably think that in such a case he 
does not gain any thing bv the use of the formula, for 
he will beueve that he could have obtained the required 
result at least as easily and as safely by common work 
as by the use of the formula. This notion may be correct 
in this case, but it will be found that in more complex 
cases the formula will be of great service. 
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85. Suppose we require the square ot x+y-\-z. De- 
note a?+y by a. 

Then x-k-y-k-z=a-{^z', and by the use of (1) we have 
{a-^zf=a^+7,az+z^={x+yf+^{x-\-y)ziz^ 
^a^ + 2,xy-^y^-^2xz-\-2yz+z\ 

Thus {x+y+zf=a^J^y^-k-z^+^Lxy + 2yz^2xz, 

Suppose we require the square of jp — ^ + r — *. Denote 
^— g by aandr— «by 6; Hhssa p-q+r—a=a-k-h. 

By the use of (1) we have 

Then by the use of (2) we express (p—qf and {r-sf, 

Thusip-q+r—gf 

=p^'-2pq-^q^-\-2 (pr-ps-qr+q8)+f^-2r8 + s^ 
=p^+q^+i^^s^+2pr-i-2q8-'2pq-'2ps-2qr-'2rs. 

Suppose we require the product of p—q-^r—s and 
p-q-r-^s, 

'Letp-q=a and r—s—b; then 

p-5 + r— «=a+6, andjp— ^— r+«=a-6. 

Then by the use of (3) we have 

(a+&) (a-b)=a^-¥=(p-qY'-{r-8f; 
and by the use of (2) we have 

(p—q+r-s) {p-'q-r+8)=p^-'2pq+q^-(f^-2rS'h^ 

esp^ + g^2— r*- «*— 2jog + 2rs. 

86* The method exhibited in the preceding^ Article 
is safe, and should therefore be adopted by the beginner ; 
as he becomes more familiar with the subject he may 
dispense with some of the work. Thus in the last example, 
he will be able to omit that part relating to a and b, and 
umply put down the following process ; 
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{P'-q-\'r-8){p-q'-r^8)={p-q^{r'8)}{p-q-{r-8)} 
=ip-qf-ir-8f=p^''2pq+q^-{r^-2r8-^^) 

^p^-2pq + q^''f^ + 2r8-^; 
or more briefly still, 

{p-q-^r-^) {p-q-r+8)=(p'-qf'-(r-8)'^ 

=p^ - 2pq + ^2— f^ 4- 2r8 - «^. 

But at first the student will probably find it prudent to 
go through the work fully as in the preceding Article. 

87. The following example will employ all the three 
formulse. 

Find the product of the four factors a+b + c, a+b-c, 
a-b-\-c, b + c—a. 

Take the first two factors ; by (3) and (1) we obtain 

{a + b + c) {a-\-b-c) = {a + bf-'C^=a^'\-2ab'\-b^-c^. 

Take the last two factors; by (3) and (2) we obtain 

= c2-(a-6)2=c2-a2+2a6-62. 

We have now to multiply together a^+2ab + b^-'(^ and 
c2-a2+2a6-62. We obtain 

(a2+2a6 + 62--c«) {c^-a^+2ab-b^ 

= {2a& + (a2+68-c2)} {2a6-(a2+&2-.c2)} 
= (2aZ>)2-{a« + 62-c2)2 

= 4^252 _(a2 + 52)«+2(a2+&2) c«-c* 

= 4a268-- a*- 2a^l^-h*' + 2a^(^ + 262^2 - c* 
= 2a2624.262^+2a2c2-a4_54_^^ 

88. There are other results in Multiplication which are 
of less importance than the three formulae given in Art. 82, 
but which are deserving of attention. We place them here 
in order that the student may be able to refer to them 
when they are wanted; they can be easily verified by 
actual multipUcation. 
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(a+bf={a + b) {a^-^2ab-^b^)=a^-^Za^b+3di>^+b\ 

(a-&)»=(a-6)(a«-2ad + 62)=a»-3a«6+3a6*-&», 

(a4.&+c)»=a»+3a«(6 + c) + 3a(6 + c)2+(&+/;)», 
=a»4-3a?(6 + c) + 3a(62 + 26c+c2) + 6» + 352c + 35^+c» 
=a'+&' + c'+3a*(6+^:)+352(a+c)+3c*(a+6) + 6aftc. 

89. nsefiil exercises in Multiplication are formed by 
requiring the student to shew that two expressions agree in 
giving the same result. For example, shew tiiat 

(a-b) {b-e) (c-a)=a^ (c-&) + 6« (a-c)+(^ (b-a). 

If we multiply a— 6 "by 6 — c we obtain 

ab—b^—ac-^be; 

then by multiplying this result by c— a we obtain 
cab—cb*—a(^-^b(^—a^b+db^+a*c—abc, 
that is a* (c— 6) 4- &■ (a— c) + c* (& - a). 

Again; shewthat (a— 6)*+(6-c)"+(c-a)" 

=2(c-6) (c-a) + 2 (b-a){b-c) + 2 (a-6) (a-c). 

By using formula (2) of Art. 82 we obtain 

a-6)« + (6-c)«+(c-a)« 

=a'~2a64-6' + 6»-26c+c*+c*-2ac+a' 
= 2 (a" + 6'+c*-a5-a<?-6c). 

And (c— 6) (c— a)=c*— ca— c& + a5, 

(a— 6) (a--c)=a?— aft— a<?+6c; 

therefore (c— &) (c— a) + (& - a) {b-c) + {a- b) (a - c) 

^a^+b'-^c^—ab—ac—bc; 

therefore {a-bf-h{b-cf+(c-df 

= 2(c-6)(c-a)^■2(6-a)(6-cH^(v«•-^^Va•-<^• 
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Examples. X. 



Shew that the following results are tnie. 

1. {a^+l^){i?'\-dF)={ac+hdf+{ad-hc)\ 

2. (a+6 + c)' + a«+&»+c»=(a+&)'+(6 + c)« + (c+a)«. 

3. (a-6)(6— c)(c— a)=6c(c— 6) + ca(a— c)+a6(6— a). 

6. (a+6 + c)*— a (6 + c~a)— & (a+<j— 6)-c (a+6— c) 

7. (a+&+<?)»-a8-&»-c8=3 {a+l) (J>+c) (c+a). 

8. (a + & + c) {ab + bc+ca)=(a-^b) (&+c) (c+a)+a^l 

9. (a+6)(& + c-a)(c+a-ft) 

= a(&»+c"-a*)4-&(c^+a«-&«). 

10. (a+ft+c)«-(6+c~a)»-(a-6 + c)»-(a+6-c)» 

= 24a2^c. 

11. (a4-6 + c)2+(a+&-c)*+(a-6 + c)*+(6 + c-a)" 

12. (a + 6)« + 2(a«-&»)+(a-6)*=(2a)'. 

13. (a-&)' + (6-c)»+(c^a)»=3 (a-6) (6-c) (c-a). 

•14. (a--&)»+(a+ft)»+3(a-&)"(a+6)+3(a+6)»(a-6) 

=(2a)8. 

16. (a+ft)'(6 + <j-a)(c+a-6)+(a-&)^a+&+cX« + &-<?) 

=4a6<^. 

16. a(b-¥cXb'+c^-€^ + b(c+aXc^+a^'-b^ 

+ e(a+b) {a^ + Ir-(f)=2abc{a+b-^c). 

17. (a-6X^'^«)(^-^) + (^-<^)(^-W(^-<j) 

+ (c-a)(a?-c)(;p-a)=(a-6) (6-c) (a-c). 

18. (a+6)'+(a+c)* + (a + <i)«+(& + c)«+(ft + ^)* + (c + t/)« 

19. {(oo? + by)* + (flw?« ?>y)»} {(aw? +by^-{ay+ bx)*\ 

20. (cy - bzf + (a^ — <?;»)' + {bx — ayf + {flx +by+ cz)* 
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XI. Factors, 

90. In the preceding Chapter we have noticed some 
general results in Multiplication ; these results may also be 
regarded in connexion mth Division, because every ex- 
am^e in Multiplication famishes an example or examples 
in Division. We shall now apply some of these results 
to find what expressions will divide a given expression, or 
in other words to resolve expressions into their factors. 

91. For example, by the use of formula (3) of Art 82 
we have 

a8-68=(a*+&*Xa*-M) = (a* + &*) (a«+&«) (a + 6)(a-ft). 

Hence we see that a^— 6® is the product of the four 
factors a* + &*, a' + 6*, a +6, and a—b. Thus a*— &" is 
divisible by any of these factors, or by the product of any 
two of them, or by the product of any three of them. 

Again, 

Thus a* + a'&'+6* is the product of the two factors 
d^+ah + b* and a^—ab-\-b% and is therefore divisible by 
either of them. 

Besides the results which we have already given, we 
shall now place a few more before the student. 

92. The following examples in division may be easily 
verified. 

x-y ' 

=x+y, 

x-y 

x—y 
and so on. 
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Also 

x + y 



x+y 



and so on. 
Also 



x-\-y ' 

- — ^ ^ai^-a^y+a^y^-xf+y^, 
x+y ^ 

and so on. 

The student can carry on these operations as far as 
he pleases, and he will thus gain confidence in the truth of 
the statements which we shall now make, and which are 
strictly demonstrated in the higher parts of larger works 
on Algebra. The following are the statements : 

iif—y^is divisible by ;p-y if n be any whole number; 
af—y^is divisible by ;c + y if w be any even whole number ; 
x^ + y^ is divisible by ;» + y if w be any odd whole number. 

We might also put into words a statement of the forms 
of the quotient in the tiiree cases ; but the student will 
most readily learn these forms hj looking at the above 
examples and, if necessary, carrying the operations still 
farther. 

We may add that iu^+y** is never divisible by ^r + g^ or 
x—y, when n is an even whole number. 

93. The student will be assisted in remembering the 
results of the preceding Article by noticing the simplest 



FACTORS. 49 

case in each of the four resalts, and referring other cases 
to it. For example, suppose we msh to consider whether 
oF—y^ is divisible by x—y or by ^+y ; the index 7 is an 
odd whole number, and the simplest case of this kind is 
x—y, which is divisible hj x—y, but not by a? + y ; so we 
infer that x^—y^ is divisible hj x—y and not by x-^y, 
Agam, take a^—^; the index 8 is an even whole number, 
and the simplest case of this kind is a^-y\ which is 
divisible both by x—y and x-\-y ; so we infer that a^—y^ 
is divisible both by x—y and x-^y. 

94. The following are additional examples of resolving 
expressions into factors. 

afi-f^={a^-^y^{a^-y^ 

= {x-\-y){a^-xy+y'){x-y){a^+xy+i^); 

8b^ - 27c' = (2bf - (3c)» = (2ft - 3c) {(26)2 + 26 x 3o + (3c)«} 

= (26 - 3c) (46« + 66c + 9c») ; 

4(a6 + ct?)*-(a«+6?-c»-^= 

{2(a6 + ci)+(a« + 6»-ca-^)}{2(a6+cflO-(a«+6«-c«-rf«)} 

= {2a6 + 2cc?+a2+6«-c»-cP}{2a6 + 2crf-a2_53 + ^2+^j 

={{a+by-{c-df}{{c + df-{a'-by} 

={a-\-b + c-d){a + b—c+d){a-b + c+d){b + c+d-a), 

96. Suppose that (a^ - 6xy + 6y*) {x - 4y) is to be divid- 
ed by a^-7xy + l2y*. We might multiply a^—5xy + 6y* 
by x-4y, and then divide the result by a^—*lxy-¥V2.y*. 
But the form of the question suggests to us to trv if 
x—4yis not a factor of x*—7xy-^ 12y*; and we shall find 
that x^-7xy + l2y*={x-Zy){x-4y). Then 

(a^ — 5xy + Qy*) {x —4y) _ x^—f)xy + ^y'^ 
{x-Zy) {x-4y) ~ x-Zy * 

and by division we find that 



x-^y 



=x—2y. 
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96. The stadent wifch a little practice will be able to 
resolve certain trinomials into two binomial factors. 

For we have generally 

suppose then we wish to know if it be possible to resolve 
^4-707+12 into two binomial &ctors; we must find, if 
possible, two niunbers such that their sum is 7 and their 
product is 12; and we see that 3 and 4 are such numbers. 
Thus 

Similarly, by the aid of ihe formula 

(x—a){x—b)=a^—{a-\-b)x-\-ab, 
we can resolve a?* — 7^ + 12 into the factors {x - 3) (a? — 4). 

And, by the aid of the formula 

{x+a)(x-b)=a^ + {a-b)x-abf 
we can resolve a^-^x—l2 into the factors {x +4)(x— 3). 

We shall now give for exercise some miscellai]ieous 
examples in the preceding chapters. 



Examples. XI. 

Add together the following expressions. 

1. a(fl + 6-o), bib-i-c-a^y c{a-^c-b\ 

2. a{a^b-{-c\ &(&-c + a), c{o-a + b), 

3. aia-b + c + d), b{a + b-c + d)f cia-^b-^-c-d), 

di-a + b + c + d). 

4. 3a -(46 -7c), 3b - {4c -la), 3c -(4a -lb). 
6. 9a -(66 + 2c), 96 - (6c + 2a), 9c -(6a 4- 26). 
6. (a+6);p+(a + c)y, (6-c);p+(6-c)y, 

(c-a)a7+(6-a)y. 
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7. {z-x){a-{-'b)-\-{z-y){a--'b\ {X'\-y)a'¥{x^z)h^ 

{y-z)a+{x-y)b, 

8. {a-b)x+{b-c)y+{c-a)zj 

a(y-\-z) + b{z-¥x)+c{x+y), ax+by + cz. 

9. 2{a+b-c)x+{a-\-b)y + 2az, 
2{a-\-e-b)X'\-{a->fC)y+2bZy 1{b-¥c-a)x+{J) + c)y-{-2cz. 

10. a'-(a-6+<;)(a+6-c), &*-(6-a+c) (& + «-<:), 

Simplify the following expressions. 

11. a-2(6+3a)-3{6+2(a-6)}. 

12. (a+6)(& + c)-(<j + rf)(rf4-a)~(a+c)(6-^. 

13. 4a-[2a-'{26(^+y)-26(ii?-y)}]. 

14. (a?4-6)(^+(?)-(a+6 + c)(;i? + &) + a"4-a5 + &"+3(aw?. 

15. a-[5&-{a-3(c-&) + 2(?-(a-26-c)}]. 

16. 5a-7(ft-c)-[6a-(3ft + 2<;)+4<?-{2a-(& + (j-a)}]. 

17. {X'^Zf-Z{x^2f-¥Z{x-¥lf-a?. 

18. (a:4-y)3 + (a?+2^)2y + (;»+y)y"-{3^ + 6y'4?+22/8j. 

19. (l+^)3 + (l+;p)»y + (1+^)2/3 + 2/3 

-{3;r(ii?+l) + y(y+l) + 2ary + l}. 

20. a(6+ c)«+ ft (a + c)" + c{a + &)« + (a-6)(a + c) (6-c) 

-(a + &)(a-c)(6-c)-(a-6)(a-c)(6 + c). 

(a+&)(a + c)-(^ + rf)(^j?+c) 



21. 
22. 



a— ^ 

fl^~3aft+y a»~7aft + 12y 
a-26 a-36 



3a^-7a'&-5fly + 5ft3 ea^ - 26a«& + 40aft» - 2063 



24. 



a+& a— 6 

18 (6c * + ca^ + aft*) - 12 (ft'c + c^a + «»&) - 19aftg 

2a- 36 
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Divide 

25. af^ + 1^-20^ by {x-yf, 

26.. ;u« + 2^ + 2icV by {x-¥y)\ 

27. (a3-3a«6 + 6a6«-363)(a-26) by c^-^db + 2h\ 

28. (a^-9^+23^-16y3)(a?-7y) by a^-%xy + *Ji/^. 

29. €^+M^ + b^ by {a^-ab + y){a^ + ah + lF). 

3(k c^-^+aJ'I^ia^-b^ by (a»-a6 + 62)(a2 4.^2> + 52), 

31. 4a«&2 + 2(3a*-2&*)-a6(6a»-ll6») by (3a - 6)(a + 5). 

32. (;»"-3;i? + 2)(;i?-3) by ^-6a? + 6. 

33. (^-3iC+2)(;i?+4) by aj2 + ii?-2. 

34. (a' + aar+^u^Ca^+ipS) by a^ ■\- a^a^ + aH^. 
36. (a*+a252+54)(^ + 2,) l^y a«+a6 + 6«. 

36. b{a!^-{-a^)+aaf{aP-a^-\-a^{a!+a) by (a + &)(;» + a). 

Resolve the following expressions into factors. 

37. 0^ + 90^+20, 38. a^ + Ua^-k-SO, 
39. 0^-150! + 50, 40. ;»"-20;c+100. 
41. a:" + ^-132. 42. a^- 7^-44. 
43. a?* -81. '44. ;b8 + 125. 

45. 0^-256, 46. aj«-64. 

47. a* + 9ab + 20b\ 48. a^-13;i?y+42y'. 
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XII. Greatest Common Measure, 

97. In Arithmetic a whole number which divides 
another whole number exactly is said to be a measure of 
it, or to measure it ; a whole number which divides two 
or more whole numbers exactly is said to be a common 
mea^sure of them. 

In Algebra an expression which divides another ex- 
pression exactly is said to be a measure of it, or to measure 
it; an expression which divides two or more expressions 
exactly is said to be a common measure of them. 

98. In Arithmetic the greatest common measure of 
two or more whole numbers is the greatest whole number 
which will measure them all. The term greatest common 
measure is also used in Algebra, but here it is not very 
appropriate, because the terms greater and less are sel- 
dom applicable to those algebraical expressions in which 
definite numerical values have not been assigned to the 
various letters which occur. It would be better to speak 
of the highest common msa^sure^ or of the highest common 
divisor ; but in conformity with established usage we 
shall retain the term greatest commmi m>easure. 

The letters g.o.m. will often be used for shortness 
instead of this term. 

We have now to explain in what sense the term is used 
in Algebra. 

99. It is usual to say, that by the greatest common 
measure of two or more simple expressions is meant the 
greatest expression which will measure them aU; but 
this definition will not be fullv understood until we have 
given and exemplified the rule for finding the greatest 
common measure of simple expressions. 

The following is the Bule for finding the g.o.m. of 
simple expressions. Find hy Arithmetic the g.o.m. qf 
the mmierical coefficients; after this number put every 
letter which is common to all the escpression^^ and give 
to each letter respectively the least index which it has 
in the expressions. 
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100. For example ; required the g. c. m. of IQa^Wc and 
2(^aWd, Here the numencal coefficients are 16 and 20, 
and their g.o.m. is 4. The letters common to both the 
expressions are a and h ; the least index of a is 3, and 
the least index of & is 2. Thus we obtain 4a'&' as the re- 
quired G.O.M. 

Again; required the g.o.m. of Sam^c^a^y:^,^ 12a*6cirV, 
and IQa^^iffhp. Here the numerical coefficients are 8, 
12, and 16; and their g.o.m. is 4. The letters common to 
all the expressions are a, c, x, and y, and their least indices 
are respectively 2, 1, 2, and 1. Thus we obtain ^a^ca^ as 
the required g.o.m. 

101. The following statement gives the best practical 
notion of what is meant by the term greatest common 
measure, in Algebra, as it shews the sense of the word 
greatest here. vFhen two or more expressions are divided 
hy their greatest comrmm measure, the quotients have no 
common measure. 

Take the first example of Art. 100, and divide the ex- 
pressions by their g.o.m.; the quotients are 4ac and bbd, 
and these quotients have no common measure. 

Again, take the second example of Art. 100, and 
divide the expressions by their g.o.m.; the quotients are 
2b^ca^z^.y Za^hy\ and Aac?}^, and these quotients have no 
common measure. 

102. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Factors, will enable 
the student to determine in many cases the g.c.m. of com- 
pound expressions. For example; required the g.o.m. of 
4a'(a + &)2 and ^db^d^-lP), Here 2a is the g.o.m. of the 
factors 4a' and 6a5; and a + & is a factor of (a+&)' and 
of o^—V^^ and is the only common factor. The product 
2a(a+ &) IS then the g.o. m. of the given expressions. 

But this method cannot be applied to complex ex- 
amples, because the general theory of the resolution of 
expressions into factors is beyond the present stage of 
the student's knowledge; it is therefore necessary to adopt 
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another method, and we shall now give the usual definition 
and rule. 

103. The following may be given as the definition of 
the greatest common measure of compound expressions. 
Let two or more compound eocpressions contain powers 
of 8om>e comm,on letter; then the factor of highest di- 
mensions in that letter which divides all the expressions 
is called their greatest common measure, 

104* The following is the Rule for finding the greatest 
common measure of two compound expressions. 

Let A and B denote the two expressions; let them 
be arranged according to descending powers of some 
common letter, and suppose the index of the highest 
power qf that letter in A not less than the index of the 
highest power of that letter in B, Divide A by B; 
then mjoke the remainder a divisor and B the dividend. 
Again m/ike the new refmainder a divisor and the pre^ 
ceding divisor the dividend. Proceed in this way until 
there is no remainder; then th^ last divisor is the 
greatest comm/on measure required, 

105. For example; required the g.cm. of ^^^-4^+3 
and 4a^ - 9^:" - 15^ + 18. 

x^-4:X-¥Z)^a^- 9;r«-15;i?+18(,4^ + 7 



7^ --27^ +18 
7^-28^7+21 

X— 3 

x-Z)x^-4x^Z [je-l 
a^-Sx 



-a? + 3 

-x + 3 



Thus df-3 is the o.o.m. required. 
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106. ThiB rule which is given in Art 104 depends on 
the following two principles. 

(1) If P measure A, it will measure mA. For let 
a denote the quotient when A is divided bv P; then 
A=aP; therefore mA=^maP ', therefore P measures 
mA. 

(2) If P measure A and B, it will measure mAdbtiB. 
For, since P measures A and B, we may suppose A = aP, 
and B = bP; therefore mA^nB = {madbno)P; therefore 
P measures mA ± nB. 

107. We can now demonstrate the rule which is given 
in Art. 104. 

Let A and B denote the two ex- B) A (p 

pressions. Divide A by B; let p pB 

denote the quotient, and C the re- -— 

mainder. Divide 5 by (7; let g de- C) ^ Kq 

note the (quotient, and D the remain- qC 

der. Divide C by D, and suppose -z- 

that there is no remainder, and let r JJ) i^ \r 

denote the quotient. ^-P 

Thus we have the following results. 

A=pB^-C, B=qC+D, C=rD, 

We shall first shew that D Sa a common measure of 
A and B, Because C=rDy therefore D measures (7; 
therefore, by Art. 106, D measures qC, and also qC+D; 
that is, D measures B, Again, since D measures B and C, 
it measures pB+C; that is, D measures A. Thus Z> 
measures A aad'B. 

We have thus shewn that Dis a common measure of 
A and B; we shall now shew that it is their greatest 
common measure. 

By Art. 106 every common measure of A and B mea- 
sures A —pBy that IS C ; thus every common measure of 
A and ^ is a common measure of B and (7. Similarly, 
every common measure of B and (7 is a common measure 
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of G and D, Therefore every common measure of A and 
^ is a measure of D. But no expression of higher dimen- 
sions than D can divide 2>. Therefore D is the greatest 
conmion measure of A and B. 

108. It is obvious that, every measure qf a common 
measure of two or more expressions is a common measure 
of those expressions. 

109. It is shewn in Art. 107 that every common 
measure of A and B measures D ; that is, eioery common 
measure cf two expressions measures their greatest comr- 
mon meaaure. 

110. We shall now state and exemplify a rule which 
is adopted in order to avoid fractions in the quotient; by 
tihe use of the rule the work is simplified. We refer to the 
chapter on the Greatest Gonunon Measure in the larger 
Algebra, for the demonstration of the rule. 

^ Before placing a fresh term in any q^uotient, we may 
divide the divisor by any expression which has no factor 
which is common to the expressions whose greatest com- 
mon measure is required; or, we may multiply the 
dividend at such a stage by any expression which has no 
factor that occurs in the divisor. 

111. For examine; required the g.o.m. of 2:r*-7iC+5 
and 3aj*— 7^ + 4. Here we take 2a^—7x-\-5 as divisor; 
but if we divide 3a^ by 2a^ the quotient is a fraction; to 
avoid this we multiply the dividend by 2, and then divide. 

2a^-7x+5)6a^-l4x+ 8(,3 
6;B»-21a? + 15 



1x- 7 



If we now make 7^-7 a divisor and 2x*—7x-^5 the 
dividend, the first term of the quotient will be fractional ; 
but the factor 7 occurs in every term of the proposed 
divisor, and we remove this, and then divide. 
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Thus we obtain x—\2a the o.o. m. required. 

Here it will be seen that we used the second part of 
the rule of Art 110, at the beginning of the process, and 
the first part of the rule later. The first part of the rule 
should be used if possible ; and if not, the second part We 
have used the word Bxpresnon in stating the rule, but in 
the examples which tne student will have to solve, the 
factors introduced or removed will be almost always nvr 
mericalfactorsy as they are in the preceding example. 

We will now give another example ; required the g. cm. 
of 2a?*-7a?'-4^ + iC-4 and 3ii?*-lla?»-2aj8- 4^7-16. 

Multiply the latter expression by 2 and then take it for 
dividend. 

2;i?*-7aj8-4aj«+«-4;6iP*-22^- 4;i!»-8^-32(,3 

6;i?*-21a?3-iai?» + 3a?-12 

- aj8+ 8^-lla?-20 

Wo may multiply every term of this remainder by - 1 
before using it as a new divisor; that is, we may change 
the sign of every term. 

2a?*-16a?»+22a^+40;i? 



9a^-26;»»- 39^- 4 
9a?3-72;ij"+ 99^1? + 180 

46ic'-138^-184 

Here 46 is a factor of every term of the remainder; we 
remove it before using the remainder as a new divisor. 
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Thus a^-3x-4is the g. o. m. required. 

112. Suppose the original expressions to contain a 
common factor F, which is obvious on inspection; let 
A^aFsnd B=bF, Then, by Art 109^, ^wiU be a factor 
of the G.o.M. Find the g.o.m. of a and b, and multiply it 
by F; the product will be the g. o. m. of A and B, 

113. We now proceed to the g.o.m. of more than two 
compound expressions. Suppose we require the g.o.m. of 
three expressions A, B, C, Find the g.o.m. of any two of 
them, say of ^ and B; let Z> denote this g.o.m.; then the 
G.CM. of D and (7 will be the required g. o. m. of A, B, and C. 

For, by Art. 108, every comnton measure of D and C is 
a c(»nmon measure of A, B, and C ; and l^ Art. 109 every 
common measure of A, B, and (7 is a common measure of 
D and (7. Therefore the g.o.m. of i> and C is the g.o.m. 
of A, B, and C, 

114. In a similar manner we may find the g.cm. of 
four expressions. Or we may find the g.o.m. of two of 
the given expressions, apd also the g.o.m. of the other two ; 
then the g.c.m. of the two results thus obtained will be 
the g.o.m. of the four given expressions. - 



Examples. XII. 

Find the greatest common measure in the following 
examples. 

1. 16^, 18^. 2. Ua^h\ 2(k^h^, 

3. 36arV^, 4:Sofiy^2^. 4. Z6aWa^, 49a*ft*;rV. 

5. 4(;i? + l)«, 6(a?«-l). 6. 6(^ + 1)2, 9(as2-\V 
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7. 12(a» + 6»)», 8(a*-6*). 8. a^-y«, ^-y*. 

9. a:' + 8^+15, ^ + 9^ + 20. 

10. ;c2_9^4.i4 ;r2-llic + 28. 

11. a^ + 2x-l20, a^-2x-SQ, 

12. ^-15;i? + 36, a?2-9;i?-36. 

13. a?5 + 6a:*+13a7+12, a^ + 7^ + 16;i? + 16. 

14. aj»-9;B'+23;i?-l2, a^-\0ic^ + 7Sx-\6. 

15. 0^-29x^42, aJ« + i»"-36;i? + 49. 

16. a?3-41a?-30, aj«- 110^+26;!? + 26. 

17. a^ + 1x^ + l7x+l5, a?5 + 8;i?2+19^+12. 

18. afl-l0a^-h2ex-8, a!^-9x^+2Sx-12. 

19. 4(:u»-;i? + l), 3(^+a:«+l). 

20. 6(;i^-iC+l), 4(aj«-l). 

21. 6a?* + ;i?-2, 9a;3 + 48^4.52;i.+ 16. 

22. a^-4x^+2a! + 3, 2a?*-9^ + 12ic»+7. 

23. a^-{-a^-e, ^-3;»« + 2. 

24. afi-2a^+3x-6y a^-a!^-a^-2x. 

25. a:*-l, Sa!^ + 2a^ + 4a!^ + 2a!^ + x. 

26. ii?*-9aj"-30a:-25, ar' + ^-7it'+5;p. 

27. 35ii?»+47ic»+ 13^+1, 42^ + 41;p8_9^_9^_I^ 

28. <aj«-3a?» + 6;r*-7^ + 6a^-3iC+l, 

29. 2aj*-6a?' + 3^-3^ + l, a!^-3a/^ + a!^-4x^-{-l2x-^ 

30. ir^-l, x^^+a^+ 0^-^-20!^ + 2x^-^20^ -^0:^ + 0! + 1. 

31. a;*-3a?-70, a?3-39^ + 70, ;!^-48d7 + 7. 
32* a^-xy-l2y^, ai^ -\- 5xy -\- 6y\ 

33. 2dj2 + 3flw: + a', 3x* + 2ax-a\ 

34. «»-3a'ii?-2a3, ic8_^2_4^8, 

35. Za^-Sa^y-^-xy'-y^, 4x^y - 5xy* + y^. 
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XIII. Least Common Multiple. 

115. In Arithmetic a whole number which is measured 
by another whole number is said to be a multiple of it ; a 
whole number which is measured by two or more whole 
numbers is said to be a common m,ultiple of them. 

116. In Arithmetic the lecut common multiple of two 
or more whole numbers is the least whole number which 
is measured by them all. The term least common multiple 
is also used in Algebra, but here it is not very appropriate ; 
see Art 98. The letters l.c.m. will often be used for 
shortness instead of this term. 

We have, now to explain in what sense the term is used 
in Algebra. 

117. It is usual to sav, that by the least common mul- 
tiple of two or more simple expressions, is meant the least 
expression which is measured by them all; but this defi- 
nition wUl not be fiilly understood until we have given and 
exemplified the rule for finding the least common multiple 
of simple expressions. 

The following is the Rule for finding the l.c.m. of 
simple expressions. Find hy Arithmetic the l.c.m. of the 
numerical coefficients ; after this number put every letter 
which occurs in the expressions, and give to each letter 
respectively the greatest index which it ha^ in the ex- 
pressions. » 

118. For example; required the l.c.m. of ISa^bc and 
20a^l^d. Here the numerical coefficients are 16 and 20, 
and their l.o.m. is 80. The letters which occur in tlie ex- 
pressions are a, b, c, and d ; and their greatest indices are 
respectively 4, 3, 1, and 1. Thus we obtain 80a^b^cd as the 
required L. CM. 

Again ; required the L.C.M. of Sa^b^c'x^yz^, l2Mcoh/^y 
and 1 Qa^^a^, Here the l. c. m. of the numerical coefficients 
is 48. The letters which occur in the expressions are 
a^ b, c, Xjy, and z\ and their greatest indices are respec- 
tively 4, 3, 3, 6, 4, and 3. Thus we obtain ASa^b^(^a'^y^2^ as 
the required l.c.m. 
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119. The following statement gives the best practical 
notion of what is meant by the term least conmion multiple 
in Algebra, as it shews the sense of the word least here. 
When the least common m,tUtiple qf two or m,ore expres- 

nons is divided by those expressions the qtiotients have no 
common measure. 

Take the first example of Art. 118, and divide the L;0.m. 
by the expressions; the quotients are 5b^d and 4taCy and 
tnese quotients have no common measure. 

Again ; take the second example of Art 118, and divide 
the L.G.M. by the expressions ; the quotients are 6a'c^, 
^c^x^z^, and Sdt^a^z^ and these quotients have no com- 
mon measure. 

120. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Factors, will enable 
the student to determine in manv cases the l.c.m. of com^ 
pound expression^. For example, required the l.o.m. of 
4a* {a + bf and 6a& (a* - &*). The l. o. m. of 4a* and 6a& is 
\2a^h. Also (a + 6)* and a"— 6* have the common factor 
a + 6, so that (a + &) (a + &) (a— 6) is a multiple of {a + lif 
and of a*—l^\ and on dividing this by {a-{-bf and a^—l^ we 
obtain the ouotients a—b and a + b, which have no common 
measure. Thus we obtain 12a^b{a+by{a-b) as the re- 
quired l.o.m. 

121. The following may be given as the definition of the 
L.O.M. of tvx> or more compound expressions. Let two 
or more compound expressions contain powers of some 
common letter ; then the expression of lowest dimensions 
in that letter which is measured by each of these expres- 
sions is caUed their least common multiple. 

122. We shall now shew how to find the L.O.M. of two 
compound expressions. The demonstration however will 
not be fiilly understood at the present stage of the student's 
knowledge. 

Let A and B denote the two expressions, and D their 
greatest common measure. Suppose A = aD, and B = bD. 
Then from the nature of the greatest common measure, a 
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and h have no common factor, and therefore their least 
common multiple is ah. Hence the expression of lowest 
dimensions which is measured by aD and hD is dbD, And 

abD=Ah=^Ba=^. 

Hence we have the following Rule for finding the l.o.m. 
of two compound expressions. Divide the product qfthe 
expressiona by their g. cm. Or we may give the rule thus. 
Divide one <^ the expressions by their G.c. m., and mid' 
tiply the quotient by the other expression. 

123. For example; required the luCis. of a^-4x+Z 
and4a^-9;ij2_x5;j. + 18. 

The G.c.M. is x-3 ; see Art. 105. Divide a?'-4a?+3 
by x—Z; the quotient ib x—1. Therefore the l.o.m. is 
(x — 1X4^ — 9^ — l^x + 18) ; and this gives, by multiplying 
out, 4al^-13a^-ea^-^S3x-lS. 

It is however often convenient to have the l.g.m. 
expressed in factors, rather than multiplied out. We 
know that the g.o.m., which is ^—3, will measure the ex- 
pression 4a^—9a^—15x-^l8] by division we obtain the 
quotient. Hence the l. o. m. is 

(^-3)(a?-l)(4^-^-6). 

124. It is obvious that, every multiple of a common 
multiple qf two or more expressions is a common multiple 
qf those expressions. 

125. Every common multiple qftwo expressions is a 
multiple qf their least common multiple. 

Let A and B denote the two expressioni^ M their 
L. a M. ; and let iVdenote any other common multiple. Sup- 
pose^ if possible, that when N is divided by M there is a 
remainder J? ; let g^ denote the quotient Thus R = N- qM. 
Now A and B measure M and N, and therefore they mea- 
sure B (Art. 106). But by the nature of division i2 is of 
lofDer dimensions than M; and thus there is a common 
mtiltq>le of A and B which is of lower dimensions than 
their I1.0.M. This is absurd. Therefore there can be no 
remainder R ; that is, iV^ is a multiple of M. 
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126. Suppose now that we require the L.O.M. of three 
compound expressions, A, B, (7. Find the l.o.m. of any 
two of them, say of A and ^; let M denote this l.c.m. ; 
then the l.o.m. of itf and (7 will be the required l.o.m. of 
Ay B, and (7. 

For every common multiple of Jlf and (7 is a common 
multiple of A, B, and (7, by Art. 124. And every common 
multiple of A and ^ is a multiple of M, by Art. 125 ; hence 
eveiT common multiple of M and (7 is a common multiple 
of Af B, and C. Therefore the L.O.M. of M and G is Uie 
L.O.M. 01 A, By and C, 

127. In a similar manner we may find the l. o. m. of four 
expressions. 

128. The theories of the n'eatest common measure and 
of the least common multiple are not necessary for the 
subsequent chapters of the present work, and any diffi- 
culties which the student may find in them may be post- 
poned until he has read the Theory of Equations. The 
examples however attached to the preceding chapter and 
to the present chapter should be carefully worked, on ac- 
count of the exercise which they afiord in all the funda- 
mental processes of Algebra. 

Examples. XIII. 

Find the least common multiple in the following ex- 
amples. 

I. 4a«&, 6a&*. 2. l^^V^Cy lSdb*<^. 
8. Sa^x'y^y iWa^K 4. {a-bfy a*-6». 

6. 4a(a+&), 66(a8-l-63). 6. a*-52, as.js. 

7. a^-Zx-^ a^-x-\% 

8. a^-\-6x^ + *Jx-\-% ;»" + 6a: + 8. 

9. 12;B" + 5;r-3, eafi + a^-x. 

10. x^-ea^ + llx-6y x^-9a^ + 26x-24. 

II. x^-1x-Sy x^-hSx^-^llx+lO. 
12. ir< + y» + 2.r'4-.r+l, it^-l. 
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13. ;i?*-2a?3-3a!«+8^-4, Af*-6a;3 + 20a?-16v 

15. 4a36»c, 6a63c«, ISaTJC^. 

16. S{a*-h\ 12 (« + &)«, 20(a-6)». 

17. 4(a+&), 6(a''-6»), S{a^-¥¥). 

18. 15(a«6-aft«), 21 (fl}3 _«&«), 35(a6» + 63). 

19. ^-1, a?3 + l, a^-1. 

20. ic«-l, ^2+1^ ^^.j^ ^^_1^ 

21. a-^-l, 0^+1, 473-1, ;f«+l. . 

22. a^ + Zx + 2, a!^ + 4x + 3f ar* + 5x + 6. 

23. a^ + 2x + 3, x^ + 3a^-x-3, a^-\-4^-\-x-6. 

24. ;c» + 6;i? + 10, a^-l9a!-30, a^-l5a;-b0. 



XIV. Fractiofis, 

129. In this Chajyter and the following four Chapters 
we shall treat of Fractions ; and the student will find that 
the rules and demonstrations closely resemble those with 
which he is already familiar in Arithmetic. 

130. By the expression , we indicate that a unit is 

to be divided into b equal parts, and that a of such parts 

are to be taken. Here j- is called & fraction; a is called 

the numerator, and b is called the denominator. Thus 
the denominator indicates into how many equsd parts the 
unit is to be divided, and the numerator indicates how 
many of those parts are to be taken. 

Every integer or integral expression may be considered 

as a fraction with unity for its denominator ; that is, for 

, a , b+c 

example, « = y , b + c= —- . 

T. A, % 
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131. In Algebra, as in Arithmetic, it is usual to give 
the following Rule for expressing a fraction as a mixed 
quantity. Divide the numerator by the denominator , at 
Jar as possible, and annex to the quotient a /raetion 
/laving the remainder /or numerator, and ttie divisor for 
denominator. 

VI 24a ^ , 3a 

Examples, -^- = 3a + - . 

a^^Sab . 2ab 
a + b a + b 

x-2 

The student is recommended to pay particular aiten- 
turn to the last step ; it is really an example of the use of 
brackets, namely, •^{-x+2)= -(a?-2). 

132. Rule for multiplying a fraction by an integer. 
Either mtdtfply the numerator by that integer, or divide 
the denominator by that integer. 

Let r denote any fraction, and c any integer; then 

will T X c = 1" . For in each of the fractions r and t the 
b b b b 

unit is divided into b equal parts, and c times as many 

, , , , ac . a , ac , ., a 

parts are taken m . as m t ; hence -r* is ^r times j , 

This demonstrates the first form of the Rule. 
Again; let , denote any fraction, and c any integer; 
then will z- xc = '7. For in each of the fractions r- 
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and ^ the same number of parte is teken, but each part 
in V is c tunes as large as each part in t- , because in 

r- the unit is divided into c times as many parte as in 

rt , a . .. a 
, •; hence r w c tmies 7-. 
h h be 

This demonstrates the second form of the Rule. 

133. Rule for dividing a fraction by an integer. EUhsr 
multiply the denominator by that integer, or divide the 
numerator by that integer. 

m 

Let V- denote any fraction, and c any integer ; then 
will T"^<5=r"* Fo*" "7, ^ ^ times ^, by Art 132; and 

therefore , - is -th of r. 
be c b 

This demonstrates the first form of the Rule. 

Again; let -r- denote any fraction, and c any integer; 

then will y^<^=^' ^^^ V i* ^ times r-, by Art. 132; 

and therefore t is -th of , . 
be b 

This demonstrdtes the second form of the Rule. 

134. If the numerator and denominator qf any frac- 
tion be multiplied by the earns integer, the talue qf the 
fraction is not altered. 

For if the numerator of a fraction be multiplied by any 
integer, the fraction will be midtiplied by that integer; 
and the result will be divided by that integer if ite de- 
nominator be multiplied by that integer. Bxi^t \1 ^^\fi;»^^^c^ 
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any nninber by an integer, and then divide the result by 
the same integer, the number is not altered. 

The result may also be stated thus; if the numerator 
and dhiominator of any fraction be divided by the same 
integer, the value of the fraction is not altered. 

Both these verbal statements are included in the alge- 
braical statement t = v • 

This result is of verv great importance ; many of the 
operations in Fractions depend on it> as we shall see in the 
next two Chapters. 

135. The demonstrations given in this Chapter are 
satis&ctory only when every letter denotes some positive 
ichde number; but the results are aeeumed to oe true 
whatever the letters denote. For the grounds of this 
assumption the student may hereafter consult the lai^er 
Algebra. The result contamed in Art 134 is the most 
important; the student will therefore observe that hence- 
forth we assume that it is alwaye true in Algebra that 

?^ = ^ , whatever a, 6, and c may denote. 
b be* 

For example, if we put - 1 for c we have r = ~ 7; • 
So also 



and 



a 


-a 




-6" 


b ' 




*-h- 


-a 


a 
"b 


a 


-a 
b 


a 
b' 



In like manner, by assuming that . x c is always equal 



ae 



to < we obtain such results as the following; 

b "^ "^^ r " " 6 ' b"" "^ — T" ~ b 
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Examples. XIY. 



Express the following fractions as mixed quantities. 

^ Qx • ;i? + 3 ^ a:-3 

7. s.: • 8« 



x-2a ' ' of^-x-k-l ' 



a?*+l ar*-l 



Multiply 

11. gby35. 12. ;-g^by3(a-6). 

Divide 



15. 



3y 



by 2a?. 16. -j- by 3a-2&. 



18- 5^1 by «»-«+l. 
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XV. Reduction of Fractions, 



136. The result contained in Art. . 134 wOl now be 
applied to two important operations, the reduction of a 
fraction to its lowest terms, and the reduction of fractions 
to a common denominator. 

^ 137. Rule for reducing a fraction to its lowest terms. 
Divide ths numerator and denominator qf the fraction 
by their greatest common measure. 

For example; reduce ir-«rwj to its lowest terms. 

The o.CM. of the numerator and the denominator is 

4a'^; dividing both numerator and denominator by 4a'&^ 

Aac A^ic 

we obtain for the required result rr^; That is, rr^ is 

equal to qa 8i,8^> ^^^ ^^ ^^ expressed in a more simple 

form; and it is said to be in the lowest terms^ because it 
cannot be further simplified by the aid of Art. 134. 

/fS 4^ + 3 

Again; reduce -7-=--^ ,1- — - to its lowest terms. 

The 0.0. M. of the numerator and the denominator is 
^—3; dividing both numerator and denominator by;r— 3 

we obtain for the required result j-^ — _ . 

In some examples we may perceive that the numerator 
and denominator have a common factor, without using the 
rule for findmg the o. 0. m. Thus, for example, 

{a-b)^- d^ _ (a-b + c){a-b-c) _ a-b+ c 
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138. Rule for reducing fractions to a common denomi- 
nator. Multiply the nwmerator qf each fraction hy 
aU the denominators except its ovm^for the numerator 
corresponding to thai fraction; and midtiply all the 
denominators together for the ciymrrvon den<yminat<yr. 

ace 
For example; reduce r , i, and -^ to a common de-- 

nominator. 

a _ adf £ _ chf e _ ehd 

h~W' d~"d^' f~fbd' 

Thus £-;>, 3t4, and -^^-i are fractions of the same 
hdf^ dbf^ fbd 

value respectively as^ , -^, and ^; and they have the 

common denominator hdf. 

The Rule given in this Article will always reduce frac- 
tions to a common denominator, but not always to the 
lowest common denominator; it is therefore often con- 
venient to employ another Rule which we shaU now give. 

139. Rule for reducing fractions to their lowest com- 
mon denominator. Find the least common miUtiple of 
the denominators, and take this for the common denomi- 
nator; tlvenfor the new numerator corresponding to any 
of the proposed fractionSy multiply the numerator of that 
fraction 4)y the quotient which is obtained hy dividing 

the legist common miUtiple by the denominator of that 
fraction. 

For example; reduce — , — , — to the lowest com- 
*^ yz^ zx^ xy 

mon denominator. The least common multiple of the de- 
nominators is xyz\ and 



a ax 


h _hy 


.<? cz 


yz" xyz* 


zx xyz^ 


xy xyz 
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Examples. XV. 



Reduce the following fractions to their lowest terms. 

I2a^l^x a^+db c^-^dh 

^* 18a^6^' • 2«i • ^' a*-ah' 

^ a^-^Sx+2 ^+10^21 

'• a^A-ex-hb' x*-2x-i6' 

- a^-(a+6)a?+a5 3;g'+23;g-36 

^-10£+21 a?» + 9j? + 20 

'• «>-10a^ + 21a?+18' ^* 3;r«-2:»»-l' 
J. 20a^ + a?~12 a^-2ax+a^ 



2:gg-5a;»-8a?-16 a^-3a*;g+ 2a3 

2a;* + ll;c^+16;c + 16' 2a?3+aa:*+a*^-4a8 ' 

23. . Z^. . . 24. ^ 



.a^-a^-7a? + 3 3;g*-14^-9a?+2 

a?*4-2a?8 + 2a?-r ^' 2a?*-9^-14i + 3' 
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Reduce the following fractions to their lowest common 
denominator. 

ft 

_ «_ ^ (^ ax 

x^a* a—x^ a^oF^ oF—a^' 

a b ab l^ 



36. 



37. 



38. 



39. 



40. 



a-b' a + b' a*-b*' c?Th^' 
\ X Z ^ 



(x-\y {x-Vf* ar+l' {x+\)^' a^-V 

a a + x ax 

a?— a' ?+<w? + a" a^-a^* 

1 1 g* 

a^—ax+a*^ a^+ax + a*' 'x^ + a*a^+a** 

1 1 

a^-{a + b)x+ab^ a^—{a+c)x + ac ' 



a^-{b-hc)x-\-bc' 



^— ^ 
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XVI. Addition or Subtraction qf Fractiont. 

140. Bole for the 'Addition or Subtraction of frac- 
tions. Reduce the fractions to a common denominator, 
then add or tubtract the num/eraJtors and retain the com- 
mon denominator. 

Examples. Add — r— to -^. 

Here the fractions have already a common denominator, 
and therefore do not require reducing; 

g+g a^c a+c^-a^c 2a 

-- 4a- 36 . , 3a-4& 

From take • 

c c 

Aa-Zh 3a-4& ^ 4a -36-^ (3a -46) 
c c " c 

4a-36-3a+46 a+h 



The stadent is recommended to put down the work at 
fuU, as we hare done in this example, in-order to ensure 
accuracy. 

Add -4^ to "^ 



a+6 a-6' 

Here the common denominator will be the product of 
a + 5 and a— 6, that is a'— 6*. 

c _c(a-h) c c(a + h) 



a + 6 a*-6a * a-h a^-b^ ' 

Therefore jL^^^^ c{a^h)^c(a^h) 
a+o a—b a^'-lr 

ca—cb + ca + ch 2ca 



1^^ a*-0^' 
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From ^S take ^. 

The common denominator is a^—l^. 

Therefore 9i±\^±:\J^±Ef^^ 
From ^r^±^take ^-^.^+2 



By Art 107 the l. c. m. of the denominators is 

(a?-l)(a?-3)(4a:«-iC-6); 

a:»-4a?+3 " (a?-.l)(a:-3)(4a;*-;i?-6)' 

4^--3a?+2 ^ (4^-3^ + 2)(j?-l) 
4aj'-9^-16ir+18 (ir-l)(a?-3)(4a;*-;i?-6)' 

--, - «+l 4^-3a? + 2 

Therefore 



aj8-4a? + 3 4;ij'-9aj2-15a:+18 

_ (a? + l)(4a^-^-6)-(4a?'-3^+2)(a?-l) 
(a?-l)(^-3)(4^-;c-6) 

_ 4a:»+3a?»~7a?-6~(4^-7a?« + 5^-2) 
" (;c-l)(;c-3)(4;B*-a?-6) 

4^-12^-4 



^ 



(a?-l)(a?-3)(4aj«~ic-6)* 
141: We have sometimes to reduce a mixed quantity 
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to a fraction; this is a simple case of addition or sub- 
traction of fractions. 

ifixamples. «+- = — + -« — + - = . 

e 1 c c c c 

, 2a5 a , 2a5 a{a-¥h) 2ab a*+3aft 
a+6 1 a+b a-^b a+b a+b 

_,- ii?-2 ^+3 a?-2 
iP+3— 



_ (j?+3)(a^~3d?+4) fl?-2 
" ir2-3a?+4 dj"-3;r+4 

_ je'-6j?+12-(a?-2) _ jg*-5a?+12-a?+2 _ ^|j-6£+14 

"" dj"-3a?+4 ~ aj*-3a? + 4 "" a?*-3^ + 4 * 

142. Expressions may occur inTolTin|f both addition 
and subtraction. Thus, for example, simplify 

a ab a^ 



a + b a^-b^ a;^+b^' 

The L.C. M. of the denominators is (a* -6*) (a* + 6*), 
that is a*- 6*. 

a ^ a(a-b)(a^+b') ^ al^-a^b + a'^b^-ab* 
a+b^ c^-b^ " a*-6* * 

ab _ ab (a' + W _ a^b +al^ 

a^+b^ a^-b'' " a*-6* ' 
Therefore -A'+ "^ ^' 



a + b a^-b^ a^+b^ 

^ a:^-c^b + a^b*-ab^ + a^b + ab^-{a^-a^b^ 

a^.-b^ 

^ a^-c^b+a^b^-ab^ + a^b + al^-a^ + a^b^ _ 2a*5« 
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Simplify (^5)(ji:^ + (2,_c)(5_^) + (c_a)(c_6)- 

The beginner should pay particular attention to this 
^sample. He is very liable U) take the product of the 
denominators for the common denominator, and thus to 
render the operations extremely laborious. 

The second fraction contains the factor h—a in its de- 
nominator, and this factor differs from the factor a— &, 
which occurs in the denominator of the first fraction, only 
in the sign of each term ; and by Art 135, 



Also the denominator of the third fraction can be put 
in a form which is more convenient for our object ; for by 
the Btde qf Signs we have 

(c - a) (c- 6) = (a - c) (6 - c). 
Hence the proposed expression may be put in the form 

< 

a h c 

(a-b){a-c) {h-c){a-h) {a-c){b-c) ' 

and in this form we see at once that the l. c. m. of the de- 
nominators IS (a - 5) (a - c) {h - c). 

^ By reducing the fractions to the lowest common deno^ 
minator the proposed expression becomes 

a{b-c) — 'b{a—c)'¥c{a-h) 
(a-b){a-'C){b-c) ' 

., ■ . ab—ac—ab + bc+ac—bc ., . . ^ 
that IS — z rrz w, — ^. — , that is 0. 

((a-b){a-c){b-c) ' 

14i3. In this Chapter we have shewn how to combine 
two or more fractions into a single fraction ; on the other 
hand WQ may, if we please, break up a single fraction into 
two or more fractions. For example, 

Sbc-4ac + 5ab _ 3&c ^ Aae Bab _ 3 _ 4 5 
dbc " abc abc aJbc "ah c* 
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Examples. XYI. 

Find the yalue of 

3g-55 . 2a-5-c , a + b -^-c 1 1 



3 12 a-6 a+6' 



3. -^+-^. 4. " *' 



6. ^ + 1 + 4. 6. -i-+ 2^ 



be ac ab' ' x-k-y sd^-y^* 

^ l + SiP 1-3^ Q ^ ^ 



1-30? l + 3a?' * x{a-x) a{a-x)' 

a 5__ a 3a 2<M? 

2a— 2b 26-2a* * a-a? a+a? a*~afl' 

11 <^-2& 5-3<? 4a&-f-3&g 

3c 2a 6ac ' 

12 ^L:^ ^^ dfi+a^b 

b a-b a^b-b*' 

2b-a b-2 a Zx(a-b) 
x—b x-^b x^—b'^ 

,. 3^__6 2x-1 _l 3_. _^ 

X 2a?-l 4a?2-l' ;i?-2 fl? + 2 (a? + 2)2 

ifi A , 1 <g 17 ?±f? . £11? _ ^^Z^ 

^''' a-b a + b a^-b^' '' a-a? a+a? a' + a?^- 

12 1 X 2x X 

18. — ^- =^ + — ^. 19. -A:--^ + 



;i?+l a?+2 a?+3* ' a?-l ir+1 «-2' 

20. 4^_£zy + £±y. 21. ;r-^ * 



y x-hy x—y' ' x—l x-\-l' 

a^ X 112 

22.0?--^+-^. 23.-=— + 



x+l x—l' * x-a x+a x' 

CM ^ a . 4a2&2 ^^ a^ a x 

24. r + 7 + -2 — r. . 25. -«— r + = + 



a-b a+b a*-6** ' a^-\ x-rl x+\' 



EXAMPLES. XVI. 79 



^o« ■ + 



27. 
28. 



3 1 ^ + 10 

2x-4 a? + 2 2a^ + S* 

2 a?-3 x^ 



fl? + 4 a?2-4^+16 aj' + 64' 



29.-.^+ ' ' 



30. 
31. 



a^—a* {x+aY {x—cif* 
x^-\-ax+a^ a^—ax-ha^ 



xy xy + y^ a^+xy' 

^^ a^-2x+3 , x-2 1 

32. — , . ,— + 



33. 



a^ + l x*--x + l x+i' 
1 2 



{x-3){x-'4) (x-'2){x-4) {x-2){x-S)' 



34. -A^- 2^-3 ^ 1 



x(x+l) x(x + l){x + 2) x{x-h2y 
36. -T — -„ + + ^ 



a^—xy+y^ x + y x^+ 

37 ^ I ^-y I ^-2 ^\ 

a?-y af^-^xy+y^ a^-y^ 

xA-l x—l 2 

38. -^- -r + -¥— rTT + 



a?2+ii?+l ;ij*-;r+l a?*+^+l* 

39 g + ^ ^-^ 2(a'ay+5^) 
* ax+hy ax-by a^x^ + l^y^ ' : 

.^20? 1.1 



x^-x^+l x^-x+l • a^ + x^l' 
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1 2 

41. -^— = r^+ - 



42. _l---2_+ ^« 2a 



43. 



_\ 1 2& 4ft» 



44. A--- L^+ ' * 



x—Za ii?+3a ;i? + a j:— a 



46. 



a— 26 a-6 a a + h a + 2b' 

c c 

{ic—a){a-b) (a!-b)(b-a)' 



47. , X, ,\ + 



{x-a){a-b) (x-b){b-ay 

^^ (;p-a)(a-6) (^-6)(6-a)' 

1 1 

^^' {a-b){a-c)'^ {b-a){b-cy 

b a 



50. 
51. 
52. 
53. 
54. 



{a-b)(a-c) (b-a){b-cy 

1 11 



{a-b){a-'C) {b-a)(b-c) {e-a){c-b) 

a{a-b){a-c) b{b-a){b-c) dbc 
a2 5« c» 



ia-b){a-c) " (6-a)(6-c) " (c-a)(c-5)' 

1 + i 

a^-'{a + b)x + ab a^-{a + c)x-\-a>c 

1 
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«>D. —3 — :; — TTv — : — r + 



0^— (a+6)ic+a6 a^—{a-{'C)x-\-cic 

x-\-a 



+ 



dj2— (ft + c)a?+6c* 



56. 



— \. 

(a-h){a'-'C){x-a) {b-a)(p—c){x-'h) 



1 



(c— a)(c— 5)(a?— <?)' 



XVII. Midtiplication qf Fractiom, 

144. Rule for the multiplication of fractions. MultU 
ply together the numerators for a new numerator, and 
the denominatore for a new denominator. 

145. The following is the usual demonstration of the 

a c 

Rule. Let -r and ^ be two fractions which are to be 
a 

a /* 

multiplied together; put r =^> and j =y; therefore 

a=bx^ and c=dy; 
therefore ac-bdxy; 

ac 



divide by 


bd, 


thus 




bd~ 


xy. 


But 




xy= 


a 
^b 


c 




therefore 






a 
b 


c 


ac 
~1bd' 



And dM; is the product of the numerators, and bd the 
product of the denominators; this demonstrates the Rule. 

Similarly the Rule ma^ be demonstrated when more 
than two fractions are multiplied together. 
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146. We shall now give some examples. Before multi- 
plying together the factors of the new nmnerator and the 
factors of the new denominator, it is advisable to examine 
if any factor occurs in both the numerator and den(»ni- 
nator. as it mav be struck out of both, and the result will 
thus be simplified; see Art 137. 

Multiply a by -. 

a a h ah 
a=- ; - X - = — . 
1* 1 c c 

Hence a- and — are equivalent; so, for example, 

4 - = -- ; and - (2a!-2>) = — f^ . 
5 5* 4^ ^ 4 ' 



Multiply — by -. 

y y~ yy^y~ y^ ' 



thus 



\y) *"y»* 



Multiply gby|. 

3a 8c _ 3a X 8<? _ 2c X 12a _ 2c 
46 ^ 9a ~ 4&x9a ~ Zh x 12a ~ 36 ' 

Za^ 4:{a^-b^ ^ 4a (a- 6) x 3a (a + 6) ^ 4a (a -6) 
(a + 6)»^ 3a6 ■"'^&(a + &)x3a(a + 6) b{a+bj 
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Multiply Jh- 1+1 by f + 1-1. 

liE 6 a ~ ad a& a& a& ' 

a ^_j_a^ ^ db a^+y^-ab ^ 
h a " ah ab ab~ db ' 
ga+ftg+gfi a^+b^-ab ^{ a^+b^ + ab)(a^ + h^-db) 
db db ^ aW 

_ (a^+b^y-a^b^ a^+b*+a^¥ 
d'b^ " a«6* " 

Or we may proceed thus ; 

(^^')(f*l-)-(^!)'-■ 
(f*i)"-(f)"-f^a)'=^-S' 



therefore 



2 + 1- 



\fi-'a^')[b^a-') = ¥^^'-d^-' = ¥''d 

The two results agree, for t^ + -5 + 1 = jTj — • 

d (to 

Multiply together t^^ , ~ „ , and b+ . 

We might multiply together the first two factors, and 

then multiply the product separately by b and by , and 

add the results ; but it is more convenient to reduce thi 
mixed quantity b + r-^ to a single fraction. Thus 

, db _ 6(l--g) + ad _ b 
1-a \—a 1-a 

Then 

l-gg I-&2 h ^ _jX-oF) (1 -¥)b ^ l-b 

b + b^^ a-^d^^ l-a 6(l + d) a(l-f aK^-«^ <>• * 
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147. As we bare already done in fonner chapters^ we 
must here give some results which the student must at- 
sume to be capable of explanation, and which he must use 
as rules in working examples which may be proposed. See 
Arts. 63 and 135. 

Multiply ^ by- |. 

b ^ d~b ^~d "'hd^^hd* 

Multiply -^ byj. 

a c__—a ^ _ ~~^ __ oc 
" b'^d'"b "^ d~ Td~ "" Id' 

a 



Multiply -, - X - ^ 



a c _ —a ^c etc 
" b"^ "d'^lT^'d ~bd 



Examples. XVll. 

Find the value of the following. 

1 ^v— „ a* &* c' 

be ac ab 

3. -T- X -« X -S-. 4. ^- X -- — - X 



2a 
36^ 


6bc 




a^b 

xi/ 


b'e 


z^x 


xa 


(x 


-i\ 



x-1 a^-l (a+2)^' 



\ a-b)\ a + bj' 

^ x{a—x ) a(a + x) 

d^ + 2ax-i^ d^-2ax + x^' 
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11. ^xf-^--J^V ' 
or'+y^ \a:-y ar+y/ 

12. (£_l_^_?)w(i--?f-V 

\fie ac ah aj \ a+b+cj 

13. (-j+::5 + l)x{ ). 

\a* or a X J \a xj 

\a X yj \a X h y) 
«*-5a? + 6 ic"-4a? + 3^a^-3a? + 2* 

XVII I. Divmon of Fractiom. 

148. Rule for dividing one fraction by another. Invert 
the divisor and proceed as in MvUiplicaiion. 

149. The following is the nsoal demonstration of the 
Rule. Suppose we have to divide r ^7 ^; pat t = ^, 

and T —y ; therefore 

a=hx, and c=dy; 

therefore ad=hdx^ and bc=bdy; 

^, J. ' od hdx X 

therefore t- = 13" = — • 

oc hdy y 

But -=^^y=-^_.. 

^, - a e ad a d 

therefore z-^n-jr^^T^^ • 

o a DC c 
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150. We shall now give some examples. 
Divide 





a by \. 


a 


ah a c ac 
1 • c'~\'^l-"h' 




3« , 9a 
46 ^ 9c' 



Divide 



4b ' Sc" 4b^ da" 35 x 12a *" 36 * 



(a+6)* 'a^j-^'' 

a&-6^ ^ 62 _ a6-6g gg-ft' 
{a+hf ' a^--b^'{a+bj*^ b^ 

^ b(a-^b){a+b){a-b) ^ {a-hf_ -^ 

b\a + by . ~b{a+by 

151. (implex fractional expressions may be simplified 
by the aid of some or all of the rules respecting fractions 
which have now been given. The following are examples. 

Simplify (^ + ^^ ^ f^ - 2z.n. 

^ ^ (a-b a+b) \a-b a+b) 

a+b a-b _ (a+b)^+{a-'b)^ ^ 2a^+2h ^ 
a-b'^a + b" {a-^ia+b) a^-b^ ' 

a + b a-b ^ {a+b)*-{a-by ^ 4ab 
a-b a + b (a-b) {a+b) a*-b*^ 

2^262^ 4a6 ^ 2a^+2¥ a^-b^^a^+b* 
^2-52 • a2-62- a2-.62 ^ 4^ 2a6 ' 

In this example the factors a-b and a+b are multi- 
plied together, and the result a^—b^ is used instead of 
(a + b) {a-b); in general however the student will find it 
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advisable not to multiply the factors together in the 
course of the operation, because an opportunity may occur 
of striking out a common factor from the numerator and 
denominator of his result 



Simplify 



a+ 



, a + \ 



g+1 _ 3-g g+l 3-a+«+l 



3-a 3-a 3-a 3-a 3-a' 



4 1 3-a 3-a 

= r X — : — = — : — 



3-a 1 

3-a 4a 3-a 3 + 3a 



, 3 + 3a 1 
1-f- — \ — = r X 



1 3 + 3a 3 + 3a 

Find the value of ( - — 7 ) - 1 — when x=-—:. 

2db a 2ab-a(a-\-h) ab-a^ 

2a?— a= = ^ = i~ I 

a + b I a-\-b a+b 

2x—b= ^ — = ■ ^^ = r . 

a + b X a+b a + b 

,-, . 2x-a db-a^ ab-b* ab-a^ ^ a+b 
Therefore ^ — r = — n- -^ — r^ = , . r ^ 



2a?-& a+b ' a+b a+b ab-(>^ 
"~a&^^"6(a-6)"" &' 



therefore (^^-_J =(^--j =p. 
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Again, «-^=i-^ft= «+5 =5-+5; 

ft-a?= r= -^ '-T = r. 

1 a + 6 «+6 a+& 

-« - a-a? €^ V^ a* a+6 a* 
Therefore ^^ — = — r-^ — = = — t '>^—^A =r4- 

Therefore (r iJ-r- =i3-'J3=<>' 

\2x-bJ b-x b^ 6* 

152. The results given in Art. 147 must be given 
again here in connexion with Division of Fractions. 

Since r ^ - -3 = - 1^3 > Mid - r ^ "j = "" t:j 5 
b d bd b a bd' 

, ae c a ■. ac e a 

we nave ^ r^-r- — -1 = 1:, and — r^ "^ •:7 = "" £ • 
M a bd d b 

... a ' c flk? 1. ^ 

Also since — t ^ - 5 = tj* we have 

bd'^ d'^'b' 



Examples. XYIIL 
Divide 

*• 5a?2y^l6;ry2' ^' 4xY^^^3aYz*' 

3 -i-bv-^ 4 g(^'^') by--J^- 

g'-4a?* - a*-2a x 
a*-^4ax ^ ox + Aj^' 
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6. :3-^by 



7. ::r7::^ ^y 



10. ^±^^hj ^-^ 



13. 6;i^-gby;F+^. 14. «^--3^y«-5- 



^ 1,^11 

— — by-o + -+- 
1^ X ^ y^ y X 



\a-\-xJ "^ \a+xj 
20. -r + -5--3(-9 — 7) + - + -l>y-+— . 
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Simplify the following expressions. 

_- + — - — ;f-1 + 



2 3 „„ £--6 

21, • 22. — — ^— ^— . 

3 2^-X „. x-a 

2d. • —r — ^mm^^^mm . 24. J J I i ^ . . 

a?+l , a? 1 (x—o)ix-c) 

2 2 ;i7+a 

25. 1 - — - . 26. 1 + 



,1* *"• *"^:^ 2^- 

X 1— a? 

27. ^, . 28. ^ 

1 r 1 + 



, 1 ^^ ^ 2x^ 

1+- 1+^+ • — 

X . \-x 

29 /'^^ 2^^/"-^+-^^ 

Xx-y x-\-yJ \a^-¥y^ ^-y"/* 

30. (^^-y--ji-\JJ-^^\ 

\x+y x-y o^-y^J \x-v.y a^-yy 



31. 



1 

y__ 



1 y(^^ + iF + J2r)' 

•P "T" r 

y+ - 

\a + & a-6/ \a*+^ a*-h^J 

Find the values of the following expressions. 

_^ a— a? , ah 

33. , when x- 



b-x a+b 

„. a?-« x-b , «• 

34. --: when x = 



a—b' 
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35. - + r -7: when x^ ^ — - . 

36. when a= - and &= „ . 

x+y ' 3 3 

X V y^ . 3a? 

37. + — ^ o — ^ w^®» y= T" • 

38. -;rr — + rr i^ro T^ when x= — r. 

2ft~;<? 26 + 0? ^-x^ a + 

39. ( — 7 ) jTT when a?= -— - . 

\x—bj x+a—2o 2 

• a?+y--l , a + l , a5+rt 

40. -' — - when a:= -7 — 7 • and y= -7 — ^: . 
a?-y+l a& + l' '^ a6 + l 



XIX. Simple Equations. 

153. When two algebraical expressions are connected 
ly the sign of equality the whole is called an equation. 
lAie expressions thus connected are called sides of the 
equation or members of the equation. The expression to 
the left of the sign of equality is called the Jlrst side, and 
the expression to the right is called the second side. 

154. An identical equation is one in which the two 
sides are equal whatever numbers the letters represent; 
for example, the following are identical equations, 

{x+aXx—a)=a^--a\ 

(x + a)' =a^+ 2xa + a\ 

(x-{-a)(a^~xa+a*)=a^—a'; 

that is, these algebraical statements are true whatever 
numbers x and a may represent. The student will see 
that up to the present point he has been almost exclusively 
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occupied with results of this kind, that is, with identical 
. equations. 

An identical equation is called briefly an identity. 

155. An equation qf condition is one which is not 
true whatever numbers the letters represent, but only whfio 
the letters represent some particular number or numbers. 
For example, a?+l = 7 cannot be true unless a? =6. An 
equation or condition is called briefly an equation, 

156. A letter to which a particular yalue or valuei 
must be given in order that the statement contained in an 
equation maybe true, is called an unknown quantity. Such 
particular value of the imknown quantity is said to ioH^ 
the equation, and is called a root qf the eqitation* To 
solve an equation is to find the root or roots. 

157. An equation involving one unknown quantity is 
said to be of as many dimensions as the index of the 
highest power of the unknown quantity. Thus, if a denote 
the unknown quantity, the equation is said to be of one 
dimension when x occurs only in the Jirst power ; such an 
equation is also called a simple equation, or an equation of 
the Jlrst degree. If a^ occurs, and no higher power of a, 
.the equation is said to be of two dimensions; such an 
eauation is also called a quadratic equation, or an equation 
or the second degree. If a^ occurs, and no higher power 
of a, the equation is said to be of three dimensions ; such 
an equation is also called a ciibic equation, or an equation 
of the third degree. And so on. 

• 

It must be observed that these definitions suppose both 
members of the equation to be integral expressions so far 
as relates to x. 

158. In the present Chapter we shall shew how to solve 
simple e<}uations. We have first to indicate some opera- 
tions which may be performed on an equation without 
destroying the equality which it expresses. 

169. ff every term on each side of an equation he 
multiplied by the same number the results are equal. 
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The truth of this statement follows from the obvious 
principle, that if equals be multiplied by the same number 
the results are equal ; and the tLse of this statement will be 
seen immediately. 

Likewise if every term on each aide cf an equation 
be divided by the same number the results are equal. 

160. The jprincipal use of Art. 169 is to dear an equa- 
tion (^frastvms; this is effected by multiplying every 
term by the product of all the denominators of the frac- 
tions, or, if we please, by the least common multiple of those 
deoominators. Suppose, for example, that 

3^4^6 ^• 

Multiply every term by 3 x 4 x 6 ; thus 

4x6xa?+3x6x;r+3x4x;r= 3x4x6x9, 

that is, 2407 + 18a; + 12^7= 648 ; 

divide every term by 6 ; thus 

4^+3a?+2a?=108. 

Instead of multiplying every term, by 3 x 4 x 6, we may 
multiply every term by 12, which is the l.c.m. of the deno- 
minators 3, 4, and 6 ; we should then obtain at once 

4a? + 3a?+2;i? = 108; 

that is, 9ar=108; 

divide both sides by 9 ; therefore 

^-12 

Thus 12 is the root of the proposed equation. "We may 
"verify this by putting 12 for x in the original equation. 
The first side b^omes 

-5^ + — + -r, thatis 4 + 3 + 2, that is 9; 
. o 4 o 

which agrees with the second side. 
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161. Any term may he transposed from one tide (^ 
an equation to the other side by changing its sign. 

Suppose, for example, that x^a=h—y. 
Add a to each side ; then 

a?— a-f a=&— y+a, 
that is ^=&— y + a. 

Subtract h from each side ; thus 

a-6 = b'ha'-y—b=a-'y. 

Here we see that —a has been removed from one side 
of the equation, and appears as +a on the other side ; and 
+ b has been removed n^m one side and appears as — & on 
the other side. 

162. ff the sign qf eoery term qf an equation he 
changed ths equality still holds. 

This follows from Art. 161, by transposing every term. 
Thus suppose, for example, that x—a^b—y. 

By transposition y-b=a-x, 
•that is, a—x=y-b; 

and this result is what we shall obtain if wo change the 
sign of every term in the original equation. 

163. We can now give a Rule for the solution of any 
simple equation with one imknown quantity. Clear the 
equation qf frax^tiotis^ if ^necessary; transpose all the 
terms which involm the unknown qtianiity to one side of 
the equation^ and the known quantities to the other side; 
dioide both sides by the coefficient, or the sum cf the co- 
efficients, qfthe unknown quantity^ and the root required 
is obtained, 

164. We shall now give some examples. 

Solve 7a? + 25 = 35 + 6x. 

Here there are no fractions ; by transposing we have 

7.r-5;r=35-25; 
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that is, 2a;=10; 

divide by 2 ; therefore iP = — = 6. 

We may verify this result by putting 5 for ;v in the 
original equation; then each side is equal to 60. 

165. Solve 4(3;i?-2)-2(4a?-3)-3(4-a?)=0. 

Perform the multiplications indicated ; thus 
12;r-8-(&c-6)-(12-3;i?)=0. 

Kemove the brackets ; thus 

I2a?-8-8;i?4-6-12 + 3a?=0; 
*ol!ect the terms^ 7^ - 14 = ; 

;ranspos% 7^=14; 

Uvideby7, ^=y=2. 

The student will find it a useful exercise to verify the 
^rrectness of his solutions. Thus in the above example, 
f we put 2 for x in the original equation we shall obtain 
L6— 10-6, that is 0, as it should be. 

166. Solve ;i?-2-(2a?-3)=*^^^, 

Kemove the brackets ; thus 

- . . ^ 3j?+1 
x-2-2x + ^ = —- — , 

;hat IS, 1 —x= — - — ; 

nultiply by 2, 2 - 2a?= 3ar + 1 ^ 
/ranspose, 2 — 1 = 2a? + 3a? ; 

;hat is, 1 = 5a?, or 5a; = I ; 

ihcrefore a?=r. 

o 
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167. Solve -.--_ ^-=5J--- . 

28 
5J = — ; the l. c. m. of the denominators is 10 ; multiply 

by 10; 

thus 5(6a? + 4)-(7:i? + 5) = 28x 2-6(^-1); 

that is, 25^+20-7a?-5 = 56-6^ + 5; 

transpose, 25a:-7^ + 6^=56 + 5— 20 + 5; 

that is, 23^=46; 

therefore x=~~2. 

The beginner is recommended to put down all the work 
at full, as in this example, in order to ensure accuracy. 
Mistakes with respect to the signs are often made in clear- 
ing an equation of fractions. In the above equation the 

7*1? + 5 
fractio© — — has to be multiplied by 10, and it is ad- 
visable to put the result first in the form —(7^ +6), and 
afterwards m the form —7^— 5, in order to secure atten- 
tion to the signs. 

168. Solve i(6d; + 3)-i(16-5;i;) = 37-4.t?. 

ti 7 

By Art. 146 this is the same as 

5a? + 3 16 -5.?? ^^ ^ 
— r = — =37-40?. 



Multiply by 21 ; thus 7(5:r + 3) - 3(16 - 6;p) = 21(37 - 4a?), 

that is, 35a? + 21-48+15a?=777-84a?j 

transpose, 35;r+ 15a? + 84;r= 777-21 + 48 ; 

that is, 13407 = 804; 

804 ^ 
therefore ^ = r/; = ^' 



169. Solve 
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6a?+15 8a?- 10 4.r-7 



11 7 6 

Multiply by the product of 11, 7, and 5 ; thus 
36(6^+ 16)-65(ar-10) = 77(4;c-7), 
that is, 210a: + 626-440;i:+660 = 308;r-539; 

* 

transpose, 210:i:-440:i?-308;r=-639-525-560; 
change the signs, 440:7 + 308^ - 21007 = 539 + 525 + 550, 
that is, 538a? = 1614; 

therefore x = -— - = 3. 



Examples. XIX. 

■ 2 ■ 3 



1. 6d? + 50 = 4a? + 56. 2. a?+- + -=:ll. 



^ ^ 1 ;2? 1 4;!? 

3- 3-4+6 = 8+12- ^ y+24=2;r+6. 

X X 4x 

5. ^ + ?=^-7. 6. 36- ~ =8. 

5 o 9 

2x *7x Sx 5x 

'• Y^'=T2^'- '■ T+°=T+2- 

9. 66-^=48-^. 10. f-4=24-f. 

4 o Do 

,, 2;i? ,_ 4;i? _ ,. 2x 176-4^ 
7;i? 9x 5x 7x 

15. | + l!0i:5£^29. 16. f + ^=x-2. 
17. 4(x-3)-7(«-4) = 6-ar. 

T. J. ' 
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«.. « 19-20? 24?- 11 
20. 24? — = — - — . 



a?+l 34?— 1 

21. =^-~^— =4?-2. 

6 o 

34?- 9 , 54?- 12 

22. 4? + — r— = 4 „ . 

6 

23. 10?-±-3_6?-^ = io:r-10. 

64?— 7 24? +7 

24. ^^^ - =^^-^ =34?- 14. 



, ^-2 4?-3 ^ 
25. 4?- 1 2~'^~3~~^* 

^^ 4? + 3 4? + 4 4? + 5 ,- 
27. 75-±i=7-f^-'^-' 



28. 
29. 



4 • • 9 

34?-4 _ 64?- 5 _ 34?- 1 
"72" 8 ~ ~i6~ • 



4?— 3 .'»?-5 4?-l 

30. — = _+-—. 

4?-l 4?-3 4?— 5 ^ 

31. -^ 4-+-6-=^- 

^- 4? 4? 4?-2 ^ 

=2- 3-4 + — =3- 
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33. 



34. 



35. 



3a 



7^+6 


&r+6 


8-5ir 


6 


4 


~ 12 • 


a?+4 
3 


a?-4 
5 


^^ 16 • 


2 + 


3 


4? + 2 ^ 
- 9 =^- 



^^ a?-l a?-2 ii?-3 2 

36. _-_ + _ = -. 

37. ?^« + 5^=6^_17i. 



? 5a? + 8 _ 2a?~9 
4 6 ~ 3 



^^ 3^+6 2^ + 7 ,^ 3^ ^ 

39. 3-+10--=0. 

40. i(3ai-4)+^(5«+3)=43-8«. 
7 3 

X X X X ^. 

*^- 2+3-4+6 = ^«- 

^^•2 3 " 4 3' 

5—3^ 64? _ 3 3 --5a? 
^^- ~4"""^"3"2"" 3 • 

44. |(27-Sto)=|-j^ (7^-64). 

45. 64?- [8a?-3{16-64?-(4 -5d?)}] =6. 
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48. 



4a?-7 ^„«^ 7-4a? 13 



.- fi^-1 9a?-5 9iC-7 

__ fl? + 3 a?-2 3a:-5 1 

^^- -^ 3- = T2-+4- 

51. J(8-^) + ;c-lf«^(^+6)-J. 



52. 



3^-1 13-.^ 7^ 11. 

6 2 "" 3 "" 6 (^ + ^^ 



.„ 2^-1 f?^-4 7ir+12 
63. -^+-^=-^. 



XX. Simple Equations^ continued^ 

170. We shall now ^re some examples of the Bolution 
of simple equations, which are a little more difficult than 
those in the preceding chapter* The student will see that 
it is sometimes advantageous to clear of fractions par- 
tiallpf and then to effect some reductions, before we re- 
moTe the remaining fractious. 

171. Solve -j;j 3~'*'-T""^i*~l2"- 

Hore we may conveniently multiply by 12; thus, 



SIMPLE EQUATIONS^ 101 

11 V 

that is, ^?^|^-8a?+72+6a?+9=64 + 3a?+4. 
By transposition and reduction we obtain 

' Multiply by 11 ; thus 12 (^+ 6)= 11 (5a?- 13), 
that is, 12a? +72=65:1? -143; 

by transposition, 72 + 143 - fSbx- 12a?, 

that is, 43a?=215; 

therefore a? = --r- = 6. 

43 

Here we may conyeniently multiply by 24 ; thus 

^^^^^ .+48^+16x-15=24x 21-8 (f - 8*) ; 
that is, 

144a?— S20 
15-a g +48a?+16a?-15 = 154-165 + 64a?. 

By transposition and reduction 

144a?- 320 _ 
15-2a? "" ' 
multiply by 16-2a?; thus 

144a?-320=4(15-2a?)=60-8a?; 
therefore 144a? + 8a? -320 + 60, 

that is, 162a? = 380; 

therefore a?=j^«2x3\=2j. 
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173. Solve ^^ = 5±|. 

Multiply by (;c-7)(^+9); thus 

(d?+9)(a?-6)=(d?-7)(4?-f3), 

that is, a?»+4^-46=aj'-4;p-21 ; 

subtract a^ from each side of the equation, thus 

4;i?-46=-4a;-21; 

transpose, 4;p+4;p=46— 21, 

that is, 8^=24; 

24 
therefore a?=-~=3. 

o 

It will be seen that in this example a^ is found on both 
iide$ of the equation, after we have cleared of fractions ; 
accordingly it can be removed by subtraction, and so the 
equation remains a simple equation. 



174. Solve — rT-=-A i + i r- 

x+l 4;iJ+4 Zx+l 

Here it is convenient to multiply by 4a; + 4, that is by 

4> + l);. 

XV ^/o «\ ^ . « . 4(^+1) 3(iP+l) 
thus 4(2^+3) = 44? + 6+ -^^ — ^^-\ -; 

therefore ar + 12-4;p-6= -«^^^; 

3^ + 1 

xux. J ^ 12(a:+l)« 

that IS, 40^+7=-^:^. 

Multiply by 3a:+l; thus (3^+l)(4r + 7)=12(a? + l)2; 
tliat is, 12a;" + 26u: + 7 = 12ir' + 24iC + 12. 
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Subtract 12a:' from each side, and transpose ; thus 

25a? -24a? =12 -7, 
that is, x^b. 



i-»* a 1 ^-1 ^-2 a?-4 a?-5 

175. Solve = — . 

0?— 2 0?— 3 a?-5 a?-t> 

Wehave ^"3^ a?-2^ (a?-l)(a?-3)-(a?-2)« 
a?-2 a?-3 (a?-2)(,a?-3) / 

_ a;'--4a? + 3-(a;*-4a?-i-4) _ 1 

^a?-2)(a?-3) " (a?-2)(a?-3)* 

A d a?~4 a?-5 _ (a?-4)(a?-6)-(a?-'5)' 

a?-5 a?-6"' (a?-6)(a?-6) 

a!«-10a?-f24-(a?*-10a?-H25) _ 1 

(a?-5)(a?-6) "■ (a?-6)(a?-6y 

Thus the proposed equation becomes 

1 1 



(a?-2)(a?-3) (a?-5),a?-6)* 

1 1 



Change the signs ; thus ; — ... . , — -. -^, ^, . 

® ® (a:-2)(a?-3) (a?-5)(a?-6) 

Clear of fractions ; thus (a?— 6)(a?-6)=(.*-2)(a?-3); 
that is, a?2-lla?+30=a?2-5a?+6; 

therefore -lla:+6a?=«6-30; 

that is, • -6a?=-24; 

therefore 6a? =24; 

therefore a? =4. 



I 
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176. Solve .6.^:^^ = 11-3^. 

To ensure accuracy it is advisable to express all tie 
decimals as common fractions ; thus 

53- 10/45X 75V 10 12_10/3£__ 6^\ 

10 6 Vioo looy " 2 ^ 10 9 \10 10/ 

«^'^ f4(i-j)-«-(f-i)^ 

that IS. — \- =6 — +-. 

^ 2 4 4 3 3 

Multiply by 12, 6x+9x-15 = 72-4j: + 8; 

transpose, 1907=72+8+15 = 95; 

95 ^ 

177. E^MI^ps may be pr(^[>08ed in which letten are 
used to represent known quantities ; we shall continue to 
represent the unknown quantity by or, and any other letter 
will be supposed to represent a known quantity. We will 
soIto three such equations. 



178. Solve - + ?=<•. 

<I 

MulUxilj' by ttb ; tlius bx + (Lr= abc ; 
tliatis, {a'¥b}x=abc; 

divide by a + &: thus x=— .. 

a + 6 




a*c 



179. Solve (<i + ^)(ft+x}=«(6 + f) + ~^+a;«. 
Here a6+<u'+fto* + o^=a5+ar+-.-+^: 



tlH>refore flkr+frx=ar+-^; 
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that is, (a+&>r=a<;ri+^j = ^^^^^ ; 

divide by a+h\ thus ^^X* 

ISO Solve x^^^i^x^d)" 

180. solve ^1.-6." (2^- V 

Clear of fractions ; thus 

(a?-a) (2a?-6)«=(a?-6)(2;i?-o)2; 
that is, (^-a)(4aj3-4:c& + 6')=(a?-6)(4a:'-4a:a+a^. 

Multiplying out we obtain 

4a:* - 4«*(a + 6) + a<4aft + &•) - a6« 

=4^-4^(a+ &) +4?(4a& + a')-a26 ; 

therefore xl^ — a6' = xa* - a'& ; 

therefore x{a^ - &') = a*h—ajf^= ab{a — &) ; 

abia—b) ab 



therefore x= 



a^—b^ a+b' 



181. Although the following equation does not strictly 
belong to the present chapter we give it as there will be 
no difficulty in following the steps of the solution, and it 
will serve as a model for similar examples. The equation 
resembles those already solved, in the circumstance that 
we obtain only a single value of the imknown quantity. 

Solve ^/a?^- J(x- 16)= 8. 

By transposition, ,J{x - 1 6) = 8 — ^/^ ; 

square both sides ; thus a?-16 = (8- ^Jxf =6^-16 Jx+x; 

therefore - 16 = 64- 16 ^/o: ; 

transpose, 16 ,^0?= 64 +16 = 80; 

therefore s/x=5; 

therefore a? =25. 
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Examples. XX 



, 12 1 29 o 42 35 



X 12a? 24 a:-2 a;-3* 

128 216 ^46 67 



3j?-4 6a?-6* " 2rf? + 3 4a?-5' 

^ 3a?— 1 2ai— 5 a?— 3 a? 

6. ^^-' i^-'** 4-;r 10-_* 
T""^ 2 "^ 4 ^ 6 '• 



'■ IH)^Kf-0-* 



6a?-8 ^ 3ar-8 ^ a?-2 1 2a?-l 

10. ^+1-^-2. n. *— ;=!-^^ 

a?+2 a?-2 7a?-26 

7a?-4 _7a ?-26 a? 3a? 71 _ 3aM-l • 

12. ;^^ZI--,?i:3"- •^^- 7'""2"*" 7'■"~■2~"^^"• 
2;ff-■6_2^6 
3i-8"3a?-7* 

15. a?-3-(3-.a?)(a? + l)-a?(a?-3) + 8. 

16. 3-«-2(a!-l)(« + 2)=(x-3)(5-2j;). 

17. I-t?^_i + 2z£=7;B. 18. (;b + 7)(x + 1)=(j! + 3)'. 

4 y 

19. |(2a?-10)-j^^(3a?-40) = 16-^(57-0;). 



EXAMPLES. XX. 107 



on ^^-^^ 2;g+38 _ 
2u?-fl x + 12 



21. 
22. 



25. 
26. 
27. 



29. 



a:— 1 .a?— 5 16—2^ 9— « 
4 32 ' 40 2 


7 

"a 


4;p + l7 Zx-\Q 





23. ~^ +x{x-2y^{x-l)\ 

24. — r— +(a?-l)(a?-2)=aj*-2a?-4 



3^-2^-8 ^ (7a? -2 ) { Zx - 6) 
5 36 

?±12 - 2 (3^-2 ) (2^-3) __ 2 

3 5^^^ ^^^ 6 "-^ 16- 

3a?- 1 4a?-2 1 
2a?- 1 3.6-2" 6* 

1 6 



28. ^ + 



2u?-3 a?-2 307 + 2* 

a?--4 a?-5_ a?— 7 a?-8 
a?-6 a?-6""a?-8 a?-9* 



a? a?-9 a? + l a?-8 • 

30. 5 + — ^ = _ + . 

a?— 2 a?-7 a?— 1 x-Q 

3-2a? 2a?-5 , 4a;'- 1 

31. , — -- - ^ i. = 1 - 



l-2a? 2a?-7 7-16a?+4a;** 

3 + a? _ 2 + a? _ 1+^ _ 
^* 3-a? 2-a? r=^~^' 

„■ a?-5 aj' + B aj*-2 a:*-a?+l 

^^- -r-'-T"=-2 r-^^- 

34. (a? + l)(a? + 2)(a? + 3) 

= (a?-l)(a?-2)(a?-.3) + 3(4a?-2)(a;-«rlV 
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35. (;p-9)(^--7)(^-6)(^-l) 

=(^-2)(ii?-4)(;i?-6)(a?- 

36. (8;c-3)*{;c-l)=(4»-l)«(4a?-5). 

37. :— + r— = ^X. 

x-\ a?+l 

38. •6;i?-2 = -25a?+ •2;f- 1. 

39. •6a? + *6;i?-*8 = '75a? + -25. 

^n IK •135a?--225_-36 -OO^-'IS 

40. i5;p+ ;g _ — -^_ . 

41. a — , =x. 42. a — i— +6 

a a 

a^—a* __ a—x _^x a 
bx b ~ h x' 

44. x{x-a)-^x{x—b)=2{X''a){X''b), 

45. (a?-a)(«-6)(^+2a+2&) 

=(a?+2a)(;c+2&)(;i?-a 

46. (a?-o)(ir-6) = (^-a-6)2. 
a 6 a-6 



47. 



x—a x—b x-c' 



a b a-hb 

48. --^ + 



49. 
50. 
51. 



;c+a a?+6 x-^-c* 

J^ 3 a- h 

x-a x-b ~ x"-ab\ ^ - 

_1 1_^ ^ iV^ !_ 

x—a x—a+c X'-b-c^x—b* 

mx—a—b mx—a — c 



nx—c—d nx—b-d' 

62. (a-6)(a?-(;)-(6-c)(a?-a)~(c-(i)(4?-6)=:0. 

a?-a x-^a 2ax 



53. 



a-6 a+ft a^-b^' 
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64. (a-a?)(ft-a?) = (jp+^)(^+a?). 

x—a-l x-a-2~ x-b—l X'-b—2' 

56. (x +a)(2x+b + c)^={x + 6) (2d? + a + c)*. 

67. {x+2a){x-af={X'\'2b){x-'b)\ 

68. (x-af{x + a'-2b) = {x-by{x-2a+b). 

69. ^/(4r)^-^/(4d?-7) = 7. 

60. ^/(a? + 14)+^/(a?-14) = 14. 

61. ^/(^+ll)+^(a?-9) = 10. 

62. ^/(9a? + 4) + ^/(9a?- 1) = 3. 

63. J{x + 4a6) = 2a - ,Jx, 

64. J{X''a)'h s/{x-b)= Jia-b). 



XXL Problems, 

182. We shall now apply the methods explained in the 
preceding two chapters to the solution of some problems, 
and thus exhibit to the student specimens of the use ot 
Algebra. In these problems certain quantities are given, 
and another, which nas some assigned relations to these, 
has to be found ; the quantity which has to be found is 
called the unknovm qvantity. The relations are usually 
expressed in ordinary language in the enunciation of the 
problem, and the method of solying the problem may be 
thus described in general terms: denote the unknown 
quantity by the letter x, and express in algebraical 
language the relations which hold between the unknown 
qttantity and the given quantities; an equation will thus 
be obtained from which the value qftJi£ unknown quantity 
may be found. 



110 PROBLEMS. 

183. The sum of two numbers is 85, and their differ- 
ence is 27 : find the numbers. 

Let X denote the less number ; then, since the diffsr- 
ence of the numbers is 27, the greater number tnU he 
denoted by ;i?+ 27 ; and since the sum of the numbers is 85 
we have 

;c+a? + 27=85; 

that is, 2;2? + 27 = 85; 

therefore 2^? = 85 - 27 = 58 ; 

58 
therefore x= - =29. 

Thus the less number is 29 ; and the greater number is 
29+27, that is 56. 

184. Divide £2, lOs, among Ay B, and C, so that B 
may have 5«. more than A, and C may have as much as A 
ana B together. 

Let X denote the number of shillings in A^b share, 
then x+5 will denote the number of shilungs in ^'s share, 
and 2074-5 will denote the number of shillings in (Ts share. 

The whole number of shillings is 50 ; therefore 

;c+ir + 5 + 2^ + 5 = 50; 

that is, 4a? + 10 = 50; 

therefore 4a? = 50 - 10 = 40 ; 

therefore a? =10. 

Thus A'b share is 10 shillings, B'» share is 15 shillings, 
and C'b share is 25 shillings. 

185. A certain sum of money was divided between 
Ay By and C7; A and B together received £1.7. 15*.; A 
and C together received £16, 15*.; B and C togetiier 
received £12. 10*. : find the sum received by each. 

Let X denote the number of pounds which A received, 
then B received £11^— x pounds, because A and B 
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together received 17f pounds; and O received I5f-^ 
pounds, because A and C together received 15| pounds. 
Also B and C together received 12^ pounds; therefore 





12j=l7f-:i:+16j-^; 


that is, 


12i=33j-2^; 


therefore 


2:r = 33j-12i = 21: 


therefore 


21 ,^. 



Thus A received £10. 10*., B received £l. 6s., and C 
received £5, 5s, 



186. A grocer has some tea worth 2s, a lb., and some 
worth 3s, 6d, a lb. : how many lbs. must he take of each 
sort to produce 100 lbs. of a mixture worth 2s. 6d, a lb. 1 

Let X denote the number of lbs. of the first sort ; then 

100—^ will denote the number of lbs. of the second sort. 

'Hie value of the x lbs. is 2x shillings ; and the value of the 

7 
100 -:r lbs. is -(100-^) shillings. And the whole value 

is to be _ X 100 shillings; therefore 

5 7 

" X 100 = 2^:+ -(100-ar); 

It At 

multiply by 2, thus 600 = 4a? + 700 - *lx ; 
therefore *lx-^x= 700 - 600 ; 

that is, 3a? =200; 

therefore a?=— -=66|, 

Thus there must be 66§lbs. of the first sort, and 
33} lbs. of the second sort 



112 PROBLEMS. 

187. A line is 2 feet 4 inches long ; it is required to 
divide it into two parts, such that one part may be three- 
fourths of the other part 

Let X denote the number of inches in the larger part; 

Zx 
then - will denote the number of inches in the other 
4 

part. 

The number of inches in the whole line is 28 ; therefore 

3^ «« 
x-¥ — =28; 

4 
therefore 4a? + 3a? = 1 12 ; 

that is, 7^7=112; 

therefore a? =16. 

Thus one part is 16 inches long, and the other part 12 
inches long. 



188. A person had ;£10(M), part of which he lent at 

4 per cent., and the rest at 5 per cent.; the whole annual 
interest received was £44 : how much was lent at 4 per 
cent. 1 

Let X denote the number of pounds lent at 4 per ceni ; 
then 1000 -a? will denote the number of pounds lent at 

5 per cent. The annual interest obtained from the former 

is ^, and from the latter ^^^^^ ; 

therefore u='^^^ + ^}^^-'') . 

therefore 4400 = 4a? + 6(1000 - x) ; 

that is, 4400 = 4a? + 6000 - 6a? ; 

therefore a? = 6000 - 4400 = 600. 

Thus £600 was lent at 4 per cent 
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189. The studont will find that the only difficulty in 
Bolving a problem consists in translating statements ex- 
pressed in ordinary language into Algebraical language; 
and he should not be discouraged^ if he is sometimes a 
little perplexed, since nothing but practice can give him 
readiness and certainty in this process. One remark may 
be made, which is very important for beginners ; what is 
called the unknown quantity is really an unknown number^ 
and this should be distinctly noticed in forming the equa- 
tion. Thus, for example, in the second problem which we 
have solved, we begin by saying, let x denote the number 
of shillins^s in ^'s share; beginners often say, let x=A^s 
money, which is not definite, because ^'s money may be 
expressed in various ways, in pounds, or in shillings, or as 
a fraction of the whole sum. Again, in the fifth problem 
which we have solved, we begin by saying, let x denote 
the number of inches in the longer part ; beginners often 
gay, let a?= the longer part, or, let if= a part, and to these 
phrases the same objection applies as to that already 
noticed. 

190. Beginners often find a difficulty in translating a 
problem from ordinary language into Algebraical language, 
Decause they do not understand what is meant by the 
ordinary language. If no consistent meaning can be as- 
signed to the words, it is of course impossible to translate 
them ; but it often happens that the words are not abso- 
lutely unintelligible, but appear to be susceptible of more 
than one meaning. The student should then select one 
meaning, express that meaning in Algebraical symbols, and 
deduce from it the result to which it will lead. If the 
result be inadmissible, or absurd, the student should try 
another meaning of the words. But if the result is satis- 
factory he may infer that he has probably understood the 
words correctly ; though it may still be interesting to try 
the other possible meanings, in order to see if the enun- 
ciation really is susceptible of more than one meaning. 

191. A student in solving the problems which are 
given for exercise, may find some which he can readily solve 
by Arithmetic, or by a process of guess and trial ; and he 
may be thus inclined to undervalue the power of Algebra^ 
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and look on its aid as unnecessary. But we may remari^ 
that by Algebra the student is enabled to solve aU theM 

Eroblems, without any uncertainty ; and moreoyer, he will 
nd as he proceeds, that by Algebra he can solve pro- 
blems which would be extremely difficult or altogeUier 
impracticable, if he relied on Arithmetic alone. 



Examples. XXI. 



1. Find the number which exceeds its fifth part by 24. 

2. A father is 30 years old, and his son is 2 years old: 
in how many years will the fatner be eight times as old as 
the son? , 

3. The difference of two numbers is 7^ and their sum* 
is 33: find the numbers. 

4. The sum of £\66 was raised by A, B, and Ctog^ 
ther; B contributed £\6 more than A, and C ;£20 more 
than B : how much did each contribute \ 

5. The difference .of two numbers is 14, and their sum 
is 48 : find the numbers. 

6. One-half of a certain number of persons treceived 
eighteen pence each, one-third received two shilHngs each, 
itnd the rest received half a crown each ; the wh^e sum 
distributed was £2, 4«. : how many persons were there? 

7. If 56 be added to a certain number, the result is 
treble that number: find the number. 

8. A child is bom in November, and on the tenth day 
of December he is as many days old as the month was on 
the day of his birth : when was he born 1 

9. Find that number whereof the double increased by 
24 shall as much exceed 80 as the number itself is below 
100. 



\ 
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10. There is a certain fish, the head of which is 9 
inches long; the tail is as long as the head and half the 
back ; and the back is as long as the head and tail toge- 
bber: what is the lengtb of the back and of the tail) 

11. DiTide the nttmber 84 into two parts such that 
three times one part may beaequal to four times the other. 

12. The sum of £76 was raised by A^ B, and C toge- 
ther; B contributed as much as A and j^lO more, and (7 
as much as A and B together : how much did each con- 
tribute] 

13. Divide the number 60 into two parts such that a 
seventh of one part may be equal to an eighth of the other 
part. 

14. After 34 gallons had been drawn out of one of 
two equal casks, and 80 gallons out of the other, there 
remained just three times as much in one cask as in the 
other: what did each cask contain when full? 

15. Divide the number 75 into two parts such that M 
3 times the greater may exceed 7 times the less by 15. -f^ 

16. A person distributes 20 shillings among 20 per- 
sons, giving sixpence each to some, and sixteen pence each 
to the rest : how many persons received sixpence each ? 

17. Divide the number 20 into two parts such that 
the sum of three times one part, and five times the other 
part, may be 84. 

18. The price of a work which comes out in parts is 
£2. 16«. Sd,\ out if the price of each part were 13 pence 
more than it is, the price of the work would be £3. 7«. 6^. : 
liow many parts were there ? 

19. Divide 45 into two parts such that the first divided 
by 2 shall be equal to the second multiplied by 2. 

20. A father is three times as old as his son; four 
jrears ago the father was four times as old as his son then 
nras : wnat is the age of each ? 

21. Divide 188 into two parts such that the fourth of 
one part may exceed the eighth of the other by 14. 
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22. A person meeting: a company of begntn gave foar 

Een(^ to each, and had sixteen ponce left; ne found that 
e sKonld have required a shilling more to enable him to 
give the beggars sixpence each : how many beggars wera 
there 1 

23. Divide 100 into two parts such that if a third (tf 
one part be subtracted from a fourth of the other the re^ 
mainder may be 11. 

24. Two persons, A and B, engage at play; A has 
£12 and B has £^2 when they begin, and after a certain 
number of g.imes have been won and lost between them, 
A has three times as much money as B : how much did A 
win] 

25. Divide 60 into two parts such that the difference 
between the greater and 64 may be equal to twice the 
difference between the less and 38. 

26. The sum of £276 was raised by A^ B^ and Ctoge; 
ther; B contributed twice as much as A and £\2 more; 
and C three times as much as B and £12 more: how much 
did each contribute ? 

27. Find a number such that the sum of its fifth and 
its seventh shall exceed the sum of its eighth and its 
twelfth by 113. 

28. An army in a defeat loses one-sixth of its number 
in killed and wounded, and 4000 prisoners ; it is reinforced 
by 3000 men, but retreats, losing one-fourth of its number 
in doing so; there remain 18000 men: what was the ori- 
ginal force? 

29. Find a number such that the sum of its fifth and 
its seventh shall exceed the difference of its fourth and iti 
seventh by 99. 

30. A is twice as old as B, and seven years ago their 
united ages amounted to as many years as now represent 
the age of A : find the ages of A and B. 

31. A person had £900 ; part of it he lent at the rate 
of 4 per cent., and part at the rate of 5 per cent, and he 
received equal sums as interest from the two parts: how 
much did he lend at 4 per cent. ? 
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32. A fathcor has six sons, each of whom is four years 
elder than his next younger brother; and the eldest is 
three times as old as the youngest: find their respectiye 
ages. 

33. Divide the number 92 into four such parts that 
the first may exceed the second by 10, the third by 18, and 
^ fourth by 24. 

34. A gentleman left £550 to be divided among four 
servants A. B^ Gy D\ of yfh omJ B was to have twice as 
mndi Ba AfC BS much a^dvld B together, and D as 
much as C and B togethen^^v much had each ? 

35. Find two consecufljfnumbers such that the half 
and the fifth of the first tSpk together shall be equal to 
the third and the fourth of tlie second tal^en together. 

36. A sum of money is to be distributed among three 
perscms A, B, and C; the shares of A and B t^ether 
amount to £60 ; those of A and C to £80 ; and those of B 
and C to £92 : find the share of each person. 

37. Two persons A and B are travelling togethw ; A 
has £100, and B has £48 ; they are met by robbers who 
take twice as much from A as from B, and leave to A 
three times as much as to ^: how much was taken from 
eadil 

38. The sum of £500 was divided among four persons, 
io that the first and second together received £280, the 
first and third together £260, and the first and fourth 
together £220 : find the share of each. 

• 

" 39. After A has received £10 from B he has as much 
money as B and £6 more; and between them they have 
£40 : what money had each at first ? 

40. A wine merchant has two sorts of wines, one sort 
worth 2 shillings a quart, and the other worth 3s. 4d. a 
quart; frt>m these he wants to make a mixture of 100 
quarts wortii 2s. 4d, a quart : how many quarts must he 
take from each sort 1 

41. In a mixture of wine and water the wine composed 
25 gallons more, than half of the mixture, and the water 
ft gallons less than a third of the mixture: how many gaX- 
Ions were there of each ? 
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42. In a lottery consisting of 10000 tickets, half the 
number of prizes added to one-third the number of blanks 
was 3500 : how many prizes were there in the lottery ? 

43. In a certain weight of gunpowder the saltpetre 
composed 6 lbs. more than a half of the weight, the sulphur 
5 lbs. 'less than a third, and the charcoal 3 lbs. less than a 
fourth : how many pounds were there of each of the three 
ingredients 1 

44. A general, after having lost a battle, found that 
he had left fit for action 3600 men more than half of his 
army; 600 men more than one-eighth of his army were 
wounded; and the remainder, forming one-fifth of the 
army, were slain, taken prisoners^ or missing: what was 
the number of the army ? 

45. How many sheep must a person buy at £7 each 
that after paying one shilling a score for folding them aA 
night he may gain £79. 16«. by selling them at £% eadi? 

46. A certain sum of money was shared among five 
persons A, B^Cj 2>, and E; B received £10 less than A ; 
V received £16 more than B ; D received £5 less than C\ 
and E received £15 more than D ; and it was found that 
E received as much as A and B together : how much did 
each receive 1 

47. A tradesman starts with a certain sum of money ; 
at the end of the first year he had doubled his original 
stock, all but £100 ; also at the end of the second year he 
had doubled the stock at the beginning of the second year, 
all but £100 ; also in like manner at the end of the third 
year; and at the end of the third year he found himself 
three times as rich as at first: what was his original 
stock? 

48. A person went to a tavern with a certain sura of 
money ; there he borrowed as much as he had about him, 
and spent a shilling out of the whole ; with the remainder 
he went to a second tavern, where he borrowed as much 
as he had left, and also spent a shilling ; and he then went 
to a third tavern, borrowing and spending as before, after 
Bhich he had nothing left: how much had he at first? 



PROBLEMS. 119 



XXII. Problems, continued. 



192. We shall now give some examples in which the 
process of translation from ordinary language to algebra!* 
cal language is rather more difficult than in the examples 
of the preceding chapter. 

193. It is required to divide the number 80 into four 
snch parts, that tne first increased by 3, the second dimi- 
niahea by 3, the third multiplied by 3, and the fourth 
divided by 3 may all be equal. 

Let the number a denote the first part ; then if it be 
increased by 3 we obtain ^ + 3, and this is to be equal to 
the second pa^ diminished by 3, so that the second part 
must be ^+6 ; again, x-\-3 is to be equal to the third part 

multiplied by 3, so that the third part must be —^ ; and 

;r+3 is to be equal to the fourth part divided by 3, so that 
tiie fourth part must be 3{a! -r 3). And the sum of the parts 
is to be equal to 80. 

Therefore a?+a?+6+-^- +3(a?+3) = 80, 

r 

;2? + 3 

that is, 2X+6+ -r- + ai? + 9 = 80, 

o 

that is, 5d?+ ^i^ =80- 15*=: 65 ; 

multiply by 3 ; thus 15^ + a? + 3 = 195, 
that is, 16;e?=192; 

therefore ^= -7— =12. 

ID 

Thus the parts are 12, 18, 5, 45. 



1*3 



PBOBLEMS. 



194. A aloBe can peifiMM a piece of iraik m 9 dm 
aad B aloBe cm perform it in 1± days: in wbttt tine inli 
tihej p a foti n it if they iraik togetber I 

Let X denote the required number of days. In one daj 
A can perform - th of the iraik; therefore in jt days he can 

pe rio n n -ths of the wotk. In one day B can perfom 

— th of the work; therefoxe in x days he can pofonn 

> - ... „* A- .i^o i. . ,UP -. -d * .. 

getfaer perform the whole work, the sum of the Jmdkmi 
of the woik must be equal to tritifjf / that is, 





X X 

9 12 


Multiply by 36 ; thus 


4j;+3j?=^36, 


that 18, 


7x=36; 


therefore 


36 .- 
x^ „ -o}. 



195. A dstem could be filled with water by means of 
one pipe alone in 6 hours, and by means of another pipe 
alone m 8 hours; and it could be emptied by a tap in 18 
hours if the two pipes were closed : in what time will the 
cistern be filled if the pipes and the tap are all open ? 

Let X denote the required number of hours. In one 
hour the first pipe fills ^th of the cistern; therefore in x 

hours it fills % ths of the cistern. In one hour the second 
pipe fills -th of the cistern; therefore in x hours it fills 

o 
X 1 

- ths of the cistern. In one hour the tap empties r^ tli 
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of the cistern ; therefore in x hours it empties -^ ths of 

Hie cistern. And since in x hours the whole cistern is 
filled, we have 

X X ^ _i 

6 ■*"8 ~12~^* 
Multiply by 24 ; thus 4x-\-dx-2x= 24, 
that is, 507 = 24; 

therefore :c = — = 44. 

5 ^ 

196. It is sometimes convenient to denote by x, not 
the unknown quantity which is explicitly required, but 
some other quantity from which that can be easily deduced ; 
this will be illustrated in the next two problems. 

197. A colonel on attempting to draw up his regiment 
b the form of a solid square finds that he has 31 men 
over, and that he would require 24 men more in his regi- 
ment in order to increase the side of the square by one 
man : how many men were there in the regiment ? 

Let X denote the number of men in the side of the first 
square ; then the number of men in the square is x^ and 
the number of men in the regiment is a:' + 31. If there 
nrere x+1 men in a side of the square, the number of men 
In the square would be (x-hlY; thus the number of men 
in the r^ment is (a? + 1)' - 24. 

Therefore {x+lf-2i=x^+Zl, 

that is, a^-h2x-\-l'-24=a^ + 3l. 

Prom these two equal expressions we can remove x* which 
occurs in both ; thus 

2a?+I-24=31; 
therefore 2:r=31-l +24=54; 

iherefore a: = — = 27. 

Sence the number of men in the regiment is (27)* + 31, that 
9,729 + 31, that is, 760. 
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198. A ftarU from a certain place, and trarelB at ifae 
rate of 7 miles in 5 hoars ; B starts from the same pbee 
8 hours after A, and trayels in the same direction at tibs' 
rate of 5 miles in 3 hours : how far will A trarel before he 
is overtaken by ^? 

Let X represent the number of hours which A traTsls 

before he is overtaken; therefore B travels x-^ Yamk 

7 

Now since A travels 7 miles in 5 hours, he travels r of a 

o 

mile in one hour ; and therefore in x hours he travels -7- 

5 

miles. Similarly B travels «. of a mile in one hour, and 

therefore in ;r— 8 hours he travels ^ (^-8) miles. And 

when B overtakes A they have travelled the same num« 
ber of miles. Therefore 

multiply by 15 ; thus 25 (^-8)=2la?, 

, that is, 2.>;p-200 = 21^; 

therefore 25;» - 21;p = 200, 

that is, 407=200; 

200 ^^ 
therefore ;r = — = 50. 

Therefore-- = ' x50 = 70; so that A travelled 70 miles 


before he was overtaken. 



109. Problems are sometimes ^ven which suppose the 
student to have obtained from Arithmetic a knowledge of 
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ihe meaning of proportion; this will be illustrated in the 
lext two problems. 

200. It is required to divide the number 56 into two 
parts such that one may be to the other as 3 to 4. 

Let the number x denote the first part ; then the other 
cmrt must be 56—^; and since a; is to be to 56— a; as 3 to 4 
ire have 

X 3 





56-.1? 4* 


Clear of fractions ; thus 




4d?=3(56-ii?); 


that is, 


4:r= 168-30?; 


therefore 


7a:=168; 


therefore 


168 ^, 
X- ^-=24. 

7 



Thus the first part is 24 and the other is 56-24, that 
is 32. 

The preceding method of solution is the most natural 
for a beginner; the following however is much shorter. 

Let the number 3ar denote the first part; then the 
second part must be \x^ because the first part is to the 
second as 3 to 4. Then the sum of the two parts is equal 
to 56; thus 

3a? + 4r=56, 
that is, 7a? =56; 

therefore ^=8. 

Thus the first part is 3 x 8, that is 21 ; and the second 
part is 4 X 8, that is 32. 
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201. A cask, A^ contains 12 gallons of wine and 18 
gallons of water; and another cask, B^ contains 9 galloni 
of wine and 3 gallons of water : how many gallons must be 
drawn from each cask so as to produce by their mixtare 
7 gallons of wine and 7 gallons of water ? 

Let X denote the number of gallons to be drawn from 

A\ then since the mixtare is to consist of 14 gaUonSy 

lA-x will denote the number of gallons to be drawn from 

B. Now the number of gallons in ^ is 30, of which 12 are 

12 
wine ; that is, the wine is — of the whole. Therefore the 

oU 

X gallons drawn from A contain -^ gallons of wine. 

Similarly the 14-^ gallons drawn from B contain —,0 

gallons of wine. And the mixture is to contain 7 galloni 
of wine; therefore 





12^ 9(14-^) __ 
'30 "^ 12 " -'' 


that is, 


2a?_^3(14-^)_y. 


therefore 


8ir+16(14-a?) = 140, 


that is, 


8:r + 210-16a?=140; 


therefore 


7^=70; 


therefore 


^=10. 



Thus 10 gallons must be drawn from A, and 4 from B, 

202. At what time between 2 o'clock and 3 o'clock is 
one hand of a watch exactly over the other ? 

Let X denote the required number of minutes after 
2 o'clock. In X minutes the long hand will move over 
X divisions of the watch face ; and as the long hand moves 
twelve times as fast as the short hand, the short hand will 

X 

move over r^ divisions in x minutes. At 2 o'clock the 
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short band is 10 divisions in advance of the long hand; so 
that in the x minutes the long hand must pass over IH 
nuNne diviidonB than the short haiid; therefore 

therefore 12a;=;i; + 120; 

therefore ll;r=120; 

therefore ^ ar=^=10|?. 

203. A hare takes four leaps to a greyhound's three, 
but two of the greyhound's leaps are equivalent to three of 
the hare's; the hare has a start of fifty leaps: how many 
leaps must the greyhound take to catch the hare ? 

Suppose that 3^ denote the number of leaps taken by 
the greyhound; then 4a? will denote the number of leaps 
taken by the hare in the same time. Let a denote the num- 
ber of mches in one leap of the hare ; then 3a denotes the 
number of inches in three leaps of the hare, and therefore 
also the number of inches in two leaps of the greyhound ; 

therefore — denotes the number of inches in one leap of 
the greyhound. Then Zx leaps of the greyhound wiU con- 
tain Zxx-^ inches. And 50 + 4^ leaps of the hare will 
contain (50 + 4^) a inches; therefore 

-~-=(50 + 4;r)a. 

Divide by a ; thus - = 50 + 4a? ; 

therefore 9a? = 100 + 8a? ; 

therefore a? =100. 

Thus the greyhound must take 300 leaps. 

The student will see that we have introduced an auxi- 
liary symbol a, to enable us to form the equation easily ; 
and that we can remove it by division when the equation is 
formed. 
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204. Four gamesters A, B, C, 2>, each with a diffenot 
stock of money, sit down to play; A wins half of Jfs fint 
stock, B wms a third part of G% C wins a fourth part of 
D% and D wins a fifth part of A^a ; and then each of the 
gamesters has £23. Find the stock of each at first 

Let X denote the number of pounds which 2> won firom 
A ; then 6x will denote the number in ^*s first stodL 
Thus 4ajj together with what A won from B, make up 23; 
therefore 23- 4;{7 denotes the number of pounds whidi ^ 
won from B» And, since A won half of ^s stock, 23 -4« 
also denotes what was left with B after his loss to A. 

Again, 23 -4x, together with what B won from C, 
make up 23 ; therefore 4^ denotes the number of pounds 
which B won from (7. And, since B won a third of d 
first stock. 12^ denotes C*s first stock; and therdTore Sx 
denotes wnat was left with C after his loss to B. 

Again, 8^, together with what C won from 2>, make vf 
23; therefore 23-8^ denotes the number of pounds whi^ 
Cwon from D. And, since (7 won a fourth of IVs fint 
stock, 4(23— 8;r) denotes D*a first stock; and therefors 
3(23— 8a;) denotes what was left with D after his loss to C* 

Finally, 3(23-8^7), together with a, which 2> won from 
A, make up 23; thus 

23 = 3(23-80?) + a?; 

therefore 23^7=46; 

therefore x=2. 

Thus the stocks at first were 10, 30, 24, 28. 



Examples. XXII. 

1 . A privateer running at the rate of 10 miles an hour 
discoyers a ship 18 miles off, running at the rate of 8 mil^ 
an hour : how many miles can the ship run before it is 
overtaken ? 

2. Divide the number 50 into two parts such that if 
three-fourths of one part be added to five-sixths of the 
other part the sum may be 40. 
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3. Suppose the distance between London and Edin- 
mi^ is 360 miles, and that one traveller starts from 
Sdinbnrgh and travels at the rate of 10 miles an hour, 
nrhile another starts at the same time from London and 
travels at the rate of 8 miles an hour : it is required to 
enow where they will meet. 

4 Find two numbers whose difference is 4, and the 
difference of their squares 112. 

0. A sum of 24 shillings is received from 24 people ; 
Bome contribute 9(f. each, and some \^\d, each : how many 
contributors were there of each kind ? 

6. Divide the number 48 into two such parts that one 
part may be three times as much above 20 as the other 
wants of 20. 

7. A person has £98 ; part of it he lent at the rate of 

5 per cent simple interest, and the rest at the rate of 

6 per cent simple interest ; and the interest of the whole 
in 16 years amounted to ^81 : how much was lent at 5 
percent) 

8. A person lent a certain sum of money at 6 per cent. 
simple interest; in 10 years the interest amoimtea to ^12 
less than the sum lent: what was the sum lent? 

9. A person rents 25 acres of land for £l. 12^.; the 
land consists of two sorts, the better sort he rents at 8«. 
per acre, and the worse at 5«. : how many acres are there 
of each sort % 

10. A cistern could be filled in 12 minutes by two 
pipes which run into it ; and it would be filled in 20 minutes 
Dv one alone : in what time could it be filled by the other 
alone? 

11. Divide the number 90 into four i)arts such that 
the first increased by 2, the second diminished by 2, the 
third multiplied by 2, and the fourth divided by 2 may all 
be equal. 

12. A person bought 30 pounds of sugar of two dif- 
ferent sorts, and paid for it 19«. ; the better sort cost lOe^. 
per lb., and the worse *ld, : how many pounds were there 
of each sort? 
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13. Divide the number 88 into four parts such that 
the first increased by 2, the second diminished by 3, the 
third multiplied by 4, and the fourth divided by 5^ may all 
be equal 

14. If 20 men, 40 women, and 50 children receive jE50 
among them for a week's work, and 2 men receive as much 
as 3 women or 5 children, what does each woman receive 
for a week's work? 

15. Divide 100 into two parts such that the difference 
of their squares may be 1000. 

16. There are two places 154 miles apart, from whidi 
two persons start at the same time with a design to meet; 
one travels at the rate of 3 miles in two hours, and tlM 
other at the rate of 5 miles in 4 hours: when will they 
meet? 

17. Divide 44 into two parts such that the greater in- 
creased by 5 may be to the less increased by 7, as 4 is 
to 3. 

18. A can do half as much work 2A B^ B can do half 
as much as G, and together they can complete a piece of 
work in 24 days : in what time could each alone complete 
the work? 

19. Divide the number 90 into four parts such that if 
the first be increased by 5, the second diminished by 4, the 
third multiplied by 3, and the fourth divided by 2, the 
results shall all be equal 

20. Three persons, whose powers for work are as the 
numbers 3, 4, 5, can together complete a piece of work in 
60 days: in what time could one done complete the work? 

21. Divide the number 36 into two parts such that one 
part may be to the other as 5 to 7. 

22. A general on attempting to draw up his army in 
the form of a solid square finds that he has 60 men over, 
and that he would require 41 men more in his armv in 
order to iucrease the side of the Equare by one man : how 
naany men were there in the army 1 
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23. Divide the number 90 into two parts tach that one 
part may be to the other as 2 is to 3. 

24. A person bonght a certain number of eggs, half of 
th^n at 2 a penny, and half of them at 3 a penny; he sold 
them again at the rate of 5 for two pence, and lost a penny 
by the Dargain : what was the nnmber of eggs ) 

25. A and B are at present of the same age; if A^% 
age be increased by 36 years, and j8*s by 52 years, their 
ages will be as 3 to 4 : what is the present age of each 1 

26. For 1 lb. of tea and 9 lbs. of sugar the charge is 
8f. ^. ; for 1 lb. of tea and 15 lbs. of sugar the charge is 
12f. ed,i what is the price of 1 lb. of sugar? 

27. A prize of ^£2000 was divided between A and jB, 
80 that i^eir shares were in the proportion of 7 to 9 : what 
was tibe share of each ? 

28. A workman was hired for 40 days at .3«. 4d, per 
day, for every day he worked ; but with this condition that 
for every day he did not work he was to forfeit 1«. Ad. ; and 
on the whole he had £3. 3«. Ad. to receive : how many days 
out of the 40 did he work ? 

29. A at play first won £6 from B, and had then as 
much money as B ; but B, on winning back his own money 
and <£5 more, had five times as much money as A : wha4i 
money had each at first % 

30. Divide 100 into two parts, such that the square of 
their difference may exceed the square of twice the less 
part by 2000. 

31. A dstem has two supply pipes, which will smgly 
fill it in 4^ hours and 6 hours respectively ; and it has also 
a leak by which it would be emptied in 5 hours i in how 
many hours will it be filled when all are working together) 

32. A fanner would mix wheat at A». a bushel with 
rye at 2«. ^d, a bushel, so that the whole mixture may con- 
ust of 90 bushels, and be worth Zs, 2d, a bushel : how 
many bushels must be taken of each) 
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d3. A bill of £3. \%, %d, was paid in half-crowns, and 
florins, and the whole number of coins was 28 : how many 
coins were there of each kind ? 

34. A grocer with 56 lbs. of fine tea at 6«. a lb. would 
mix a coarser sort at 3«. ^d, a lb., so as to sell the ^ole 
together at 4». 6(f. a lb. : what quantity of the latter sort 
must he take? 

35. A person hired a labourer to do a certain woric 
on the agreement that for eveir day he worked he should 
receiye 2^., but that for every day he was absent he should 
lose ^d. \ he worked twice as many days as he was absent^ 
and on the whole received £\, 19^. : find how many days 
he worked. 

36. A regiment was drawn up in a solid square ; when 
some time after it was again drawn up in a solid square 
it was found that there were 5 men fewer in a side ; in Uie 
interval 295 men had been removed from the field : what 
was the original number of men in the regiment % 

37. A sum of money was divided between A and B^ 
so that the share of A was te that of jS as 5 to 3 ; also the 
share of A exceeded five-ninths of the whole sum by £50 : 
what was the share of each person ? 

.^ 38. A gentleman left his whole estate among his four 
sons. The share of the eldest was £800 less than half of 
the estate; the share of the second was £120 more than 
one-fourth of the estate ; the third had half as much as 
the eldest ; and the youngest had two-thirds of what the 
second had. How much did each son receive ? 

39. A and B began to play together with equal suma 
of monev ; A first won £20, but afterwards lost half of all 
he then had, and then his money was half as much as that 
of B : what money had each at first ? 

40. A lady gave a guinea in charity among a number 
of poor, consisting of men, women, and children ; each man 
had 12^., each women ^d.^ and eacn child ^d. The number 
of women was two less than twice the number of men ; and 
ibe number of children four less than three times tiie 

number of women. How many peTOOxvA \i^t^ t\^ftrQ re- 
lleved ? 
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41. A draper bonght a piece of cloth at 3«. 2d, per 
yard. He sold one-thi^ of it at 4s. per yard, one-fo]arth of 
it at 3«. Sd. per yard, and the remainaer at 3«. 4d, per 
yard ; and his ^n on the whole was 14«. 2d, How many 
yards ddd the piece contain % 

42. A grazier spent ^£33. 7«. 6^. in buying sheep of 
different sorts. For the first sort, which formed one-third 
of tiie whole, he paid 9«. 6<f. each. For the second sort^ 
which formed one-fourth of the whole, he paid 11«. each. 
For the rest he paid lis. 6d, each. What number of sheep 
did he buy ? 

43. A market woman bought a certain number of eggs, 
at the rate of 5 for twopence ; she sold half of them at 
2 a penny, and half of them at 3 a penny, and gained 4d» 
hj 80 doing : what was the number of eggs ) 

44. A pudding consists of 2 parts of flour^ 3 parts of 
raisins, and 4 parts of suet ; flour costs Sd. a lb., raisins, 6^., 
and suet Sd. Find the cost of the several ingredients of 
1^ puddhig, when the whole cost is 2s. 4d. 

45. Two persons, A and B, were employed together 
for 60 days, at 6*. per day each. During this time A, by 
spending 6d. per dky less than i?, saved twice as much as 
B, besicTes the expenses of two days over. How much did 
A spend per day f 

46. Two persons, A and B, have the same income. A 
lays by one-fifth of his ; but B by spending £60 per annum 
more than A, at the end of three years finds himself £100 
in debt. What is the income of each ? 

47. A and B shoot by turns at a target. A puts 7 
bullets out of 12 into the bull's eye, and B puts in 9 out of 
12; between them they put in 32 bullets. How many 
shots did each fire ? 

48. Two casks, A and J$, contain mixtures of wine 
and water ; in A the quantity of mne is to the quantity of 
water as 4 to 3 ; in ^ the like proportion is that of 2 to 3. 
If A contain 84 gallons, what must B contain, so that when 
the two are put together, the new m2L\)\a^ \aa!5\i^\>a^ 
ffzoa and ball water ? 
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49. The squire of a parish bequeaths a sum equal to 
one-hundredth part of his estate towards the restoration 
of the church; £100 less than this towards the endow- 
ment of the school ; and £200 less than this latter sum 
towards the County Hospital After deducting these l^gft- 

39 
cies, jr of the estate remain to the heir. What was the 

value of the estate ? 

50. How many minutes does it want to 4 o'clock, if 
three-quarters of an hour ago it was twice as many minutes 
past 2 o'clock? 

51. Two casks, A and B, are filled with two kinds of 
sherry, mixed in the cask A in the proportion of 2 to 7, 
and in the cask B in the proportion of 2 to 5 : what quan- 
tity must be taken from each to form a mixture which 
shall consist of 2 gallons of the first kind and 6 of the 
second kind? 

52. An officer can form the men of his regiment into 
a hollow square 12 deep. The number of men in the 
regiment is 1296. Find the number of men in the front of 
the hollow square. 

53. A person buys a piece of land at £30 an acre, and 
by selling it in allotments finds the value increased tnre^ 
fold, so that he clears ;£150, and retains 25 acres for fahn- 
sjlf: how many acres were there? 

54. The national debt of a country was increased \ff 
one-fourth in a time of war. During a long peace whi<m 
followed £25000000 was paid off, and at the end of that 
time the rate of interest was reduced from 4^ to 4 per 
cent. It was then found that the amount of annual in- 
terest was the same as before the war. What wa« the 
amount of the debt before the war ? 

55. A and B play at a game, agreeing that the loser 
shall always pay to the winner one shilling less than half 
the money the loser has; they commence with equal quan- 
tities of money, and after 6 has lost the first game and 
won the second, he has two BhilUngs more than A : how 

much had each at the commeiicemetv^il 
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06. A clock has two hands turning on the same centre ; 
the swifter makes a revolution every twelve hours, and the 
slower every sixteen hours : in what time will the swifter 
gain just one complete revolution on the slower ? 

67. At what time between 3 o'clock and 4 o'clock is 
one hand of a watch exactly in the direction of the other 
hand produced? 

58. The hands of a watch are at right angles to each 
other at 3 o'clock : when are they next at right angles 1 

59. A certain sum of money lent at simple interest 
amounted to £297. 12^. in eight months ; and in seven more 
months it amounted to ;£306 : what was the sum ? 

60. A watch gains as much as a clock loses; and 1799 
hours by the clock are equivalent to 1801 hours by tho 
watch : find how much the watch gains and the clock loses 
per hour. 

61. It is between 11 and a quarter to 12, and it is 
observed that the number of minute spaces between the 
hands is two-thirds of what it was ten minutes previously : 
find the time. 

62. A and B made a joint stock of ;£500 by which 
they gained ;£160, of which A had for his share £Z2 more 
than B : what did each contribute to the stock 1 

63. A distiller has 51 gallons of French brandy, which 
cost him 8 shillings a gallon ; he wishes to buy some En- 
glish brandy at 3 shillings a gallon to mix with the French, 
and sell the whole at 9 shillings a gallon. How many gal- 
lons of the English must he take, so that he may gain 
30 per cent, on what he gave for the brandy of both 
kinds? 

64. An oflScer can form his men into a hollow square 
4 deep, and also into a hollow square 8 deep ; the front in 
the latter formation contains 16 men fewer than in the 
former formation : find the number of men. 



134 SIMUL TANEO US SIMPLE EQ UA TIO 



XXIII. Simtdianeous equations qf the first degrei 

two unknoton quantities, 

205. Suppose we have an equation containing tv 
known quantities x and y, for example 3a?— 7y=8. 
every value which we please to assign to one o 
unknown quantities we can determine the correspc 
value of tne other; and thus we can find as many 
of values as we please which satisfy the given eqi 
Thus, for example, if ^ = 1 we find 307=15, and the 
a?=5; if y=2 we find 3d7=22, and therefore o:=7i 
soon. 

Also, suppose that there is another equation < 
same kind, as for example 2or+5^=44; then we cs 
find as many pairs of values as we please which satia 
equation. 

But suppose we ask for values of o! and y which i 
both equations ; we shall find that there is only one 
of x and one value of y. For multiply the first eq 
by 5 ; thus 

l&r-35y=40; 

and multiply the second equation by 7 ; thus 

14o? + 35y=308. 
Therefore, by addition, 

15o?-35y4-14p+35y=40 + 308; 

that is, 29o?=348; 

348 
therefore a?= — = 12. 

Thus if both equations are to be satisfied x must eq\ 
Put this value of o; in either of the two given equj 
for example in the second ; thus we obtain 

24 + 5y = 44; 

therefore 5 y = 20 ; 

therefore V=^« 
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206. Two or more equations which are to be satisfied 
b^ the same values of tha unknown quantities are called 
nmultaneous equations. In the present Chapter we treat 
of simultaneous equations involvmg two unknown quanti- 
ties, where each unknown quantity occurs only in the first 
degree, and the product of the unknown quantities does 
not occur. 

207. There are three methods which are usually giyen 
for solving these equations. There is one principle com- 
mon to all the methods ; namely^ from ttix) given equations 
containing ttoo unknown quantities a single equation is de- 
duced containing only one of the unknown quantities. By 
this process we are said to diminate the unknown quan- 
tity which does not appear in the single equation. The 
single equation containing only one unknown quantity can be 
solved by the method of Chapter XIX ; and when the value 
of one of the unknown quantities has thus been determined, 
we can substitute this value in either of the given equations, 
and then determine the value of the other unknown quantity. 

208. First method. Multiply the equations hy such 
numbers as will make the coefficient of one of the un- 
known quantities the sanrie in the resulting equations; 
then hy addition or subtraction we can form an equation 
containing 07ily the other unknown quantity. 

This method we used in Art 206 ; for another example, 
suppose 

8:2?+7y=100, 

12;»-5y=88. 

If we wish to eliminate y we multiply the first equation 
by 5, which is the coefficient of y in the second equation, 
and we multiply the second e(|uation by 7, which is the 
coefficient of y in the first equation. Thus we obtain 

40:2? +36y = 600, 

84a?-36y=616; 
therefore, by addition, 

40^ + 84a?=600 + 616; 
that is, , 1240? =11 16; 

therefore a? =9. 
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Then put this value of x in either of the given equa 
for example in the second ; thus 

108-5y=88; 

therefore 20 = 6y; 

therefore y=4. 

Suppose, however, that in solving these equations wc 
to begin by eliminating x. If we multiply the first 
tion by 12, and the second by 8, we obtain 

96a? + 84y = 1200, 

96:2? -40y= 704. 

Therefore, hy subtraction^ 

84y + 40^=1200-704; 

that is, 124y=496; 

therefore 2^=4. 

Or we may render the process more simple ; for w< 
multiply the first equation by 3, and the second 
thus 

24:2? + 21y=300, 

24;«?-10y = 176. 

Therefore, by subtraction, 

21y + 10y=300-l76; 

that is, Sly =124; 

therefore y=4. 

209. ^ Second method. Express one of the unk 
quantities in terms qfthe other from either equation 
substitute this value in the other eqitation. 

Thus, taking the example given in the preceding 
cle, we have from the first equation 

8^=100-7y; 

., /. 100-7?^ 

therefore x = — - — , 

o 
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Substitute this value of ^ in the second equation, and we 
obtain 

12(100-7y) _gy^33. 

that is, — ^^ — 2 — ^-5y=88; 

therefore 3 (100 - 7y) - lOy = 176 ; 

that is, 300-21y-10y=176; 

therefore 300 - 1 76 = 21y + lOy ; 

that is, 31y=124; 

therefore y=4. 

Then substitute this value of j^ in either of the given equa- 
tions, and we shall obtain ^=9. 

Or thus: from the first equation we have 

7y— 100-8^; 

,^ - 100 -8a? 

therefore y= — = — . 

Substitute this value of ^ in the second equation, and 
we obtain 

therefore 84r-5(100-8;F) = 616 ; 
that is, 84a? - 500 + 40a? = 616 ; 

therefore 124a? = 600 + 616 = 1 116 ; 
therefore a? =9. 

210. Third method. Express the same unknoten 
qtiantity in terms qf the other from, each eqaxUvm^ and 
eqtuite the expressions thus obtained. 

Thus, taking again the same example, from the first 
equation a?= — r — ^, and from the second equation 

88 + 5y 



*= 12 



V—^Sk 
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Therefore 100^ = 88 + 5y 

Clear of fractions, by multiplying by 24 ; thus 
3(100 -7y) = 2(88 + 6y); 
that is, 300-21y=176 + 10y; 

therefore 300 - 176 = 21y + lOy ; 

that is, 31y=124; 

therefore y=4. 

Then, as before, we can deduce x—^, 

1 00 — R J* 

Or thus: from the first equation y= — , and 

12iC — 88 
from the second equation y = — - — ; therefore 

100-8^ 12^-88 



From this equation we shall obtain x^^\ and then, as 
l>efore, we can deduce y^^' 

211. Solve 19a?-21y=100, 21a?-19y=140. 

These equations may be solved by the methods already 
explained; we shall use them however to shew that these 
methods may be sometimes abbreviated. 

Here, by addition, we obtain 

19a?-21y + 21iP-19y=*100 + 140; 

that is, 4cOx - 40y = 240 ; 

therefore «-y=6. 

Again, from the original equations, by subtraction, we 
obtain 

21a?-19y-19a?+21y=140-100; 

timtis, ar + 2y=40; 

tbereforo « + y = ^0. 



SIMULTANEO US SIMPLE EQ UA TIONS. 139 

Then since x—y—Q and a?+y=20, we obtain by addi- 
tion 207=26, and by subtraction 2^= 14; 

therefore ;t;=13, and ^=7. 

212. The student will find as he proceeds that in all 
parts of Algebra, particular examples may be treated by 
methods which are shorter than the general rules ; but such 
abbreviations can only be suggested by experience and 
practice, and the beginner should not waste his time in 
seeking for them. 

«,« o 1 12 8 o 27 12 „ 

213. Solve — + -=8, =3. 

X y ^ X y 

If we cleared these equations of fractions they would 
involve the product xy of the unknown quantities; and 
thus strictly they do not belong to the present chapter. 
But they may be solved by the methods already given, as 
we shall now shew. For multiply the first equation oy 3 
and the second by 2, and add; thus 





36 

X 


24 54 24 „^ ^ 


that is, 




^S^^=30; 

X X 


that is, 




^"=30; 

X * 


therefore 




90= 30a?* 


therefore 




d?=3. 


Substitute the value of ^ in the first e 






12 8 ^ 


therefore 




^=8-4«4; 


therefore 




8=42^; 


therefore 




y^2. 



140 EXAMPLES. XXIII. 

214. Solve a^X'\-h^=c\ aa!+by=e. 

Here x and y are supposed to denote unknown a 
ties, while the other letters are suj^osed to denote k 
quantities. 

Multiply the second equation by &, and subtract it 
the first; thus 

thatiS; a{a - 'b)x = c(c — 6) ; 

therefore x = -7 — J-. . 

a{a—b) 

Substitute this yalue of ;r in the second equation ; 

therefore by^c— - — ~ = -^^ i — ^ =» - - — 

therefore V--^^^^ - j^jir^) • 

Or the value of y might be found in the same 1 
that of X was found. 

Examples. XXIII. 

1. 3;p-4y*2, 7a?-9y=7. 

2. 7^-6y=24, 4r-3y=ll. 

3. 3^ + 2^=32, 20d?-3y=l. 

4. lla?-7y=37, 8a? + 9y=41. 

5. 7ir + 5y=»60, 13ar-lly=10. 

6. 6a?-7y=*42, 7^-6y=75. 

7. 10a?+9y=290, iar-lly-130. 
S. 34?-4ysl8, 3a?+2y=a0. 

P. 4^- 1=11, 2x-3y«0. 
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10. f+3y=7, ^ = 3y-4. 

11. 6j?-6y=l, 7^-4y=8j. 

12. 2a?+^=21, 4y+^^=29. 

13. j^ + 5y=13, 20? + ^^^=^ =33. 
^^ f + 14=^^*' 2a:-y=7. 

,, ¥-f =1, ¥.|^ = «. 

17. ^+^=16, ^+y=6. 

^^ ^^ 3 "^ ' T * 4 ~ 8 ■*• 

^^•^-^=^' 2..?^«=21. 

22. ^ + f =20, f + ^ = 2:.-7. 

2£+% y 4y-3;g _3^ 

'^^ 6 ~ 3' 6 ~ 4 

24. i:^ + 3j^=2. ?^+y=9. 

25. 2 (2iC + 3y) = 3 (2a? - Sy) + 10, 
4;zr-3^=4(Gy-2aj) + 3. 
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26. 34?+9y=2-4, •21;i?--06y=-03. 

27. •3x+'l25y = X'-6, 3j?--6y = 28-*25y. 

28. •084?--21y=-33, '\2,x-\-'1y=Z'6^ 

X y ' X y 

30. ;r-4y=7, ^ + ll = l£Z^. 

32. 4^+y=ll, f ^y^-^' '5 



6x Zjp 15* 



a+t-3 



33. --V+7=0. '^"^"^^ ^^1=0. 

;p— 5 ' 6 4 

34. ^ + 1=2, &;»-ay=0. 

35. i» + y=a+&, &a?+ay=2a&, 

36. - + | = 1, r + - = l. 

37. (a + c)a?-&y=&<j, x+y=a + h. 

a ^ ' a 

39. x-\-y^Cf ax-by- c{a-b). 

40. a{x+y) + b{x'-y)=l, a{x-y) + b{x-^y)=h 

& a ' a & 

42. (a + &);!?- (a-&)y=4a6, 

(a- &);!? + (a + &)y=2a'-2&2. 

40 _?_._IL-o« x-y_ x* + i/' 



SIMULTANEOUS SIMPLE EQUATIONS, 143 



XXIV. Simidtaneous equations of the first degree tcith 
more than two unknotcn quantities. 

215. If there be three simple equations containing 
three unknown quantities, we can deduce from two of the 
equations an equation which contains only two of the un- 
known quantities, by the methods of the preceding Chap- 
ter; then from the third given equation, and either of the 
former two, we can deduce another equation which con- 
tains the same two unknown quantities. We have thus 
two equations containing two unknown quantities, and 
therefore the values of these unknown quantities may be 
found by the methods of the preceding Chapter. By sub- 
stituting these values in one of the ^iven eauations, the 
value of the remaining unknown quantity may be found. 

216. Solve 1x+Zp'-2z=ie (1), 

2a!-h5y + dz=39 (2), 

5x- y+6z = Sl (3). 

For convenience of reference the equations are num- 
bered (1), (2), (3); and this numbering is continued as wo 
proceed with the solution. 

Multiply (1) by 3, and multiply (2) by 2 ; thus 

2l4?+ 9y-6z=48, 
4x+l0y-hez=7S; 

therefore, by addition, 

25a:+19y = 126 (4). 

Multiply (1) by 5, and multiply (3) by 2 ; thus 

354?+15y-10;2r=80, 
10;r- 2y + l0z=62; 

therefore, by addition, 

45.r+13i/=14a V^\ 
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We have now to find the values of x and y from (4) 

and (5). 

Multiply (4) by 9, and multiply (5) by 6 ; thus 

2254? + 171^=1134, 
225;!?+ 65y= 710; 

therefore, by subtraction, 

106y=424; 
therefore y=4. 

Bubstitute the value otym (4) ; thus 

25a?+76 = 126; 
therefore 25a?= 126 - 76 = 50 ; 

therefore a? =2. 

Substitute the values of x and y in (1) ; thus 

14 + 12-2;2r=16; 
therefore 10=2^; 

therefore z=6. 



217. Solve 5 + p-f=l (1), 

^ + ^ + ^=24 (2), 

X y z 

7-8+? =14 (3). 

X y z ' 

Multiply (1) by 2, and add the result to (2) ; thus 

2465 46^ „^ 

- + + - + -+- =2 + 24; 

X y z X y z 

that is, - + -=26 ^4V 

ay 



/ 
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ply (1) by 3y and add the result to (3); thus 

X y z X y z 

i5-2=„ (5). 

X y ^ ^ 

ply (5) by 4, and add the result to (4) ; thus 

40_§ + 7^.8^68+26; 
X y X y * 

X ' 

47 = 940?; 

^47 1 
^ 94 ^ 2 • 

itute the value of ^ in (5) ; thus 
20---17; 

y 

^ =20-17=3; 



^=r 



itute the values of x and ^ in (1) ; thus 

z 
3 
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218. SolTe 

f*r=' <". 

i*f-» <* 

^ + ^=4 (3). 

c 

Subtract (1) from (2); thus 

h c a h 

tliatis, f-5=2 (4)- 

By subtracting (4) from (3) we obtain 

OB 

therefore - = 1 ; therefore x-a. 
By adding (4) to (3) we obtain 

therefore - = 3 ; therefore z = Zc, 
c 

By substituting the yalue of ;r in (1) we find that y=2b, 

219. In a similar manner wo may proceed if the num- 
ber of equations and unknown quantities should exceed 
three. 
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Examples. XXIV. 

1. ^ + 3y+2^=ll, 2a! + y + Sz=l4y Sx + 2y + z=ll. 

2. 5x-ey-h4z=l5, 7^ + 4y-3;2r=19, 2a?+y + 6z=46. 

3. 4X'-5i/-hz=6y 1x-lly + 2z = 9, x-hy + Sz=-l2. 

4. 7ii?-3y=30, 9y-5^=34, a + y + z=S3. 

6. 3ir-y + 4r=17, 6ir+3y-2^=10, 7^+4y-6^ = 3. 

6. x-hy + z=5y Zx-5p + *Iz=l5, 9a?-llj2r+10 = 0. 

7. x-h2y + Sz=6, 2x + 4y + 2z=S, Zx + 2y+Sz = l0l. 
6y~4a? _ 5;g~a ? y-2jg 

3^-7 ' 2y-3;2r"'^' 3y-2;i?"" 

,/.lll 11 OB 434 

10. = -, - + - = 3#, - + -=-. 

a y 6^ y z ®' x y z 

11. y+2f=a, ;? + «?=&, a?+2^=c. 

12. x+y-\-z=a+h + c^ x+a=y + b'=z+c. 

13. y+;2f— ;r=a, z-hx-y=bf x+y—z=c, 

14. f+^+?-a, ^+^4^=1. f'4?^+?=i. 



^• 



if 



i 



XXV. . Problems which lead to simultaneotts equations 
of the first degree with more than one u7iknown quantity, 

220. We shaB now solve some problems which lead to 

simultaneous equations of the first degree with morie than 

one unknown quantity. "^ 

2 
Find the fraction which becomes equal to r when the 

4 
numerator is increased by 2, and equal to ^ when the da- 

nomiDator is increased by 4. 



x 
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Let X denote the numerator, and y the denominator of 
the required fraction ; then, by supposition, 

x + 2 _2 X 4 

Clear the equations of fractions ; thus we obtain 

3x-2p=- 6 (1), 

1x-4y= 16 (2). 

Multiply (1) by 2, and subtract it from (2) ; thuB 
7a?-4y-6^ + 4y = 16 + 12; 
that is, x = 2S. 

Substitute the value of ^ in (1); thus 

84-2y=-6; 
therefore 2y = 90; therefore y=45. 

Hence the required fraction is tt . 

45 

221. A sum of money was divided equally among a 
certain number of persons; if there had been six more^ 
each would have received two shillings less than he did; 
and if there had been three fewer, each would have re- 
ceived two shillings more than he did: find the number of 
persons, and what each received. 

Let X denote the number of persons, and y the number 
of shillings which each received. Then xy is the number of 
shillings in the sum of money which is divided; and, by 
supposition, 

(a?+6Xy-2)=a:y (1), 

{x-^)(j/ + 2)=xy (2). 

^' From (1) we obtain 

xy + ey-2X'-l2=xy; 
therefore 6y-2;»=12 (3). 

From (2) we obtain 

xy'¥2x-Zy-%=xy\ 
therefore 2x-Zy=^ ^^« 
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From (3) und (4), by addition, 

3y=18; 
therefore ^=6. 

Sobstitate the valae of j^ in (4) ; thus 

2a?- 18 = 6; 
therefore 2a; =24; therefore ;r=12. 

Thns tiiere were 12 persons^ and each received 6 
chillings. 

222. A certain number of two digits is equal to fire 
times the sum of its digits ; and if nine be added to the 
number the digits are reversed : find the number. 

Let o! denote the digit in the tens' place, and y the diffit 
in the units' place. Then the number is lOx + y; and, bj 
supposition, the number is equal to five times the sum of 
its digits ; therefore 

10ir+y=6(;r+y) (1). 

If nine be added to the number its digits are reversed, 
that is, we obtain the number 10^+^; therefore 

10x+y+9 = l0y+a! (2). 

From (1) we obtain 

6x^4y (3). 

From (2) we obtain 

9a!+9 = 9y; 

therefore a+l=y» 

Substitute for ^ in (3) ; thus 

6;i?=a4a?+4; 
therefore a? =4. 

Then f^om (3) we obtain y = 5. 
Hence the required muooiber i& 4^ 
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223. A railway train after travelling an hour is detained 
24 minutes, after which it proceeds at six-fifths of its 
former rate, and anives 15 minutes late. If the detention 
had taken place 5 miles further on, the train would have 
arrived 2 minutes Later than it did. Find the original rate 
of the train, and the distance travelled. 

Let bx denote the number of miles per hour at which 
the train originally travelled, and let y denote the^number 
of mUes in the whole distance travelled. Then y-6x will 
denote the number of miles which remain to be travelled 
after the detention. At the oiigiual rate of the train this 

distance would be travelled in ^-r — hours; at the in- 

oX 

creased rate it will be travelled in ^— — hours. Since 

bx 

the train is detained 24 minutes, and yet is only 15 minutes 

late at its arrival, it follows that the remainder of the 

ioumey is perfoimed in 9 minutes less than it would have 

been if the rate had not been increased. And 9 minutes 

9 
is ^ of an hour; therefore 

oO 

y-5x _ y-5x 9 ,. 

ex 5x 60 ^ ^* 

If the detention had taken place 5 miles further on, 
there would have been y-5x~5 miles left to be travelled. 
Thus we shall find that 



(2). 



y — 5x-'5 _ y — 5x^5 7 

6x "" 5x 60 

Subtract (2) from (1) ; thus 

6x 5a? "* 60 * 
therefore 60 = 60-2^; 

therefore 24?= 10; therefore x=5. 

Substitute tbia value of x in (1\ and it will be found by 
soMngr the equ&Uon that y=47i. 



I 
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224. A, -5, and C can together perform a piece of 
work in 30 days ; A and B can together perform it in 32 
days ; and B and C can together perform it in 120 days : 
find the number of days in which each alone could perform 
the work. 

Let X denote the number of days in which A alone 
could perform it, y the number of days in which B alone 
could perform it, z the number of days in which C alone 
could perform it. Then we have 

11 \_\_ ,. 

1 1 _1_ . . 

5"^y"'32 ^^^' 

3^ ^^"120 ^^^• 

Subtract (2) from (1); thus 

1111 



z 30 32 480' 
Subtract (3) from (1); thus 

5"" 30 ^120 ""40' 

Therefore ic=40, and J8r=480; and by substitution in 
any of the given equations we shall find that ^ = 160. 

225. We may observe that a problem may often be 
solved in various ways, and with the aid of more or fewer 
letters to represent the unknown quantities. Thus, to 
take a very simple example, suppose we have to find two 
numbers such that one is two-thirds of the other, and their 
sum is 100. 

We may proceed thus. Let x denote the greater 
number, and y the less number; then we have 
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Or we may proceed thus. Let x denote the { 

number^ then lOO-^v will denote the less number; 

fore 

2x 
100-;r=-^. 

o 

Or we may proceed thus. Let Zx denote the { 
Btmiber, then 2x will denote the less number; there 

2.r+3a?=100. 

By completing any of these processes we shall fii 
the required numbers are 60 and 40. 

The student may accordingly find that he cai 
some of the examples at the end of the present C 
with the aid of only one letter to denote an unknowi 
tity ; and, on the other hand, some of the examples 
end of Chapter XXII. may appear to him most na 
solved with the aid of two letters. As a general 
may be stated that the employment of a larger nun 
unknown quantities renders the work longer, but 
same time allows the successive steps to be more 
followed; and thus is more suitable for beginners. 

The beginner will find it a good exercise to so 
example given in Art. 204 with the aid of four let 
represent the four unknown quantities which are rec 
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1. If -4's money were increased by 36 shillings he 
have three times as much as B ; and if B'^ monc 
diminished by 5 shilUngs he would have half as m 
A : find the sum possessed by each. 

2. Find two numbers such that the first with l 
second may make 20, and also that the second with 
of tibe first may make 20. 

3. If B were to give £26 to A they would have 
sums of money ; if A were to give £22 to B the 

of j9 would be doable that oi A; ^^aii l\v<^ taoney 
each actuaHj has. 
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4. Find two numbers such that half the first with a 
third of the secqnd may make 32, and that a fourth of the 
first with a fifth of the second may make 18. 

6. A person buys 8 lbs. of tea and 3 lbs. of sugar for 
£1. 2«. ; and at another time he buys 5 lbs. of tea and 4 lbs. 
of sugar for 15«. U, : find the price of tea and sugar per lb. 

6. Seven years ago A was three times as old as ^B 
was ; and seven years hence A will be twice as old as B 
will be : find their present ages. 

7. Find the fraction which becomes equal to \ when 
the numerator is increased by 1, and equal to \ when the 
denominator is increased by 1. 

8. A certain fishing rod consists of two parts ; the 
length of the upper part is to the length of the lower as 
6 to 7 ; and 9 times the upper part together with 13 times 
the lower part exceed 11 times the whole rod by 36 inches: 
find the lengths of the two parts. 

9. A person spends half-a-crown in apples and pears, 
buying the apples at four a penny, and the pears at five 
a penny ; he sells half his apples and one-third of his pears 
for thirteen pence, which was the price at which he bought 
them: find how many apples and how many pears he 
bought. 

10. A wine merchant has two sorts of wine, a better 
and a worse ; if he mixes them in the proportion of two 
quarts of the better sort with three of the worse, the 
mixture will be worth \9. 9d. a quart ; but if he mixes them 
in the proportion of seven quarts of the better sort with 
eight of the worse, the mixture will be worth 1*. lOd. a 
quart : find the price of a quart of each sort. 

11. A farmer sold to one person 30 bushels of wheat, 
and 40 bushels of barley for ^13. 10*.; to another person 
he sold 60 bushels of wheat and 30 bushels of oarley 
for £17 : find the price of wheat and barley per bushel. 

12. A farmer has 28 bushels of barley at 2*. 4d. a 
bushel : with these he wishes to mix rye at 3s. a bushel, 
and wheat at 4*. a bushel, so that the mixture may consist 
of 100 bushels, and be worth 3«. 4d. a. W^^\ ^ssjl^V^sr 
manf buahela of rye and wheat be mw&\i \aS&fi» 
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13. A and B lay a wager of 10 shillings ; if A 
he will hare as much as B will then have ; if B losi 
will haire half of what A will then hare : find the u 
of each. 

14 If the numerator of a certain fraction be incn 
by 1, and the denominator be diminished by 1, the 
will be 1 ; if the numerator be increased by the dei 
nator, and the denominator diminished by Uie nmnei 
the yalue will be 4 : find the fraction. 

15. A number of posts are placed at equal dist; 
in a straight line. If to twice the number of them w< 
the distance between two consecutive posts, express< 
feet, the sum is 68. If from four times the distance 
tween two consecutive posts, expressed in feet, we sub 
half the number of posts, the remainder is 68. Fin< 
distance between the extreme posts. 

16. A gentleman distributing money among some 
persons found that he wanted 10 shillings, in order 1 
able to give 5 shillin<^s to each person ; therefore he 
to each person 4 shillings only, and finds that he I 
shillings left : find the number of poor persons an 
shillings. 

17. A certain company in a tavern found, when 
came to pay their bill, that if there had been three 
persons to pay the same bill, they would have paid 
shilling each less than they did ; and if there had 
two fewer persons they would have paid one shilling 
more than they did : find the number of persons am 
ntmiber of shillings each paid. 

18. There is a certain rectangular floor, such 
if it had been two feet broader, and three feet long 
would have been sixty-four square feet larger; but 
had been three feet broader, and two feet longer, it ^ 
have been sixty-eight square feet larger: find the h 
and breadth of the floor. 

19. There is a certain number of two digits wh 
eaual to four times the sum of its digits; and if ] 

added to the number the digita w\i\. V>q m^retrtAd; fin 
number. 
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20. Two di^ts which form a number change places 
on the addition of 9 ; and the sum of these numbers is 33 : 
find the digits. 

21. When a certain number of two digits is doubled, 
and increased by 36, the result is the same as if the number 
had been inverted, and doubled, and then diminished by 
36 ; also the number itself exceeds four times the sum of 
its digits by 3 : find the number. 

, 22. Two passengers have together 5 cwt. of luggage, 
and are charged for the excess above the weight aflowed 
fS$. 2d. and 9s. lOd. respectively ; if the luggage had all 
belonged to one of them he would have been charged 
19«. S^. : how much luggage is each passenger allowed 
without charge? 

23. A and B ran a race which lasted 5 minutes ; B 
had a start of 20 yards ; but A ran 3 yards while B was 
running 2, and won by 30 yards : find the length of the 
course and the speed of each. 

24. A and B have each a certain number of counters ; 
A gives to ^ as many as B has already, and B returns 
ba^ again to ^ as many as A has left ; A gives to B bs 
many as B has left, and B returns to ^ as many as A has 
left ; each of them has now sixteen counters : find how 
many each had at first. 

25. A and B can together perform a certain work in 
30 days ; at the end of 18 days however B is called off 
and A finishes it alone in 20 more days : find the time 
in which each could perform the work alone. 

26. A, B, and C can drink a cask of beer in 15 days ; 
A and B together drink four-thirds of what C does ; and 
(7 drinks twice as much as A : find the time in which each 
alone could drink the cask. 

27. A cistern holding 1200 gallons is filled by three 
pipes Ay By C together in 24 minutes. The pipe A requires 
30 minutes more than C to fill the cistern ; and 10 gallons 
less run through C per minute than through A and B 
together. Find the time in wMcli Q8yci\i i^V^^<s\i^^<2i*^^ 
Mtbe cistera. 
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28. A and B run a mile. At the first heat A gives 
B a start of 20 yards, and beats him by 30 seconds. At 
the second heat A gives B a start of 32 seconds, and beats 
him by ^^\ yards. I'ind the rate per hour at which A 
runs. 

29. A and B are two towns situated 24 miles apart, 
on the same bank of a river. A man goes from ^ to ^ 
in 7 hours, by rowing the tirst half of the distance, and 
walking the second half. In returning he walks the first 
half at three-fourths of his former rate, but the stream 
being with him he rows at double his rate in going ; and 
he accomplishes the whole distance iu 6 hours. Find his 
rates of walking and rowing. 

30. A railway train after travelling an hour is detained 
15 minutes, after which it proceeds at three-fourths of its 
former rate, and arrives 24 minutes late. If the detention 
had taken place 5 miles further on, the train would have 
arrived 3 minutes sooner than it did. Find the original 
rate of the train and the distance travelled. 

31. The time which an express train takes to travel 
a journey of 120 miles is to that taken by an ordinary train 
as 9 is to 14. The ordinary train loses as much time in 
stoppages as it would take to travel 20 miles without stop- 
ping. The express train only loses half as much time in 
stoppages as the ordinary train, and it also travels 15 miled 
an hour quicker. Find the rate of each train. 

32. Two trains, 92 feet long and 84 feet long respec- 
tively, are moving with uniform velocities on parallel rails; 
when they move in opposite directions they are observed 
to pass each other in one second and a half ; but when they 
move in the same direction the faster train is observed to 
pass the other in six seconds : find the rate at which each 
train moves. 

33. A railroad runs from A to C. k. goods' train 
starts from A at 12 o'clock, and a passenger train at 1 
o'clock. After going two-thirds of the distance the goods' 
train breaks down, and can only travel at three-fourths of 
its former rate. At 40 minutes past 2 o'clock a collision 
occurs, 10 miles from C. The rate of the passenger train 

28 double the diminished rate oi tYie goods? \.t^\w. BYad. the 
distance from A to C, and the ratea ol \^i^ \.x^va&. 
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34. A certain sum of money was divided between A, 
Bj and C, so that ^'s share exceeded four-sevenths of the 
shiEui^s of B and C by £30 ; also i?'s share exceeded three- 
eighths of the shares of A and C by £30 ; and C s share 
exceeded two-ninths of the shares of A and B by ^30. 
Find the share of each person. 

35. A and B working together can earn 40 shillings 
in 6 days; A and (7 together can earn 54 shillings in 9 
days ; and B and C together can earn 80 shillings in 15 
days : find what each man can earn alone per day. 

36. A certain number of sovereigns, shillings, and six- 
pences amount to £8. 6«. 6d The amoimt of the shillings 
IS a guinea less than that of the sovereigns, and a guinea 
and a half more than that of the sixpences. Find the 
number of each <;oin. 

37. A and B can perform a piece of work together 
in 48 days ; A and C in 30 days ; and B and C in 26 J 
days : find the time in which each could perform the work 
aJone. 

38. There is a certain number of three digits which is 
equal to 48 times the sum of its digits, and if 198 be sub- 
tracted from the number the digits will be reversed ; also 
the sum of the extreme digits is equal to twice the middle 
digit : find the number. 

39. A man bought 10 bullocks, 120 sheep, and 46 
lamba The price of 3 sheep is equal to that of 5 lambs. 
A bullock, a sheep, and a lamb together cost a number of 
shillings greater by 300 than the whole number of animals 
bought; and the whole sum expended was '.£468. 6«. 
Find the price of a bullock, a sheep, and a lamb respec- 
tively. 

40. A farmer sold at a market 100 head of stock con* 
sisting of horses,, oxen, and sheep, so that the whole realised 
£2, *J8. per head ; while a horse, an ox, and a sheep were 
sold for £22, .£12. 10^., and Xl. 10«. respectively. Had he 
sold one-fourth the number of oxen, and 25 more sheep 
than he did, the price per head would have been still the 
same. Find the number of horaea, oiieiii) «aA ^'^e^^x^'s^ftRr 
lively which were sold. 
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XXVI. Qtiadratic Equations. 

226. A quadratic equation is an e(|uation which con- 
tains the sqttare of the unknown quantity, but no higher 
power. 

227. A pure quadratic equation is one which contains 
only the square of the unknown quantity. An cujffec^ 
quadratic equation is one which contains the first power 
of the unknown quantity as well as its square. Thus, for 
example, 2a^=50 is a pure quadratic equation; and 
2x^ — 7^ + 3 = is an a4fected quadratic equation. 

228. The following is the Rule for solving a pare 
quadratic equation. Find tJie valtie of the square qi the 
unknown quantitp by the Rule for solving a simple equa- 
tion; then, by extracting the square root, the valuss cflhs 
unknoton quantity are found. 

•1^—13 3^—5 
For example, solve — - — + • - = 6. 

Clear of fractions by multiplying by 30; thus 
10(^-13) + 3(a?»-5) = 180; 
therefore 13aj« = 180 + 130 + 16 = 325 ; 

therefore a^ = -r-^ = 25 ; 

extract the square root, thus x=ds5. 

In this example, we find bv the Rule for solving a 
simple equation, that a^ is equal to 25 ; therefore x must 
be such a number, that if multiplied into itself the pro- 
duct is 25. That is to say, w must be a square root of 
25. In Arithmetic 5 is the square root of 25 ; in Algebra 
we may consider either 5 or —5 as a square root of 25, 
Bince, hy the Rule of Signs —5x— 5=6x5. Hence x 
may have either of the vsiuea 5 ot -?>, waA. >iva ^c^u&tian 
will be satisfied. This we denol© \XiXMi, x = ^^. 



QUADRATIC EQUATIONS. 159 

229. We proceed to the solution of adfected quadrar 
tics. 

If we multiply a? + — by itself we obtain 



a» 



thus aj*+ew?+ — is a perfect sqtuire^ for it is the square 

of 0?+- . Hence a?-\-<ix S& rendered a perfect square 

a* 
by the addition of — , that is, hy the addition of the sqiiare 

of half the coefficient of x. This fact is the essential part 

quad 
shall now giro some examples of it. 



of the solution of an adfected quadratic equation, and we 



itial p£ 
, and ' 



a^ + %x; here half the coefficient of ;r is 3 ; add 3^, and 
we obtain a^'\-Qx + 2^\ that is (a; + 3)'. 

x^—bx'y here half the coefficient of a; is — ^ ; add 

4iX "* 2 /2\* 

a^ + — ; here half the coefficient of iir is - ; add (z), 

4x /2\^ / 2\^ 

and we obtain ^^+ "T" + ( e ) > ^^* ^ ( ^ "^ k ) • 

Sx 3 

^— -J-; here half the coefficient of a: is — - ; add 

( — -J , that is r _ j , and we obtain x^— -j + ( j , that 

" (* - 1)* 

The process here exemplified \s c«XV^ compUlw^ ^i^ 
square. 
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230. The following is the Role for solving an adfected 
quadratic equation. By transposition and reduction 
arrange the equation so that the terms which involve thi 
unknatcn quantity are alone on one side, and the co^ficieni 
qf 0^ is + 1 ; add to each side qf the equation the sqwm 
of half the coefficient qf x, and then extract t/ie 9quar$ 
root of each side. 

It will be seen from the examples which we shall noir | a 
solve that the above rule leads us to a point from which 
we can immediately obtain the values of the unknowB 
quantity. 

231. Solve a:* -10^ + 24 = 0. 
By transposition, a^-l0x='-24; 

add (j^y, a:»-10a? + 5«= -24 + 26 = 1; 

extract the square root, ^ ~ 5 = =*= i ; 

transpose, a: = 6sfci = 5 + l or 6 — 1; 

hence ;r=6 or 4. 

It is easy to verify that either of these values satisfiei 
the proposed equation ; and it will be useful fpr the sto- 
dent thus to verify his results. 

232. Solve Bx^-4x-55 = 0. 
By transposition, 3.2?^ — 4a? = 65 ; 

divide by 3, ^""3=^3"' 

addf?y, ^-tf + f?Y = ^ + ^ = ll^ 

Va/ ' 3 \3/ 3 9 9 ' 

2 13 

extract the square root, x--=^ — ; 

. 2 la ^ 11 

transpose, a?= - it — =& ot — r . 

00 o 



! > 



QUADRATIC EQUATIONS, 161 

233. Solve 2a?2+3^-35=0. 
By transposition, 2^;^ + 3;r = 35 ; 

Zx 35 
divide by 2, a^+--. = — ; 

3 17 
extract the square root, a?+j = dB--; 

3^17 7 
transpose, ^"""iT"^^'^ "" 



234. Solve a:"- 4^- 1 = 0. 

By transposition, a>^—^=l\ 

add 2«, a:»-4;p + 22=l + 4=5; 

extract the square root, a? - 2 = =*= ^^5 ; 

transpose, x=2^ ^5. 

Here the square root of 5 cannot be found exactly; 
but we can find oy Arithmetic an approximate value of it 
to any assigned aegree of accuracy, and thus obtain the 
values of ^ to any assigned degree of accuracy. 



235. In the examples hitherto solved we have found 
two different roots of a quadratic equation ; in some cases 
however we shall find really only one root. Take, for ex- 
ample, the equation a!^—l4a; + 49 = 0; by extracting the 
square root we have ^-7 = 0, therefore x = 7. It is how- 
ever found convenient in such a casQ to ««b^ \»\i^\» ^2ql^ q^vs^.^- 
ratic equation has two equal roots. 
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236. Solve a?*- 6a? +13=0. 
By transposition, ;c* - 6iir = — 1 3 ; 

add 3", ^-6^ + 3'= -13 + 9= -4. 

If we try to extract the square root we have 

a?-3=±^-4. 

But —4 can have no square root^ exact or approzimaie^ 
because any number, whether positive or negative, if mul- 
tipUed by itself, gives a positive result. In this case tbe 
quadratic equation has no real root ; and this is sometimei 
expressed by saying that the roots are imaginary or 
imposHhle, 

237. Solre - 1--. + -J-^ = 1 . 

Here we first clear of fractions by multiplying by 
4(;r^— 1), which is the least common multiple of the d^ 
nominators. 

Thus 2(^+1) + 12=;r2-l. 

By transposition, x^—^x^lb) 
add 12, ;i?2-2j?+1 = 15 + 1 = 16; 

extract the square root, a* — I = =fc 4 ; 
therefore aj=l±4=5or-3. 



««<s CI 1 2.r 3^-60 12.r + 70 

238. Solve — + 7nTK-~-\ = — TnVr- • 

15 3(10 + rf?) 190 

Multiply bv 570, which is the least common multiple of 
15 and 190 ; thus 

190'3:r-.50) „,,- ^^. 

76^+ — ^ = 3(12;p + 70) ; 

10 + ^ ^ 

tLoreforo l£2g?z50)=210-40.r; 

10 + a; 

there foro \ 90(3a; - 50^ = (JllO - 4ft xl\Q -v xN \ 



4 4 
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that is, 670a? - 9500 = 2100 - 190^? - 40a;2 . 

therefore 40aj* + 760ir= 1 1600 ; 

therefore a?" + 19a? = 290 ; 

19 39 
extract the square root, ^+ g" = * 2" ' 

19 39 ' 

therefore a?^ - — ± 2^ = 10 or -29. 

««« a 1 ^ + 3 . a?-3 2a?-3 

239. Solve —^^ + ^ = . 

a? + 2 a?— 2 a?— 1 

Clear effractions; thus 

(a?+3)(aj-2)(a?-l) + (a?~3)(a?+2)(a;-l) 

= (2a?-3)(a? + 2)(a?-2); 

that is, aj»-7a?+6+a?3-2a?2~6a?+6=2a?3-3a;2-8^+12; 

that is, 2a?3-2a?2-12a?+12=2aj'-3a?2-8a; + 12; 

therefore a?^— 4a?=0; 

add 22, a;»-4a? + 2«=4; 

extract the square root, a? - 2 = * 2, 

therefore a?=2ak2 = 4or0. 

• 
We have given the last three lines in order to com- 
plete the solution of the equation in the same manner as 
in the former examples ; but the results may be obtsdned 
more simply. For the e<|uation a?^— 4a?=0 may be written 
(a?— 4)a?=0; and in this form it is sufficiently obvious 
tJiat we must have either a?— 4=0, or a?=0, that is, 
a?=4or 0. 

* 

The student will observe that in this example 2a^ is 
found on both sides of the equation, after we have cleared 
of fractions ; accordingly it can be tewiON^^ Vj «^\:c^k^ql^w^ 
and so the equation remains a q]aa,di«A^^ ^^;!^i3ia^<^\v. 
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240. Every quadratic equation can he put in 1h$. 
form x^ + px + q = 0, where p and q represent some known 
numbers^ whole or fractionaij positive or negative. 

For a quadratic equation, by definition, contains no 
power of the unknown quantity higher than the second. 
Let sJl the terms be brought to one side, and, if necessaiy, 
chsui^e the signs of all the terms so that the coefficient of 
the square of the unknown quantity may be a podtha 
number; tiien divide every term by this coefficient^ and 
the equation taked the assigned form. 

For example, suppose 7^- 4a^= 5. Here we bare 

7^-4iB2-5 = 0; 

therefore 4aj"-7^+6=0; 

therefore ^ -..- + :. = 0. 

4 4 

Thus in this example we have p = - j and fl'=T . 

241. Solve a^-hpx+q^O. 
By transposition, a^ -\-px = - g ; 

extract the square root, a+^= ^z o > 
therefore ;=_^. Nfci^ = n£±^|^zi2). 

242. We have thus obtained a general formula f<ff 
the roots of the quadratic equation a^-\-px+q=0, namely, 
that a must be equal to 

2 ^ ^ 2 • 

We shall now deduce from this general formula some 
reiy important inferences, wbicYi ml \iQV^ iot way qpad- 
ritic equation, by Art. 24Q. 
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243. A quadratic eqtjuxtion cannot have more than 
two roots. 

For we have seen that the root mtist be one or the 
other of two assigned expressions. 

244. In a quadratic equation where the terms are 
aU on one side, and the coefficient qf the square of the 
unknown quantity is unity, the sum (^f the roots is equal 
to the co^ffkient qfthe second term with its sign changed, 
and the product qfthe roots is equal to the last term. 

For let the equation be a^-\-px-\-q=(^ ; 
the tttm of the roots is 

^:£±4^zM + i:£-.§^), thatia -p; 

the product of the roots is 

2 "" 2 ' 

that is ^'""^^"^^ thatisg. 



245. The preceding Article deserves special attention, 
for it famishes a very good example both of the nature of 
the ffeneral results of Algebra, and of the methods by 
whi<£ these general results are obtsuned. The student 
should yerify these results in the case of the quadratic 
equations already solyed. Take, for example, that in 
Art 232 ; the equation may be put in the form 

*^ 3 3-"' 
and the roots are 6 and — -^ ; thus the sum of the roots is 

O 
A. f\*^ 

-, kad the product of the roots is — 5- • 



— 4£IC 
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246. Solye iMi*+&ir+c=0. 
By transpodtiOD, €u^+bx=—c\ 

diyide by a, a?-\- — = — ; 

x-^ i. XI- ^ ^ J(6*-4«r) 
extract the sqoare root^ *"*"q^ = "^ ^^ ; 

therefore a = ^^ • 

2a 



247. The general formnlse given in Arts. 241 and 84$ 
may be employed in solving any quadratic equation. Take 
for example the equation 3a^- 4a;— 55=0; divide l^ 3, 
thus we have 

Take the formula in Art 241, which gives the roots of 

4 55 

a!^+px+q=0; and put i?= — ;^, andg=-— ; we shsU 

thus obtain the roots of the proposed equation. 

But it is more convenient to use the formula in Art 24!^ 
as we thus avoid fractions. The proposed equation being 
3;u*-4^--55=0, we must put a=3, o=—4, and €'^—66^ 
in the formula whidi gives the roots of (iai^-¥bx-\- e=0, 

that IS, m ^ . 

Thus we have i^^^^^±^\ that is, i^#76) 

o o 

.r X . 4sfc26 XV «-• It ^1^ 

that 18, , XJaaX.'Na, t>at — — . 

6 ^ 
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Examples. XXVI. 

1. 2(ic2-7) + 3(i»2-li) = 33. 2. (a? -15) (a? + 15) = 400. 

^-24 >V^-37 ^ , 3(.r?^-ll) 2(^-60) 

„4 ,4 1 ^4^9 

5. :; J ~^ = r» • 6. ^+~ = ft + — . 

a?-3 a?+3 3 4 a? 9 a? 

7. ii?2-3;P + 2 = 0. 8. .t2_5^ 4.5^0^ 

9.' ^+10iC=24. 10. 2.2j2-l = 5ir + 2. 

11. 3i»2-4ir=39. 12. «'4-10^ + 3 = 2:b2_5^ + 53^ 

13. (;c + 1)(2^+3) = 4^-22. 14. (a? -1) (a: -2) = 20. 

15. 4(ic2-l) = 4;u-l. 16. (2;u - 3)2 = 8;f. 

17. 3ar2-17a? + 10=0. 18. --f=2. 

19. ^=2+.^-. 20. i»'^-3 = -=^^. 

4a? 6 

21. —i, -—^\-X^X\ 22. a?+ ;r=5. 

3 2 x-^ 

«« ^ 12-0? __ _. 2;r+ll - ^-5 

23. 4^ ;, =22. 24. = 5 ^ . 

a?-3 a? 3 



a?— 1 ic 21 

^^^ + 2a?=12. 26. ^+-^ 

a?-3 7 ii? + J 



«^ 0.1, 7 68.r ^^ ^ + 2 x-1 13 

27. 8a?+ll + - = -^. 28. s + ^=-zr. 

0? 7 ii?-2 ^ + 2 6 



» 



2 a? + 3 10 ^^ 3(ar-l) 2(^+1) ^ 

29. ^ + —«-=-«• 30. -^^ — r- ^^ — r-^ = 5. 

a? + 3 2 3 ^+1 a?-l 

X iC+1 13 



31. 


2x , a!-\-2_^ 
«+2 2« 


^3. 


"■+ *- 1 



32. 



x + l X 6 ' 



•iA. -V ■=. — 

ar+1 ' x + 4 " a;^\ x^^ '^ 
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S5. 



x-i x+2 5 



n' 



37 ^~2 :g— 4 14 
^-3""^^- 15 

x-l x-Z 11 



39. 



41. 



^-4 ;c-2 12 
3 1 



36. 


x + 4 x-\-2 ^ 
x-4: ' x-2~*' 


38. 


x-Z x-l 6 
x—2 x—4t~ 6* 


40. 


1 2 3 
a?-2 a?+2~6* 


A. 


„ -a? _ 15-7a? 



2(^-1) 4(a?+l) 8' a5»-l 8(l-a?)' 



.- 2ic+l , 3^-2 11 ,, 2;c-l 2a?-3 . 1 ^ 

43. ~ + = --. 44. ; + - =0. 

^-1 Sx + 2 2 x-l x-2 6 . 

3:p + 1 2x-7 5 ?.^~«^ 3a?-5 _5 

30r-5) 2:i?-8 2""* 3^-6 ■^2a;-3"2' 

3£-2 2^-5 10 a?+j 4~j? 7 

^' 2:i?-6"^3a?-2~ 3 • i-l 2x "3* 

49. (^-3)2=2 (a?»-9). 60. (a? + 10)»=144(100-«»). 

^, 5 3 14 ro 4 . 6 12 

61. — -+=——. 62. - + 



x + 2 X a; + 4' ' x + l x + 2 x + Z' 

,- x+l . x-l 2.r— 1 _. a?-2 a?+2 ^x+Z 

63. ^H —= ;- . 54. A + "-;*= 2 r, 

a: + 2 a7-2 x-l x + 2 x-2 x-Z 

''''• x + l 6 7(a?-l)' ^*'' a? + 2'^;r + 4~<^T6' 

^^ a?-l , a?-2 2:r+13 .,_ x + l . ir+2 2^ + 13 

67. r + ^ = TTT. 6o. H =y — , 

ar + l x+2 x + ia x-l x-2 x + l 

_- 2;p-l 3iC-l 6;c-ll _^ 14a?-9 x'-Z 

69. — -^- + . 60. a?- - - = . 

x+l x + 2 x-l 8iC-3 jr + l 

61. aV-2a3^+a*-l=0. 62. 4a^x={a^-b^+x)^, 

j!^ ^^a X b CA 1 . 1 1 1 



a w b X* *««-vl)a a-vV 
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^XYII. Eqimtiofis which may he solved like 

Qttadratics, 

248. There are many equations which are not strictly 
quadratics, but which may be solved by the method of com- 
pleting the square; we will give two examples. 



249. Solveaj«-7a?3=8. 

4 4 



AM©', ^-,^.@'=,.S.!., 



7 9 
extract the square root, ^- - = ± - ; 

7 9 
therefore s^=-^-^=^ w -\\ 

extract the cube root, thus a? =2 or - 1. 

260. Solve aj*+3:p+3^/(aj2+3a?-2) = 6. 
Subtract 2 from both sides, thus 

aj» + 3iC-2 + 3/v/(^' + 3^-2) = 4. 

Thus on the left-hand side we have two expressions, 
iMmi©ly> \/(^ + 3:p — 2) and x^-\-Zx— 2, and the latter is the 
square of l^e former; we can now complete the square. 

Add r?Y, thus 

i^2 + 3a?-2 + 3^/(ic2+3a?-2)+ (|y=4+ ? = |- ; 
extract the square root, thus 



3 5 

therefore V(^*+3^-2)= --^^=\ at -\^. 



^^^ 



170 EQUATIONS LIKE QUADRATICS, 

First suppose Jyj?+^-^=\, 
Sqoare both sides, thus d^+3jr— 2=1. 
This is an ordinary quadratic equation ; by solving H 
we shall obtain x= ^ " . 

Next suppose ty(j^+3J?-2)=— 4. 

Square both sides, thus «*+ 3j:— 2 = 16. 

This is an ordinary quadratic equation ; by solving it 
we shall obtain a?=3 or —6. 

Thus on the whole we have four values for Xy namdy, 

^ -3±J2I 
3 or -6 or ^ — . 

An important observation must be made with respect 
to these values. Suppose we proceed to verify them. 
If we put x=Z we find that a^+Zx-2 = \% and thus 
/^(;c*+ 3a?— 2)= ±4. If we take the value + 4 the original 
equation will not be satisfied ; if we take the value —4 it 
will be satisfied. If we put ^=6 we arrive at the same 
result And the result might have been anticipated, 
because the values x = Z or —6 were obtained from 
,J{aP+3x—2)= —4, which was deduced from the original 

— 3 db >^21 

equation. If we put a = ^-^ — we find that 

a'*+2x-2=l, and the original equation vdll be satisfied 
if we take J{a^ + 3x-2)= +1; and, as before, the result 
might have been anticipated. 

In fact we shall find that we arrive at the same fbnr 
values of x, by solving either of the following equations, 

a^'^3x-S,J{x^ + Sx-2) = ef 
x^+Sx + 3j{x^'{-SX'-2)=e; 
but the values 3 or -6 belong strictly only to the first 

— 3db v/21 

equation, and the values ^ — belong strictly only to 

tho second equation. 



EQUATIONS LIKE QUADRATICS. 171 

251. Ef[tiation8 may be proposed which will Teqnire 
the operations of transposing and squaring to be per- 
formed, once or oftener, before they are reduced to quad- 
ratics ; we will give two examples. 

262. Solve 2a?- ^/(a;a-3ir-3)=9. 
Transpose, 2a?-9= ^/(a;*-3ir-3)5 

square, 4aj*-36a?+81=aj'--3a?-3; 

transpose, ■ 3dj8-33ir+84=0; 

divide by 3, aj2-llir+28=0. 

By solving this quadratic we shall obtain ^=7 or 4. 
.Hie value 7 satisfies the original equation; the value 4 
belongs strictly to the equation 2x + lj{a^ — 3a? — 3) = 9. 

263. Solve J{x + 4) + J{2x + 6) = ^/^'&r + 9). 
Square, «4-4 + 2;p+6 + 2^/(ir+4),y(2a?+6)=8a?+9; 

taranspose, 2V(ir+4)^/(2ic+6)=6a?-l; 
square^ 4(a?+4)(ar+6)=264;*-10:p+l; 

.that is, 8aj"+66a? + 96=26^-10:p+l; 

transpose, 17^ -66a? -96=0. 

I 19 

By solving this quadratic we shall obtain a? = 6 or — — . 

The value 5 satisfies the original equation; the value 

— - belongs strictly to the equation 

V(2a?+6)- ^/(a? + 4)= ^/(8a? + 9). 

254. The student will see from the preceding examples 
that in cases in which we have to square in order to re- 
duce an equation to the ordinary form, we cannot be 
certain without trial that the values finally obtAxssi^Vst 
the unknown quantity belong atnc^i Vi HSckfe wsfisss^ 
eqn&iian. 
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255. Equations are sometimes proposed which are 
intended to be solved, i>artly by inspection, and partly by 
ordinary methods; we will give two examples. 

« , ^+4 ^—4 9+x 9—x 

256. Solve ^-^ = P^-^. 

x—^ x+4. 9—x 9 + a? 

Bring the fractions on each side of the equation to 8 
common denominator ; thus ' 

{x+4) ^-( x-4'f _ (9 + xy-(9-xf 
a^-ie ~ SI -ai^ * 

-, . . 16;r Z6x 

that is^ 



x^-16 81-;c»' 

1 

Here it is obvious that ^=0 is a root To find the 
other roots we begin by dividing both sides of the eqntF 
tionby 4;p; thus 

4 9 , 

a^-16 81 -;»•'' 

therefore 4(81-;ij»)=9(^-16); 
therefore 13;c'=324+144=468; 

ther^ore ^=3^; 

therefore a? =±6. 

Thus there are three roots of the proposed eqaatioDy 
namely, 0, 6, -6. 

257. Solve «»-7a?a«+6a"=0. * 

Hence it is obvious that x=a is a root. We waj 
write the equation afi-a^=7a^{x^a); and to find the 
oUier roots we begin by dividing by ^— a. Thus 

«*+flw?+a'=7a'. 

By solving this quadratic we shall obtain a=2a or "^ 
Thus there are three roots of the proposed equation^ 
namely, a, 2a, -da. 



^ 
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Examples. XXYII. 



1. a?*~13^ + 36 = 0. 2. ^-5^/^-14=0. 

•3. ^+^/(iC + 5) = 7. 4. ai^+ J{x^+9)=2l. ■ 

5. 2^{a^-2x + l) + af^=2S + 2x. 

6. a?*-2^ + ^=36. 7. ^/(a?2-6^ + 16) + (;^?-3)2=13. 

8. 9^/(^-9^ + 28) + 9^=^ + 36. 

9. 2;i?2 4.6^=226- ^/(aJ2 + 3^-8). 

10. ^-4;ij3-2^/(a?*-4a?2 + 4)=31. 

11. a? + 2^/(aJ2 + 6;c + 2) = 10. 

12. 3a?+^/(^+7^ + 6) = 19. U. a;=1^{2-x^. 
14. J{a! + 9) = 2jx-Z. 15. ^/(a? + 8)~ /s/(a? + 3)= ^/o?. 

16. 6^/(1-^ + 5^=7. 

17. J(Sx-2i)+ J{6x-19)= J(2a! + 8). 

18. ^/(2a? + l)-^/(7^-27)=^/(3;r + 4). 

19. J{a^+hx)- J{h^-\'ax) = a-\-h. 

20. 24?^/(a + iB^ + 2^=a2-a. 

^4^(12^1:^) _ « + l _1 1 3a? 

^^' ;l?-^/(12a«-;l?)"a-l• ' l-;p l+a?~l+a?2' 

;i? + 7 x-l x + l x—7 



124. 



1 1 •. 

=x. 



x+ ^/(2-a^0 a?- ^/(2-a?=0 






26. 



^+a ^— a & + ;r b^x 



x—a x+a b—x b+x' 
27. a;'+3aa^=4a\ 28. 5aJ*(,a-x'^=^Gl^-a?^Vx^•^o^^ 
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XXVIII. Problems which lead to Quadratie 

Equations. 

258. Find two numbers such that their sum is 16, 
and their product is 54. 

Let X denote one of the numbers, then 15— ^ ivill 
denote the other number; and by supposition 

a {16 -a) =54. 

By transposition, a^ - 15^ = - 54 ; 



therefore a:2.i5^ + /^y^_54+ 226 9 



4' 



therefore 



15 ^3 
2 2' 



15 3 
therefore a?= — ±-=9or6. 

If we take ^=9 we have 15-;r=6, and if we take 
x= 6 we have 15 -;r = 9. Thus the two numbers are 6 and 9. 
Here although the quadratic equation gives two vahies of 
x^ yet there is really only one solution of the problem. 

259. A person laid out a certain sum of money Sn 
goods, which he sold again for £24. and lost as much per 
cent, as he laid out: find how Qiuch he laid out. 

Let X denote the number of pounds which he laid oat; 
then ^-24 will denote the number of pounds which he 
lost. Now by supposition he lost at the rate of x per cent, 

that is the loss was the fraction ~- of the cost ; therefore 

X 

XX — =d?— 24 : 
100 ' 

therefore a^ - lOOo? = - 2400. 

From this quadratic equation we shall obtain w=40 
or 60, Thus all we can infer is that the sum of money laid 
oat waa either £40 or £60 *, ioT odx^ qI >Jgl^»a xsuxoLbera 
sAtisEea all the conditionB of t^ie pTo\Afim. 
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260. Tho sum of £l, 4«. was divided equally among 
a certain number of persons ; if there had been two fewer 
persons, each would hare received one shilling more : find 
the number of persons. 

Let X denote the number of persons ; then each person 

144 
received — shillings. If there had been x—^ persons 

X 

144 
each would have received -^^^—^ shillings. Therefore, by 

supposition^ 



aj-2 
144 144 



+ 1. 



^-2 X 

Therefore l4Ax=l4A{x-2) + x{x-2)\ 

therefore a^—^x^ 288. 

From this quadratic equation we shall obtain ^=^18 
or — 16. Thus the number of persons must be 18, for that 
is the only number which satisfies the conditions of the 
problem. The student will naturally ask whether any 
meaning can be given to the other result, namely —16, 
and in order to answer this question we shall take another 
problem closely connected with that which we have here 
sQlved. 

261. The sum of £7. 4«. was divided equally among a 
certain number of persons; if there had oeen two more 
persons, each would have received one shilling less: find 
the number of persons. 

Let x denote the number of persons. Then proceeding 
as before we shall obtain the equation 

144 144 

x+2~ X ' 

therefore x^-\-2x= 288 ; 

therefore d?=16or— 18. 

Thus in the former problem we obtained an applicable 
result, namely 18, and an inapplicable result, namely — 16 ; 
and in the present problem we obtain ^\i^\»^\i<;^\&^^'«d:!^ 
n&mely 16, and an inapplicable le^vilL^, t^jmccl^I — \^* 



I 
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2C3L In 6(i»}Ti2K^ probAmv it s cAfs fcnxodLwiB AH. S60, 
tfast resulu are ^>wix)ed "wincL d? ncc applT to the nroUem 
acsnallj psx^^ed. TLe reucsi ap|«&rf io be, tint tiie 
a3^^nucad xuude of exj^reKsac'ii U luore g<nienl llaii €r£- 
Borr IiLUsraase. s&d ihus iLe €qT2axkii frliidi is a proMr 
Rp^es^^Tkm of the cK^idhic^ c^ ihe FtrMeni «dlX 
a{^T u> otlier eruditions. £x}.«enenre viD oonTinoe the 
suidexiT Tk&i be will alv^js be aUe 10 aelen the renit 
vlakii Ufioztgs v> the problem lie is Bohin^. And it wiD be 
olteQ poeeible. bj emiuble cfaangw in ibe emmciBtioii of tiie 
origiiud LvoUem. u> fonn a nev probkin c wr e w wp&ig fte 
aizT resuh which was iDapplicaJt4e 10 the oiwiiiai probte; 
thu is iUuiSinuMid in Article 261, and we wiuiioir gire aao- 
ther example. 1 

263. Find the price of e^:gB per eom, when ten mora 
in half a crown's worth lowers the price threepeoce per 
■core. 

Let X denote the number of pence in the {Hrice of a 

score of eggs, then each egg costs — pence; and tlwref^ra 

the nomber (^ eggs which can be boogfat for half a crown 

is 30 -7- , that is - - . If the price were threepenq^ 

x—Z 
per score less, each egg would cost -- pence, and the 

nomber of eggs which could be bought for half a crown 

would be — - . Therefore^ bj suppoution, 

600 600 ,^ 
x — 6 X 

therefore 60jr = 00 ( jr - 3) -f x'^x- 3} ; 

therefore s^-Zx^ 180. 

From this quadratic equation we shall obtain ;r=]6 
or -12. Hence the price required is 15^. per score. It 
will be found that 12J. is the result of the following pro- 
blem ; find the price of eggs per score when ten fewer in 

luUf a crown'B worth raitee the ic^nod \bxe«iCfinGe \ier 

jieare. 
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Examples. XXVIII. 

1. Divide the number 60 into two parts such that 
their product may be 864. 

2. The sum of two numbers is 60, and the sum of 
their squares is 1872 : find the numbers. 

3. The difference of two numbers is 6, and their pro- 
duct is 720 : find the numbers. 

4. Find three numbers such that the second shall be 
two-thirds of the first, and the third half of the first ; and 
that the sum of the squares of the numbers shall be 549. 

5. The difference of two numbers is 2, and the sum of 
their squares is 244 : find the numbers. 

6. Divide the number 10 into two parts such that 
their product added to the sum of their squares may make 
76. 

7. Find the number which added to its square root 
will make 210. 

8. One number is 16 times another ; and the product 
of the numbers is 144 : find the numbers. 

9. One hundred and ten bushels of coals were divided 
among a certain number of poor persons ; if each person 
had received one bushel more he would have received as 
many bushels as there were persons: find the number 
of persons. 

10. A company dining together at an inn find their 
bill amounts to J8. 15*. ; two of them were not allowed to 
pay, and the rest found that their shares amounted to 10 
shillings a man more than if all had paid: find the number 
of men in the company. 

11. A cistern can be supplied with water by two 
pipes ; by one of them it would be filled 6 hours sooner 
than by the other, and by both toget\\«t \a. ^\jkSSNa'?^\ ^ss^ 
the time in which each pipe alono ^oxiXdi^M^ 
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12L A penon bought a certain mnnbor of piec 
doth tat X33. ISt, whidi he sold again at £2. 8t. per ] 
and he gained as nradi in the whole as a sin^e piece 
find the nomber (tf {Mcces of doth. 

13. A and B together can perform a piece of w€ 
14| days; and A alone can perform it m 12 days 
than B alone: find the time in which A alone can 
form itb 

14. A man bought a certain quantity of mea 
18 shillings. If meat were to rise in price one ] 
per lb., he wonld get 3 lbs. less for the same sum. 
how nrach meat he boui^t. 

15. The price of one kind of sugar per stone of 1 
is 1$. 9d. more than that of another kind ; and 8 lbs. 1 
the first kind can be got for £l than of the second 
the price of each kind per stone. 

16. A person spent a certain snm of money in g 
which he sold again for £24, and gained as much per 
as the goods cost him : find what me goods cost. 

17. The side of a square is 110 inches long: fin 
len^h and breadth of a rectangle which sh^l ha^ 
perimeter 4 inches longer than tlmt of the square, ai 
area 4 square inches less than that of the square. 

18. Find the price of eggs per dozen, when two 1 
a shilling's worth raises the price one penny per dozei 

19. Two messengers A and B were despatched i 
same time to a place at the distance of 90 miles 
former by riding one mile per hour more than the 
arriyed at the end of his journey one hour before him 
at what rate per hour each travelled. 

20. A person rents a certain number of acres oi 
ture land for £70 ; he keeps 8 acres in his own posse 
and sublets the remainder at 5 shillings per acre more 

Jie gave, and thus he covera Yiia teiu^ ^xA \^at& Sfl 
£nd the nvLoxber of acres. 
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21. From two places at a distance of 320 miles, two 
persons A and B set out in order to meet each other. 
A trayeUed 8 miles a day more than B ; and the number of 
days in which they met was equal to. half the number of 
miles B went in a day. Find how far each travelled before 
they met. . 

22. A person drew a quantity of wine from a full vessel 
which held 81 gallons, and then filled up the vessel with 
water. He then drew from the mixture as much as he 
before drewH)f pure wine ; and it was found that 64 gallons 
of pure wine remained. Find how much he drew each time. 

23. A certain company of soldiers can be formed into a 
solid sq[uare; a battalion consisting of seven such equal 
oompames can be formed into a hollow square, the men 
being four deep. The hollow square formed by the bat- 
talion is sixteen times as large as the solid square formed 
by one company. Find the number of men in the company, 

24. There are three equal vessels A, B, and (7; the 
first contains water, the second brandy, and the third 
brandy and water. If tiie contents of B and C be put 
t^et^er, it is found that the mixture is nine times as 
strong as if the contents of A and C had been treated in 
like manner. Find tiie proportion of brandy to water in 
the vessel G. 



XXIX. SimultaneotM Equations invclmiig Qvadratics. 

264. We shall now solve some examples of simultane^ 
ous equations' involving quadratics. There are two cases 
of frequent occurrence for which rules can be given ; in 
both these cases there are two imknown quantities and two 
equations. The unknown quantities will always be denoted 
by the letters x and y. 

265. First Case. Suppose l\iai\i ot^a ^1 Hkka ^q^^j^h^^^^A' 
18 of the Srst degree, and uio other el ^iXv'ei «iw»\A ^^^ff'^^ 
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Rale. From the equation of the firtt degree find the 
value of eitJur of the unknovon quantitiee in. temu qf 
the other , and iubititute thi$ talue in the equation oj 
the iecond degree. 

Example. Bolve 3^+4^=18, 6x^-Zxy^2. 

From the first equation y=~ — ; substitute this 
Talue in the second equation; therefore 

therefore 20x^ - 54i? + 9;r* = 8 ; 

therefore 29x^ - tiAx - 8. 

- From this quadratic equation we shall find that 

4 
4?= 2 or — r; 
29 ' 

and then by substituting in the value of y we find that 

o 267 
t/=3 or — . 
"68 



266. Solve 3a?2 + 5a?-8y=36, 2.r2-3;r-42^=3. 

Here although neither of the given equations is of the 

It degree, yet we can imm " 

equation of tno first degree. 



first degree, yet we can immediately deduce from them an 
ofth( * 



For multiply the first equation by 2, and the second 
by 3; thus 

6a?2-flO;r--lGy = 72, 6;i^-9;r-12y=9; 
therefore, by subtraction, 10;r - 1 6y + 9a? + 12y = 72 - 9 ; ' 
ChatiB, 19a;-4y=^a. 
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19^—63 
From this equation we obtain y= — - — ; substitute 

this value in the first of the given equations ; thus 

3ic2 + 5;P_2(19;i?-63) = 36; 

therefore 3^-33^ + 90=0; 

therefore x^-\\x+ZO=0. 

"" From this quadratic equation we shall find that x=6 
or 6 ; and then by substituting in the value of y we find 
that y =8 or 12}. 

267. Second Case, When the terms involving the un- 
known quantities in each equation constitute an expression 
which IS homogeneous and of the . second degree ; see 
Art 23. 

Bule. Assume y=vx, and substitute in both equa^ 
tions; then by division the value qfY can be found. 

Example. Solve a^+a^ + 2y^=44, 2;i?2-a?y+y'=16. 
Assume y^vx, and substitute for y\ thus 

^(l+«? + 2i?2)=44, a?{2-v + i>^ = U. 

Therefore, by division, 

1+^+2^^44^11. 
2-i7 + t?^ ~16 4 ' 

therefore 4(1 +« + 2t?2) = 11(2 -tj + t?'); 

therefore 3«J*-15t? + 18=0; 

therefore v^-^v + Q-0. 

From this quadratic equation we shall obtain v»2 or 3^ 
In the equation ^(l + i7+2t?2)=44 put 2 for «?; thus 
x= 3is2; and since y=^vx, we have y= ^^4. Again, in the 
same equation put 3 for v\ thua x=^ 4^% ^xA ^&»s5fc 
y= rs, we bare y = «fc 3 1^2. 
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268. Solve 2;B'+3^+y'=70, 6«*+a^-y*=60. 
Assume y=vx, and substitate for y ; thus 

Therefore by divisioii 

24-3g+t>' 70_7. 

therefore 6(2+3t?+«^ = 7(6 + t?-c'); 

therefore 12t?2+8t?-32=0; 

therefore 3©'+2r-8=0. 

From this quadratic equation we shall find «=- or -2. 

4 

In the equation «*(2 + 3i?+«^=70 put - for »; thus 

«=tt3; and since y=vx we have y=db4. The value 
« = - 2 we shall find to be inapplicable ; for it leads to the 
inadmissible result o^ x = 70. In fEtct the equations from 
which the value of v was obtained may be written thus, 

«8(2 + t?)(l + «?) = 70, . a:*(2+t?X3-t>) = 60; 

and hence we see that the value of v found from 2 + 9=0 
is inapplicable^ and that we can only have 

r — =-—= • and therefore v= -. 
3-t? 60 6' 3 

269. Equations may be proposed which do not fall 
tmder either of the two eases which we have discussed, 
but which may be solved by artifices which can only be 
suggested by trial and experience. We will give some 
examples. 

270. Solve a?+y=5, «'+^=66. 
By division, — -^- = -- 

that is, a^-xy + i/^^lZ'; 

then from this equation combined with ^+^=5 we can 
£Dd a and y by the first case. Or Yre may complete the 
/Mlution thuBy 
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square jx?+^xy+.^=25 (1). 

Also a^-xy'\-'i^-lZ (2). 

Therefore, by subtraction, Zxy=l2\ 
therefore a?y=4; 
therefore 4a;y=16 (3). 

Subtract (3) from (1) ; thus 

extract the square root, x—y^ =i=3. 

We have now to find x and y from the simple equations 
x+y==5, x-'y=^Z; 
these lead to ;{;= 1 or 4, y=A or 1. 

271. Solve aj84-2/"^41, xy=20. 

These equations can be solved by the second case ; or 
they mav be solved in the manner just exemplified. For 
we can deduce from them 

a^+2/»+2ajy =41 + 40 = 81, 

aj»+y'-2ajy=41-40=l; 

then by extracting the square roots, 

ir4-y==fc9, a?-y=dbl. 

And thus finally we shall obtain 

;r==i=5 or =t:4, y=±4or±5. 

272. Solve a:*+a?y+y'=19, a?* +0?^^+ 2^ =133. 

that is, aj*-a?y+y*=7. 

We have now to solve the equations 

a^ + xy-\-j^=l9, a^-xy+y^=^7. 
By addition and subtraction we obtain successively 

a^4-y*=13, xy=6. 
Then proceeding as in Art. 271, we shall find 
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273. Solve a-y=2, ar^-y'=242. 

3^-y^ 242 
• Bydiviflion, -^^ = Y '' 

that is, a?* + a;V+^^^+^+y*=121, 

that is, ^ + y*+a^(;i!* + y')+arV=121 (1). 

Now x-y = 2'y 

square a?-2xy + '!^=A'y 

therefore a^+y^=2xy-^^ {% 

Square a?*+2a^'+y*=4djV+16^+16; 
therefore ic*+y*=2;cV+16a^+16 (3). 

Substitute from (2) and (3) in (1) ; thus 

2^^ + 16ajy + 16 + a?y(2a^+4) + a^2==221; 
that is, . 6^+20^=105; 

therefore a^ + Axy = 21 . 

From this quadratic equation we shall obtain ^=3 
or — 7. Take ocy=Z, and from this combined with a? — y = 2, 
we shall obtain x—Z or —1, y=\ or —3. If we take 
;ry= — 7, we shall find that the values of x and y are im- 
possible; see Art. 236. 

Examples. XXIX. 

1. x-y-\, x^'-xy + y^=2l, 

2. 2^-5y=3, x^ + xy=20, 

3. x+y=1{x-y\ x^+y^=\OQ, 

4. 6{a^'-y'^ = 4i{x^+y*\ x+y=:S. 
6. x-y = S, ^ + 2/'= 65. 

6. 4;r-5y=l, 2;r*-a^ + 3y* + 3;i?-4y=47. 

7. 4;2?+92^=12, 2a^ + xy=6y*. 

8. (;r-6)3+(y-5y+2ai/=^0, S-y-^x^-V 
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9. 4i^ + 2^+^ + — (4^+y)=41, 4;F-y=4. 

11. Zx-¥2y=±6xy, I5x-4y=4xy. 

12. iry + 2 = 9y, «y + 2=^a?. 

13. 8(:r2^ + l) = 33y, 4(a^+l) = 33a:. 

14. xy=X'{-y^ cuc=bp. 

16. -+f=2, xy-db. 
a' h ^ ^ 

XV a^ v^ 

17. - + ?=2, a^-^y^^ax + hy. 

18. — '■r~l> ~5"^"r5~J^» 

19. a^+xy =2S, xy-y^=Z. 

20. ic2_^^-,45^ 2/'4-iry=36. 

21. 2a^-xy=5e, 2a?y-2^=48. 

22. a;2^2^=15, xy-2y^=1. 

23. a^4-3a^=28, ii?y + 4y2=8. 

24. iij* + aJ2^-62/'=21, a^-2y2=4. 

25. a:'4-3^=64, xy+4y^=ll5. 

26. £±1? + ?Z? = |, «^+y.=90. 
«— y «+y 2' " 

„„ «•+«* 25 

^-^ x+f/ 3 ' *^ 



186 EXAMPLES. XXIX, 

29. x{x-^y) + y(;ir-y) = 158, 1x{x + y) = 12y [x-y] 

30. xh/(a!+y)=80y a^{2x-Zy) = 80. 

31. 2x^-xy+y^=2yf 2a^ + 4xy=5y, 

«« x-^y x—y «' + l 9 J i« 

32. — - + — ^ = , a;2+2/"=d'. 

33. a^+a!y=a{a+b)y a^-^y^=a^+b*. 

34. ic' + 2a?y-y'=a24.2a-l, 

{a-l)x{x + y) = a{a-hl)y{x-y), 

36. ^~y = 2, a?'-2^ = 152. 

36. a;-^y = 9, ^ + 2/^=189. 

37. ^ + 2/^ = 20, icy-x-y=2, 

38. ^-2/ = l, ^'-2/'' = 781. 

39. ^+y=3, 5^ + 2/^ = 33. 

40. ^ + ^ + y*=37, ;r* + ;«»2/2 + 2^4^431 

41. ~ ^11^ = 1, 2 + 3^=3:r. 

a?-y x + y 

42. ^+y2=34, a^-y^+ sl{x^-'if) = 20. 

43. ;i^ + 2/*-l=2^, iry(^2/+l) = 6- 

» 

44. 4;c2 + 2^2_^2(2^ + y)=6, 4iXy{xy + \)-:^2. 

45. a^+xy=Sx+Z, y^ + xy=8y+6. 

46. ^2_^=:2a? + 6, :rt/— y2_2y+2. 

47. 2a? + y + 6^/(2:^?4-2/ + 4) = 23, 4a;»-6:i?=y2 + 32^. 

48. l8 + d(x + y) = 2{x + yf, e-2{x-y) = (x-yf. 

49. ^-a^=a(a? + I) + & + l, xy-']^=ay + b, 
a^ y^ ^ ab ^ 

51. i-t = Vl, ±^1, 
or h^ xtj 
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63. a^z=ay scy^z^by scy^=c. 

64. (a+yX*+^)=«'j (y+^)(y+a?)=62, (;2r+a?)(^+y)=c«. 

65. Zyz+2za;''ia^=l6, 2yz—Zzx+xy=!^ 

4yz —zx" 3a?y =« 1 5. 

56. 6(iF2 + y2 + ;2;«) = 13(a7 + y + ^)=-— ., J7y = ;2:l 

o 



XXX. Problems which lead to Quadratic Equations 
with more than one unknoicn quantity, 

274. There is a certain number of two digits ; the stun 
of the squares of the digits is equal to the number in- 
creased by the product of its digits ; and if thirty-six be 
added to the number the digits are reversed: find the 
number. 

Let o! denote the digit in the tens' place, and y the 
digit in the units' place. Then the number is lOx + y; and 
if the digits be reversed we obtain lOy-hx, Therefore, by 
supposition, we have 

a^-hy^=a:y + lOa!+y (1), 

10:»4-y + 36 = 10y+a; (2). 

From (2) we obtain 9y = 9a? + 36 ; 
therefore y=x-¥4:. 

Substitute in (1); thus 

aj' + (ir + 4)2=ii;(ir + 4) + 10a?+iB + 4; 
therefore a^-*Jx-irl2 = (i. 

From this quadratic equation we obtain x=Z or 4; 
and therefore y=*J or 8. Hence the required xsjassfc^s^ 
must be either 37 or 48 ; eacYi oi VJaa^^ \!ixm^«t^ ^s^^&kRs* 
all the condition& of the problem. 
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275. A man starts from the foot of a mottntai 
walk to its summit His rate of walkin£f during 
second half of the distance is half a mile per hour less 
his rate during the first half, and he reacnes the sunm 
6^ hours. He descends in 3| hours by walking at a 
form rate, which is one mile per hour more than his 
during the first half of the ascent. Find the distan* 
the summit, and his rates of walking. 

Let 2x denote the number of miles to the summit 
supposd that during the first half of the ascent the 

walked y miles per hour. Then he took - hours foi 
first half of the ascent, and — ^ hours for the 8e< 



(1). 







^-2 


Therefore 


X 

V 


4-2^=5i 

2^-2 


Similarly, 




2:1? 


From (2), 




2^= 4-(y+i); 


therefore 







(2). 



From (1), as{iy- = ^y^y- ^) • 

Therefore, by substitution, 

therefore 16(y+l)(4y-l)=44y(2y-l); 
therefore 28^^ - 89y + 16 = 0. 

From this quadratic equation we obtain 2^=3 oi 
The value ~ is inapplicable, because by supposition 

1 IK 

greater tb&n -. Therefore y=Z\ and then x= — 
tb&t the whole distance to the fsomxiDiVi \ft \^ tk^^. 
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Examples. XXX. 

1. The sum of the squares of two numbers is 170, and 
^e difference of their squares is 72 : find the niunbers. 

2. The product of two numbers is 108, and their sum 
is twice their difference : find the numbers. 

3. The product of two niunbers is 192, and the sum of 
bheir squares is 640 : find the numbers. 

4. The product of two numbers is 128, and the differ- 
3nce of their squares is 192: fijid the numbers. 

5. The product of two numbers is 6 times their sum, 
md the sum of their squares is 325 : find the numbers. 

6. The product of two numbers is 60 times their dif- 
ference, and the sum of their squares is 244: fiind the 
aumbers. 

7. The simi of two numbers is 6 times their difference, 
ind their product exceeds their sum by 23: find the 
lumbers. 

8. Find two numbers such that twice the first with 
bhree times the second may make 60, and twice the square 
>f the first with three times the square of the second may 
Q[iake840. 

9. Find two numbers such that their difference multi- 
plied into the difference of their squares shall make 32, 
md their sum multiplied into the sum of their squares 
shall make 272. 

10. Find two numbers such that their difference added 
bo the difference of their squares may make 14, and their 
sum added to the sum of their squares may make 26. 

11. Find two numbers such that their product is equal 
bo their suni, and their sum aM<^ \f^ \a!^ ^sosol <&!l*S^^9s. 
qnares equal to 12. 
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12. Find two numbers such that their sum increased 
by their product is equal to 34, and the sum of their 
squares diminished by their sum equal to 42. 

13. The difference of two numbers is 3, and the dif- 
ference of their cubes is 279 : find the numbers. 

14. The sum of two numbers is 20^ and the sum of 
their cubes is 2240 : find the numbers. 

15. A certain rectangle contains 300 square feet; a 
second rectangle is 8 feet shorter, and 10 feet broader, 
and also contains 300 square feet: find the length ana 
breadth of the first rectangle. 

16. A person bought two pieces of cloth of different 
sorts; the finer cost 4 shillings a yard more than the 
Coarser, and he bought 10 yards more of the coarser than 
of the finer. For the finer piece ho paid £18, and for the 
coarser piece <£16. Find the nimiber of yards in eadi piece. 

17. A man has to travel a certain distance; and when 
he has travelled 40 miles he increases his speed 2 miles 
per hour. If he had travelled with his increased speed 
during the whole of his joumev he would have arriyed 40 
minutes earlier; but if he had continued at his original 
speed he would have arrived 20 minutes later. Find the 
whole distance he had to travel 

18. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and 
if the digits be reversed, the sum of the two numbers is 11 : 
find the number. 

19. A person buys a quantity of wheat which he 
sells so as to gain 5 per cent, on his outlay, and thus 
clears £16. If he had sold it at a gain of 5 snillings per 
quarter, he would have cleared as many pounds as each 
quarter cost him shillings: find how many quarters he 
bought, and what each quarter cost. 

20. Two workmen, A and i?, were employed by the 
day at different rates ; A at i\ie end ol «^ ^iet^aasi \ranvber 

of days received £4. 16«., but B,'wVvo \J«k& ^X^^-OlX. ivi^ <i\ 
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those days/ received . only £2. 14*. If B had worked 
the whole time, and A had been absent six days, they 
would have received exactly alike. Find the number of 
days, and what each was paid per day. 

21. Two trains start at the same time from two towns, 
and each proceeds at a imiform rate towards the other 
town. When they meet it is found that one train has run 
108 xailes more tuan the other, and that if they continue 
to run at the same rate they will finish the journey in 9 and 
16 hours respectively. Find the distance between the 
towns and the rates of the trains. 

22. A and B are two towns situated 18 miles apart on 
the same bank of a river. A man goes from ^ to ^ in 
4 hours, by rowing the first half of the distance and walking; 
the second half. In returning he walks the first half at 
the same rate as before, but the stream being with him, he 
rows 1^ miles per hour more than in going, an^ accom- 
plishes the whole distance in 3^ hours. Find his rates of 
^mUdng and rowing. 

23. A and B run a race round a two mile course. In 
the first heat B reaches the winning post 2 minutes before 
A. In the second heat A increases his speed 2 miles per 
hour, and B diminishes his as much ; and A then arrives 
at the winning post two minutes before B, Find at what 
rate each man ran in the first heat. 

24. Two travellers, A and B, set out from two places, 
P and Q, at the same time ; A starts from P with the 
design to pass through Q, and B starts from Q and travels 
in the same direction as A. When A overtook B it was 
found that they had together travelled thirty ;niles, that 
A had passed throi^h Q four hours before, and that B, at 
his rate of tae&yelling, was nine hours' journey distant 
from P. Find%e distance between P and Q. 
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XXXI. InvoluMofu 

276. We hare already defined a power to be the pro- 
duct of two or more eqtuU factors^ and we have explained 
the notation for denoting powers ; see Arts. 15, 16, 17. The 
process of obtaining powers is called InvoltUion; so that 
InTolution is only a particular case of Multiplication, hat 
it is a particular case which occurs so often that it is found 
conyement to deyote a chapter to it. The student will find 
that he is already fsuniliar with some of the results which 
we shall hare to notice, and that the whole of the present 
Chapter follows immediately from tiie elementary laws of 
Algebra. 

277. Any even potoer of a negative quantity i$ potir 
tivey a/nd any oddpotoer is negative. 

This is a simple consequence of the Rtde cf Signs. Thui, 
for example,— ax — a=a^, —ax —ay.—a—d^y. —a^^—a?'-, 
— ax -ax — ax — a=— a'x — a=a*; and so on. In the 
following Articles, when we use the words give the proper 
sign, we mean that the sign is to be determined iiy the 
nde of the present Article. (See Art. 38.) 

278. Rule for obtaining a power of a power. Multiply 
the numbers denoting the powers for the new exponent, 
and give the proper sign to the result, * 

Thus, for example, (a*)3 = a« ; ( - a»)3 = - a» ; (a*)^ = a" ; 
(—a*)' = — a^. This is a simple consequence of the law of 
powers which is demonstrated in Art 59. For example, 

(a2)«=a2xa2xa2::=^+2+a=^ax3=^6^ 

The Rule of the present Article leads immediately to 
that which we shall now give. 

279. Rule for obtaining any power of a simple integral 
erprossion. Multiply t/te index (f every factor in the ex- 

pression by tlie nmnber denoting tKe poioer^atu^ qive ^ 
proper sign to the residt. 
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Thus, for example, 

( - aV^c^Y = - a^h^i^ ; {2aV^€^)^ = 2 Vft^c^^ = 64a«6"c«. 

280. Rule for obtaining any ^wer of a fraction. Raise 
both the numerator and denominator to that power ^ and 
give the proper sign to the result 

This follows from Art. 145. For example, 

VW "" *• ' \ &V ~ &* ' \36 / 3*6* ~ 816* • 

281. Some examples of Involution in the casd of 
binomial expressions have already been given. See 
Arts. 82 and 88. Thus 

(a+6)2=a2+2a6+62, 

{a-¥hf=a^-¥Za^b-¥Zal^-¥h\ 

The student may for exercise obtain the fourth and hfth 
powers of a + 6. It will be found that 

(a + 6)*= a* + 4a36 + ^aVj^+Aa:t^+ b\ 
(a+6)»=a'+6a*6 + 10a86«+i0a26s+6^j4+ jp. 

In like manner the following results may be obtained i 
{a''by=a^''2db + b^, 
(a-bf^a^-3a^b-h^al^^i?, 
{a-by=€^-4:a^b + ea*b^-4ati^+b*, 

Thus in the results obtained for the powers of a -6, 
where any odd power of b occurs, the negative sign is pre- 
fixed; and thus any power of a— 6 can be immediately 
deduced from the tome power of a + 6, by chandng the 
signs of the terms which involve the odd powers of 6. 

282. The student of the higher |>arts of Algebra will 
see that, by the aid of a theorem called the Binomial 
TTieorem, any power of a binomlai eT^ptoAs^osii <kcl\^ ^^ 
tained without the labour of actual ixi\u\»V^*Q!d^cff\^* 

_ v* 

T. A, * 
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283. The formulse given in Article 281 may be need 
in the way we have already explained in Art 84. Sup- 
pose, for example, we require the fourth power of 2a; -2^. 
In ihQ formula for {a -by put 2;r for a, ana Zy for h ; thus, 

(2a? - Zyf = (2a?)* - 4 {2xf^Zy) + 6 (2«)*(3y)« - 4(2a?) (3y)» + (Zyf 

= 16a?*- 96a?V+ 216«V- 216ay + 81y*. 

284. It will be easily seen that we can obtain required 
results in Involution b^ different processes. Suppose^ for 
example, that we require the sixth power of a + b. We 
may obtain this bv repeated multiplication bv a + & Or 
we may first find the cube of a + &, and then the square of 
this r^ult ; since the square of (a + 5)' is (a + bf. Or we 
may first find the sauare of a + &, and then the cube of this 
result ; since the cube of (a + bf is (a + by. In like manner 
the eighth power of a+& may be found by taking the 
square of (a + b)\ or by taking the fourth power of {a + by. 

285. Some examples of Involution in the case of 
trinomial expressions have already been given. See 

Arts. 85 and 88. Thus 

(a+6+c)'=a2+6» + c*+2a6 + 26c+2ac, 

(a+6 + c)'= 

a« + 5' + c»+3a2(64-c) + 36*(a + <;)+3c*(a4-6) + 6a5c. 

These formulae maybe used in the manner explained iq 
Art. 84. Suppose, for example, we require (1 — 2a? +3*^. 
In the formula for {a + b-^cf put 1 for a, -2a; for &, and 
Zx^ for c; thus we obtain (l-2a?+3a?*)*= 

(1)* + ( - 2a?)« + (3a?»)* + 2 (1 X - 2a?) + 2 ( - 2a?)(3aj^ + 2 (1X30!^ 
= l + 4a:' + 9a?*-4a?-12a?» + 6a?« 
= 1 - 4a? + 10a;* - 12a?' + 9a?*. 

Similarly, we have 

(1 - 2a? + 3a?*)3 = 1» + ( - 2a?)» + (3a?^» 

-f 3(1)« ( - 2a? + 3a?*) + 3 ( - 2a?)*(l + 3dP^ + 3 (3a?*)\l - 2a?) 

+ 6(1) (-2a?) (3a?") 

= l-Sx^ + 21afi 
-f 3 (-2a? + 3ai")+l^l).A-^-V*riaJ'0.-2ai^-36«» 
= 1 -6a? + 21a5*-44a? + ^^a^-^\3i? A^'Ha?. 
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286. It 18 found by observation that the square of any 
multinomial expression may be obtained by either of two 
rules. Take, for example, («+&+<; + df. It will be found 
that this 

and this may be obtained by the following rule ; the square 
qf any mtUtinomial expreuion consists qf the square of 
each temiy together with twice the product qf every pair 
qf terms. 

Again, we may put the result in this form 

= a2+ 2a (&-»-<? + <3?) + &" + 2&(<j+<f ) + <?'+ 2(?^+c?', 

and this may be obtained by the following rule ; tJie square 
qf any multinomial expression consists qf the square of 
each termy together with twice the product qf each term 
by the sum qf all the terms which follow it. 



Examples. XXXI. 
Find 
1, {2xY^' 2. (-2a!«yV)«. 3. (-Zah^c^y. 

7. {a-hby, 8. («-&)«. 9. (a + &)3(a-'6)». 

10. (l-x^. 11. (2 + j?)3. 12. (3-2a?)». 

13. (1 + 0?/. 14. {x-2)\ 15. (2a: + 3)*. 

16. {ax-^hyf-^iax-^hyf. 17. {ax+byy + (ax"byy, 

18. (l + ;r)«-(l-;r)». 19. (l + o:)* (l--fl?)^ 

20. (l + a? + ^)». 21. {l-x-¥a*j*. 22. (l-hx--^. 

23. (I'h3ar'h2x'/, ^4. ^\-^x-V^a^. 
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25. (2 + 3a? + 4a:^" + (2-3a?+4^". 

26. {l-^x+a^f. 27. (l-a? + a^». 28. (l+a?-«^«. 
29. (l + 3a:+2:c*)«. 30. (l-3a? + 3aj2)». 

31. (2 + 3a? + 4a:«)»-(2-3:r + 4a?2)3. 

32. (l-a? + ^+;i^)2. 33. (l+2a? + 3a?' + 4a^)«. 

34. (a + 6 + c + <3?)*-(a-5+c-<3?)l 

35. (a + 6 + c+c?)2+(a-5 + <;-c?)2. 

36. (l + 3a?+3;c»+aj»)«. 37. (l-6a? + 12aj*-ac«)l 

38. (l + 4i?4-6:c' + 4;r' + aj*)«. 

39. (l-a?)»(l+a?+a^. 40. (l-a?+aj»)8(l+a? + a!«)«. 



XXXII. Evolution. 



287. Evolution is the inyerse of Inyolation ; so that 
Evolution is the method of finding any proposed root of 
a given number or expression. It is usual to employ the 
word eatraot and its derivatives in connexion with the 
word root; thus, for example, to extract the sqitare root 
means the same thing as ix>Jind.the square root. 

In the present Chapter we shall benn by statins three 
simple consequences of the Rtde of /Signs, We shall then 
consider in succession the extraction of the roots of simple 
expressions, the extraction of the square root of compound 
expressions and numbers^ and the extraction of the cube 
root of compound expressions and numbers. 

288. Any even root qf a positive quantity may he 
either positive or negative. 

Thus, for example, a x a= a*, and —ax —a-=^c^\ there- 
fore the square root of d^ is e\t\\er a ot - a, ilksi Sk^ either 
+ a or ^a. 
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289. Any odd root of a qtuintity has the same sign 
as the quantity. 

Thus, for example, the cube root of a? is a, and the cube 
root of -a' is —a. 

290. There can be no even root qfa negative quantity. 

Thus, for example, there can be no square root of - a*; 
for if any quantity be multiplied by itself the result is 
a positive quantity. 

The fact that there can be no eyen root of a negative 
quantity is sometimes expressed by calling such a root an 
impossible quantity or an imaginary quantity, 

291. Rule for obtaining any root of a simple integral 
expression. Divide the index of every factor in the 
expression by tfie dumber denoting the root^ and give 
the proper sign to the result. 

Thus, for example, ^/(16a»&*)= J{4?a^b^)= ^4ab\ 
J/( - 8a^b^c^ = V( - 2%^b^c^ = - 2a«6»c*. 
i/(266;i?V)= i/(4^a!*y^= ^^xy", 

292. Rule for obtaining any root of a fraction. Find 
the root qf the numerator and denominator, and give the 
proper sign to the result. 

For example, 7 (S) = 7 (||') = * |j • 

vV 64&3y V\^ 4353^- 42>- 

293. Suppose we require the cube root of a". In this 
case the index 2 is not divisible by the number 3 which 
denotes the required root; and we have, at present, no 
other mode of expressing the result than fja\ Similarly, 
n/«, /v/o', t/a', cannot, at present, be otherwise expressed. 

Such guantities are called surdi or irratloual ojMsc^sftawft* 
and we abaU conmdQV them in ttie iie^\» V«Q ^\s3N^\i8t^ 
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294. We now proceed to the method of extracting the 
square root of a compound expression. 

The square root of a*+2a&4-5* is a+&; and we shall he 
led to a general rule for the extraction of the square root 
of any compound expression by observing the manner in 
which a + & may be derived from a* + 2a6+ 6*. 

a*+2a6 + 62(a+6 



2a+6j2a6 + 6* 
2a&+6* 



Arrange the terms according to the dimensions of one 
letter a; then the first term is a', and its square root is a, 
which is the first term of the required root. Subtract its 
square, that is a\ from the whole expression, and bring 
down the remainder 2a6 + &'• Divide 2ab by 2^. and the 
quotient is &, which is the other term of the required root. 
Take twice the first term and add the second term, t^at is^ 
take 2a+ & ; multiply this by the second term, that is by h^ 
and subtract the product, that is 2a& + &^, from the remain- 
«der. This finishes the op^tion in the present case. 

If there were more terms we should proceed with a +5 
as we did formerly with a; its square, that is a'-^2a&+(', 
has already been subtracted from the proposed expressioB, 
so we should divide the remainder by 2{a+h) for a new 
term in the root. Then for a new subtrahend we multiply 
the sum of 2(a+&) and the new term, by the new term. 
The process must be continued until the required root 
is found. 

295. Examples. 

Aa^+I2xy+^^\^2X'¥^ 9;i?*-24a:*+16(,3a?»— 4 

4u* 9a?* 
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4ii:*-54?j-20ir* + 37«*-30a? + 9 
-20^ + 26a;* 

4a?« - 10a? + 3J12«' - 30a? + 9 
12a;*-30a? + 9 



a?« + 4a?« -10aj5 +^-¥\^a^-{-2j^-2x-\ 



2a^ + 2a!!^)4a^ -lOoj' +4a?+l 

40?* + 4a?* 

2a^+4a^-2x)-4ta!*-l0x^ +4a? + l 

-4a?*- 8aj' + 4a;» 



2a?3 + 4a;'-4a?-lJ- 2a?3-4a?2+4a? + l 

- 2a?3-4a?* + 4a?+l 



296. It has been already observed that all eyen roots 
admit of a double sign ; see Art. 288. Thus the square 
root of a^+2ab + b^ is either a+b or -a-b. In fact, in 
the process of extracting the square root of a' + 2ab + &•, 
we begin by extracting the square root of a'; and this 
may be either a or — a. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
—a—b. A similar remark holds in every other case. 
Take, for example, the last of those worked out in Art. 296. 
Here we begin by extracting the square root of a^ ; this 
may be either x^ or —a^. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
-a?'-2aj2+2a? + l. 

297. The fourth root of an expression may be found 
by extracting the square root of the square root ; similarly 
the eighth root may be found, by extracting thd sics^iax^ 
root of the fourth root ; and so on. 
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298. In Arithmetic we know that we cannot find the 
square root of eyery number exactly; for example, we 
cannot find the square root of 2 exactly. In AJgebra we 
cannot find the square root of eyery proposed expression 
exactly. We sometimes find such an example as the follow- 
ing proposed ; find four terms of the square root of 1 — 2j;. 



/ X* x^ 



2-x) -2a? 

• -2x+a^ 



x^ \ • 
2-2x-'-J-ar 

4 



s-a^-^'-fj-^'-.X 



4 "¥ 7 

Thus we have a remainder — 2 — ©""T* after 
finding four terms of the square root of I— 2:p ; and so we 

(X^ ^IT^V 5^ ^ ^ 

1 _.^_ ^ _ --J =1^2:c+ — + ~ + - . 

299. The preceding investigation of the square root of 
an Algebraical expression will enable us to demonstrate 
the rule which is given in Arithmetic for the extraction of 
the square root of a number. 

The square root of 100 is 10, t\ie ^qvun^ tqq^. ^t \<WiQQ 
A J 00, the square root of 1000000 la \000)«b\x^ ^ ^Tk-^V^'&Rii^ 
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it follows that, the square root of a number less than 100 
must consist of only one figure, the square root of a 
number between 100 and 10000 of two places of figures, of 
a number between 10000 and 1000000 of three places of 
figures, and so on. If then a point be placed over every 
second figure in any number, banning with the figure in 
the units' place, the number of points will shew the number 
of figures in the square root. Thus, for example, the 
square root of 435^ consists of two figures, and the square 
root of 6i 1^124 consists of three figures. 

300. Suppose the square root of 3249 required. 

Point the number according to the 354^(60 + 7 

rule; thus it appears that the root 2500 

must consist of two places of figures. 

Let a+6 denote the root, where a is 100 + 7J749 
the value of the figure in tiie tens' 1^49 

place, and h of that in the units' place. — 

Then a must be the greatest multiple 
of ten, which has its square less than 3200 ; this is found 
to be 50. Subtract a\ that is, the square of 50, from the 
given number, and the remainder is 749. Divide this re- 
mainder by 2a, that is, by 100, and the quotient is 7, 
which is the value of 6. Then (2a + 6)6, that is, 107 x 7 or 
749, is the number to be subtracted ; and as there is now 
no remainder, we conclude that 50 + 7 or 57 is the required 
square root. 

It is stated above that a is the greatest multiple of ten 
which has its square less than 3200. For a evidently can- 
not be a greater multiple of ten. If possible, suppose it 
to be some multiple of ten less than this, say x ; then since 
a; is in the tens' place, and 6 in the unitt?' place, ;i;+ 6 is less 
than a ; therefore the square of a; + 6 is less than a\ and 
consequently a; +6 is less than the true square root. 

If the root consist of three places of figures, let a re- 
present the hundreds, and 6 the tens; then having ob- 
tained a and 6 as before, let the hundreds and tens 
together be considered as a new v^lue oi a, m<^ ^\^\sss^ 
ra/uo o/^ for the units. 
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301. The cyphers may be omitted for the sake of 
brevity^ and the following rule may be obtained from the 
process. 

Point eeery second figure, beginning 354^67 

iinth that in the unit^ place, and thus ^5 

divide the whole number into periods, 

JFind the greatest number whose square 107^ 749 
is contained in the first period; this 749 

is the first figure in the root; subtract its 

square from the first period, and to the 
remainder bring dovm the next period. Divide this 
quantity, omitting the last figure, by twice the part qfthe 
root already found, a/nd annex the result to the root and 
also to the divisor; then multiply the divisor as it now 
stands by the part of the root last obtained for the subtra- 
hend. If there be more periods to be brought down, the 
operation must be repeated. 

302, Examples. 

Extract the square root of 132496, and of 5322249. 
li2i9S(,364 £3^2^46 C2307 



66^424 43;i32 

396 129 



724^2896 4607^32249 

2896 32249 



In the first example, after the first figure of the root is 
found and we have brought down the remainder, we have 
424; according to the rule we divide 42 by 6 to give the 
next figure in the root; thus apparently 7 is Uie next 
figure. But on multiplying 67 by 7 we obtain the product 
469, which is greater than 424. This shews that 7 is too 
large for the second figure of the root, and we accordingly 
try 6, which succeeds. We are liable occasionally in this 

manner to try too large a ftgwe, qb.^^^^^ ^H» Vc^ft ^«V^ 

fiUiges of the extraction 0! a aquaxe too\k 
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In the second example, the student should notice the 
occurrence of the cypher in the root. 



303. The rule for extracting the square root of a 
decimal follows from the precedinff rule. We must ob- 
serve, however, that if any decimal be squared there will 
be an et>en number of decimal places in the result, and 
therefore there cannot be an exact square root of any 
decimal which in its simplest state has an odd number of 
decimal places. 

The square root of 32*49 is one-tenth of the square 
root of 100x3249; that is of 3249. So also the square 
root of '003249 is one-thousandth of the square root of 
1000000 X 003249, that is of 3249. Thus we may deduce 
this rule for extracting the square root of a decimal. Put 
a point over every second figure, beginning with that in 
the unit^ place and continuing both to the right and to 
the l^ of it; then proceed aw in the extrax^tion qf the 
square root qf integers, and mark off oa many decimal 
plaices in the result as the number qf periods in the deci- 
m^l part of ths proposed number. In this rule the stu- 
dent should pay particular attention to the words beginning 
fcith that in the units' place. 



304. In the extraction of a square root of an integer, 
if there is still a remainder after we have arrived at the 
figure in the units' place of the root, it indicates that the 
proposed number has not an exact s<][uare rootj We may 
if we please proceed with the approximation to any desired 
extent, by supposing a decimal point at the end of the 
proposed number, and annexing any even number of cy- 
phers, and continuing the operation. We thus obtain a 
decimal part to be added to the integral part already 
found. 



Similarly, if a decimal number has no exact «ci^i»^ 
root, we may annex cvphers, and pT0ceed.m\K>3aft «^'^^'^- 
motion to any desirea extent. 
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305. The foUowing is the extraction of the square root 
of '4 to seven decimal places. 

0-4606... (-6324665 
36 



123;400 
369 



1262;3100 
2524 



12644;57600 
60576 



126485;702400 
632425 



1264905;6997500 
6324525 



12649105;67297500 
63^45525 



4051975 



306. We now proceed to the method of extracting the 
cube root of a compound expression. 

The cube root of a' + 3a2& + 3a6*+^ is a+& ; and we 
shall be led to a general rule for the extraction^of the cube 
root of any compound expression by observinglbhe manner 
in which a + h may be derived from a^ + Za^h + Zdb* + &•. 

Arrange the terms ao- a" +3a26+ 30^+68(^^4.^ 

cordmg to the dimensions ^s 

of one letter a ; then the . 

first term is a', and its cube 3aV 3a'& + Zdb^ + 6» 

root is a, which is the first ^a^j) + 3^52 ^ j» 

term of the required root. — 

Sabtract ita cube, that iB 

a^, from the whole exprcBWon, wi^ \>to% ftiOHTBL ^^^ w 
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mainder ZaV) + 3a&* + &*. Divide ZaV) by 3a', and the quo- 
tient is by which is the other term of the required root ; 
then subtract Za*b + Zah^+¥ from the remainder, and the 
whole cube of a + 6 has been subtracted. This finishes the 
operation in the present case. 

If there were more terms we should proceed with a + & as 
we did formerly with a ; its cube, that is a^ + ZM 4- 3a5' 4- 6*, 
has already been subtracted from the proposed expression, 
so we should divide the remainder by z(a-\-by for a new 
term in tiie root ; and so on. 



307. It will be eonvenient in extracting the cube root 
oi more complete expressions, and of numbers, to arrange 
the process of the preceding Article in three columns, 
as follows. 

Za+b Zc? a»+3a>&+3ae>2+fc3(^+j 

(3^4-5)6 a» 

Za^ + Zab + l^ 3a»&-f3fl&«+&» 

3a«6 + 3a&2+53 



Find the first term of the root, that is a; put a^ under 
the given expresBi<m in the third column ana subtract it. 
Put 3a in the first column, and Za* in the second column; 
divide 3a% by 3^, and thus obtain the quotient b. Add 
b to the expression in the first column ; multiply the ex- 
pression now in the first column by &, and place the pro- 
duct in the second column, and add it to the expression 
already there; thus we obtain Za^-k-Zab+l^, Multiply 
this by by and we obtain 3a% + 3a5' + &', which is to he 
placed in the third column and subtracted. We have thus 
completed the process of subtracting {a+b)^ from the 
original expression. If there were moT^\AT\£k&\}oL^ ^^*^t^ 
tioD would bsLTe to be continued. 
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308. In continuing the operation we mnst add sadi a 
term to the first column, as to obtain there three Hme9 the 
part of the • root already found. This is conveniently 
effected thus; we have already in the first 
column Sa+b; place 2b below 6 and add; 3a+& ) 
thus we obtain ^a + 3b, which is three times 2b j 

a+bf that is, three times the part of the root * — 

already found. Moreover, we must add such a 3a+Zb 

term to the second column, as to obtain there 

three times the sqtuire of the part of the root already 

found. This is conveniently effected thus; we have already 

in the second column (3a + &)&, and below 

that 3a' + 3a6 + &'; place 6^ below, and (3a+&)6 \ 

add the expressions in the three lines; 3a' + 3a&+ }^\ 

thus we obtain 3a*+6a& + 3^, which is mJ 

three times (a+&)2, that is three times 

the square of the part of the root already 3^2 ^ g^ ^ 3551 
found. 



309. Examples. Extract the cube root of 

ac"- 36ar^ + 102^;* - 1710?^ + 2040^- 144ir + 64. 
%x^-^x\ 12.r* 

-3^(6;r'^3a?) 









12.r*-36A'3+27^2 

4(6ii?2-9aT + 4) 
12;zr*-36^ + 51;r2_3g^^.lg 

8ar«--36a?5 + 102;c*-l7l^ + 204^-144;r+64(,2a?2~3ir+4 
8.i?« 

-36a;*+ 102^-171^+ 204a^-144a: + 64 
-36;b»+ 64a?*- 27^ 



48^ - 144ai^ + ^04x^ - \4\x -v ^A: 
48a?* - 144a? + ^O^x*^ -\44x ^r ^4: 
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The cube root of 8^ is 2^, which will be the first term 
of the required root ; put So'^ under the given expression 
in the third column and subtract it. Put three tunes 2^ 
in the first column, and three times the square of 2a^ in 
the second column ; that is, put 6^' in the first column, 
and \%x^ in the second column. Divide - Z^so^ by 12a?*, 
and thus obtain the quotient — 3^, which will be the second 
term of the root ; place this term in tiie first column, and 
multiply the expression now in the first column, that is 
%a^—ZXy by —%x\ place the product under the expression 
in the second colimm, and add it to that expression ; thus 
we obtain 12;p* — 1 8^ + 9^?* ; multiply this by — 3^, and place 
the product in the third column and subtract. Thus we 
have a remainder in the third eolunm, and the part of 
the root already found is *lo^-Zx, We must now adjust 
the first and second colimms in the manner explained in 
Art 308. We put twice — 3^, that is — 6a?, in the first eolunm 
and add the two lines; thus we obtain 6^ -9a?, which is 
three times the part of the root already found. We put 
the square of —3a?, that is 90?^, in the second column, and 
add tne last three lines in this column ; thus we obtain 
12a?*— 36a;'+27a?^ which is three times the square of the 
part of ^e root already found. 

Now divide the remainder in the third column by the 
expression just bbtained, and we arrive at 4 for the last 
term of the root, and with this we proceed as before. 
Place this term in the first column, and multiply the 
expression now in the first column, that is 6a^— 9a?+4, 
by 4; place the product under the expression in the 
second column, and add it to that expression; thus we 
obtain 12a?*-36a?8 + 61aj»-36a?+16; multiply this by 4 
and place the product in the 'third column and subtract. 
As there is now no remainder we conclude that 2ar^— 3a?-f 4 
is the required cube root. 



31.0. The preceding investigation of the cube root of 
an Algebraical expression will suggest a method for the 
extraction of the cube root of any number. 

The cube root of 1000 is 10, l\ie CixiXi^ t^^\» ^^\S3W^^^^\^ 
100, and ao on; hence it ioYLo^a \JaaX., ^"Si ^soSo^ ^^^"^ ^^ 
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a number less than 1000 must consist of only one fignre, 
the cube root of a number between .1000 and 1000000 of 
two places of figures, and so on. If then a point be placed 
over every third figure in any number, beginning with the 
figure in the units place, the number of points will shew 
the number of figures in the cube root. Thus, for example, 
the cube root of 40^224 consists of two figures, and the 
cube root of 1^81^904 of three figures. 

Suppose the cube root of 274625 required. 

180 + 5 10800 27462SC60 + 5 

925 216000 



11725 58626 

58625 



Point the number according to the rule ; thus it appears 
that the root must consist of two places of figures. Let 
a-¥h denote the root, where a is the value of the figure in 
the tens' place, and b of that in the imits' place. Then a 
must be the greatest multiple of ten which has its cube 
less than 274000 ; this is found to be 60. Place the cube 
of 60, that is 216000, in the third column under the given 
number and subtract. Place three times 60, that is 180, 
in the first column, and three times the square of 60, that 
is 10800, in the second column. Divide the remainder in 
the third column by the number in the second column, 
that is, divide 58625 by 11725; we thus obtain 5, which 
is the value of b. Add 5 to the first column, and multiply 
the sum thus formed by 5, that is, multiply 185 by 5 ; we 
thus obtain 925, which we place in the second column and 
add to the number already there. Thus we obtain 11725 ; 
multiply this by 5, place the product in the third column, 
and subtract. The remainder is zero, and therefore 65 is 
the required cube root. 

The cyphers may be omitted for brevity, and the pro- 
cess will stand thus: 

185 108 27462^65 

925 216 

11725 ^'^^'i.^ 
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311. Example. Extract the cube root of 109215352. 



127^ 
14/ 

1418 




10§2l5355(,478 
64 



45215 
39823 



6627 
11344 

674044 



5392352 
6392352 



After obtaming the first two figures of the root, namely 
47, we adjust the first and second columns in the manner 
explained in Art 308. We place twice 7 under the first 
column, and add the two lines, giving 141 ; and we place 
the square of 7 under the second column, and add the last 
three lines, giving 6627. Then the operation is continued 
as before. The cube root is 478. 

In the course of working this example we might have 
imagined that the second figure of the root would be 8 or 
even 9 ; but on trial it would be found that these numbers 
are too lai^ge. As in the case of the square root, we are 
liable occasionally to try too lai^e a figure, especially at the 
early stages of the operation. 

312. Example. Extract the cube root of 8653002877. 



605^ 
10 J 


1200 
30251 


§65500587K2053 

8 


6153 


123025 
25- 


653002 
615125 




126075 
1845 


37877877 
9 37877877 




1262595 


9 



In this example the student &ho\M T\!^\>\fij^ \2s\s^ ^^^jts^- 
roDce of the cypher in the root. 
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313. If the root have any number of decimal places, 
the cube will haye thrice as many ; and therefore the nmn- 
ber of decimal places in a decimal number, which is a 
perfect cube, and in its simplest state, will necessarily be a 
multiple of threes and the number of decimal pteices m the 
cube root will necessarily be a third of that number. Hence 
if the given cube number be a decimal, we place a point 
over the figure in the units^ place, and over every third 
figure to the right and to the left of it, and proceed as in 
the extraction of the cube root of an integer; then the 
number of points in the decimal part of the proposed 
number will indicate the number of decimal places m the 
cube root. 



314. Example. Extract the cube root of 14102*327296. 



64 \ 
8J 


12 
256^ 


l4l02-327296(.24-16 

8 


721 -^ 

2/ 


1456 
16. 


6102 
5824 


7236 


1728 

72 


278327 
1 ^ 173621 




17352 


1 \ 104806296 
I J 104806296 




174242 
434 


116 



17467716 



315. If any number, integral or decimal, has no exact 
cube root, we may annex cyphers, and proceed with tlie 
approximation to the cube root to any desired extent. 
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Examples. XXXIL 

Find the yalue of 

I. ^/(9a*5*). 2. i/(8a368). 3. ^(-64a»5«). 

a V(^). 9. V(32j-.). 10. V(-^}. 

Find the square roots of the following expressions. 

II. 16a' + 20a& + 266« 12. 49a* -84a2& + 3651 

13. 36a?«+ 12^ + 1. 14. 64^2 +48a5(;+ 96V. 

25a2 4-20a6 + 46 ^ 9a?*-24;pg^l6 

• 25a2+20ac + 4c«' 4aj2^12;r + 9 ' 

17. .a?* + 2^ + 3;r2 + 2^+l. 18. 1 - 2^ + 6^2 _ 4-^53 + 4^4 

19. ^4-6^ + 265^ + 48^ + 64. 20. a?*-4^ + 8aT + 4. 

21. l-4a:+ 100^-12^ + 9a-*. 

22. 4^-4^-7a?* + 4^ + 4. 

23. ^ - 2a^ + 5^2^ - 4a«a? + 4a*. 

24. ^-2aa;3^.(^2^2&«)^-2a&»^ + 6*. 

25. i»«-12a;^ + 60^~160^ + 240a:2_i92;P4.(j4. 

26. ^ + 4aar*- lOa^^ + Ac^x + a«. 

27. l-2^ + 3a:'-4^ + 5;c*-4^ + 3^-2A'7 + ;c8. 

P^2 ;2r llSyz \^z^^z^ '^^'^^ 
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Find the fourth roots of the following expressions. 

29. l + 4a? + 6aj* + 4»' + ^. 

30. 16^-96d;V + 216a?V^-216^+81j^. 

31. l-4a:4-10«*-16;i?3+19ar*-16^+10««-4aj'4-aj'. 

32. {ar* - 2(a + &)aj* + (a« + 4a6 + ft*)^ - 2a5(a + 6>r + a»6«}«. 

Find the eighth roots of the following expressions. 

33. ^ + 8^^+28aj« + 66a?^4-70af*4-66a:' + 28«*+8a:+l. 

34. {a?* -2^ + 3^- 20^2 + y*}^ 

Find the square root of the following numbers. 

36. 1166. 36. 2026. 37. 3721. 38. 6184. 

39. 7669. 40. 9801. 41. 16129. 42. 103041. 

* 43. 166649. 44. 308026. 46. 41*2164. 

46. '836396. 47. 1622766. 48. 29376400. 

49. 38462401. 60. 4981*6364. 61. 64-128064. 

62. '24373969. 63. 144168049. 64. 264076*4836. 

66. 3*26513764. 6^. 4*64499761. 

67. -6687573066: 58. 196640602241. 

Extract the square roots of each of the following num- 
bers to five places of decimals. 

69. -9. 60. 6*21. 61. '43. 62. '00862. 

63. 17. 64. 129. 66. 347*259. 66. 14295'387. 

Find the cube roots of the following expressions. 

67. 8ar3 + 36^2y ^ 54-^^2 ^. 31^3^ 

68. 1 728;r« + 1 728:rV + 676a:*y« + 64y». 

69. a^-Zx^{a+h) + Zx{a+hf-'{a-{-h)\ 

70. aj* + 3a;*4-6ar*4-7«' + 6^ + 3a?+l. 

71. ^-3a^+6a8a^-3a*x-a?. 
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73. 1 - 9a: + 39a:» - 99;b3 + 155^ _ 144^ + §4^, 

74. l-3j? + 6^-10;i?'+12^-12ar^ + 10a:«-6^ + 3a:*'-a:". 

Find the sixth roots of the following expressions. 

75. 1 4- 12a? + eO^B* + 160;b" + 240a?* + I92a?« + Ua^, 

76. 729aJ«-1458a?»+1215a?*-540a?>4-135a?*-18a?+l. 

Find the cube roots of the following numbers : 

77. 19683. 78. 42875. 79. 157464. 
80. 226981. 81. 681472. . 82. 778688. 
83. 2628072. 84. 3241792. 85. 54010152. 
86. 60236-288. 87. 191-102976. 88. '220348864. 
89. 1371330631. 90. 20910618875. 

91. 91398648466125. 92. 5340104393239. 



XXXIII. Indices. 

316. We have defined an index or exponent in Art 16, 
and, according to that definition, an index has hitherto 
always been a positive whole number. We are now about 
to extend the definition of an index, by explaining the 
meaning of fractional indices and of negatiye indices. 

317. 1/ m. and n are any positive whole numbers 
a"'xa*=a*''*"*. 

The truth of this statement has already been shewn 
in Art. 59, but it is convenient to repeat the demonstra- 
tion here. 

a'^^axaxax torn Actors, by Art. 16, 

a*=axaxax to n factors, by Art 16; 

therefore 

a*xa"=axaxax...xaxaxax ...V> m-viw Vwfi^fst.'Si^ 
=a"*-, by Art. 16. 



214 INDICES. 

In like manner, if p is also a positiye whole number, 

and so on. 

318. If m and n are positive whole nmnbers, and m 
greater than n, we haye by Art. 317 

therefore — - = a*""" . 

a" 

This also has been already shewn; see Art. 72. 

319. As fractional indices and negative indices have 
not yet been defined, we are at liberty to give what defini- 
tions we please to them; and it is fomid convenient to 
give such definitions to them as will make the important 
relation a'"xa"=a'"'*'* always true, whatever m and n 
may he. 

For example ; required the meaning of a^. 

By supposition we are to have a^y,a^=a^= a. Thus a' 
must be such a number that if it be multiplied by itself 
the result is a ; and the %qwire root of a is by dennilion 

such a number ; therefore a^ must be equivalent to the 

square root of a, that is, a^ = Ja, 

Again; required the meaning of a'. 

By supposition we are to havo 

a*xa*\ai=ai'*"i'*"i=a^=dj. 

Hence, as before, c^ must be equivalent to the cube 
root of a, that is a^= IJa, 

Again ; required the meaning of a*. 

By ^opposition, a* x a* x a^ x a* =a? \ 
therefore a*= tja?. 
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These examples would enable the student to under- 
stand what is meant by any fractional exponent ; but we 
will give the definition in general symbols m the next two 
Articles. 

320. Required tJie meaning qf aF vchere n i% any 
positive whole number. 

By supposition, 
111 111 

— — — » , +- + - + ^ ton Ums _ 

a"xa*xa»x ...to n factor8 = a* * " =a* = a; 

1 

therefore a" must be equivalent to the n^ root of a, 
that is, a«= ^fa. 

m 

321. Required the meaning qfsL"* where m and n are 
any positive whole numbers. 

By supposition, 
a" xa* xa* X ... to w factors=a"^" ^•*^"* * =0*"; 

M 

therefore a* must be equivalent to the w* root of o, 
that is, a« = ya"". 

Hence a" means the n* root of the m* power of a; 
that is, in a fractional index the numerator denotes a power 
and the denominator a root. 

322. We have thus assigned a meaning to any positive 
index, whether whole or fractional ; it remains to assign a 
meaning to negative indices. 

For example, required the meaning of a"'. 

By supposition a' x a"^ = a^-' = a^ = a, 

therefore «"» = — = — . 

a* a)' 

We will now give the de&iulioxi m ^<ew5?wiL«T°^w^'**- 



216 INDICES. 

323. Required the meaning of a'*; where n is any 
poiitive number w/ufle orfractionaL 

By Bupposition, whatever m may be, we are to hare 

Now we may suppose m positire and greater than n, 
and then, by what has gone before, we have 

<*"-• •Ka'' = a'^i and therefore a"*"* - -r . 

a" 

Therefore a'"xa~"= .: 

a* 

therefore a"* = — . 

a" 

In order to express this in words we will define the 
word reciprocal. t>ne quantity is said to be the recipro- 
cal of another when the product of the two is equal to 

unity ; thus, for example, x is the reciprocal of — . 

Hence a"** is the reciprocal of a* ; or we may put this 
result symbolically in any of the following ways, 

«"•= — , fl"=--T> d"xa""=l. 



324. It will follow from the meaning which has been 
giyen to a negative index that a"*-7-a*=a"^* when m is less 
than 71, as well as when m is greater than n. For suppose 
m less than n ; we have 

a*" 1 

a* -T- a* = — = — -— = «-<"-"•) = a"*~*. 

Or a 

Suppose msin; then a"* -ha* is obviously =1; and 
a'"~'*=a^. The last symbol has not hitherto received a 
meaning, so that we are at libertv to give it the meaning 
which naturally presents itaeVt *, ViOiTiee n^q tc^^^ «^^ that 
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325. In order to form a complete theory of Indices it 
would be necessary to gire demonstrations of several pro- 
positions which will be fomid in the larger Algebra. But 
these propositions follow so naturally from the definitions 
and the properties of fractions, that the student will not 
find any difficulty in the simple cases which will come be- 
fore him. We shall therefore refer for the complete theory 
to the larger Algebra, and only give here some examples as 
specimens. 

326. If m and n are positive whole numbers we know 
that (a'")"=a"^; see Art 279. Now this result will also 
hold when m and n are not positive whole numbers. For 
example, 

For let {a^f=x\ then by raising both sides to the 

fourth power we have a^=ai^\ then by raising both sides 

1 

to the third power we have a=^'; therefore x=a^, which 

was to be shewn. 

327. If 71 is a positive whole number we know that 
a*xb*={db)\ This result will also hold when n is not 

a positive whole number. For example, a^xb^=(ab)K 
For if we raise each side to the third power, we obtam in 
each case db ; so that each side is the cube root of ab. 

In like manner we have 

111 1 

a"xfe"xc"x...=(aJ(j...)". 

Suppose now that there are m of these quantities 

a, b, c,..., and that all the rest are equal to a; thus we 

obtain 

1 1 

(a»)'"= (a-)-; that is, ( Va)-= ^a-. 

Thus the m^ power of the n*^ toot ol aSa ^^^vsaiL\si^^ 
-«" root of the mr power of a. 
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328. Since a fraction may take different forms without 
any change in its value, we may expect to be able to give 
different forms to a quantity with a fractional index, with- 
out altering the value of the quantity. Thus, for example, 

2 4 f ^ 

since ^ = - we may expect that a' = a' ; and this is the 

case. For if we raise each side to the sixth pow^, we 
obtain a^ ; that is, each side is the sixth root of a\ 

329. We will now give some examples of Algebraical 
operations involving fractional and negative exponents. 

Multiply ah^c^ by ah^A 

2 17 3 1 13 1 2 

3"^2"6' 4"*"3"*"l2' 3"^3~ ' 

therefore a*6* c* x ofi 6^ c' = c^h^c. 

Divide afijfi by a?3yo. 





3 11 2 11 

4 2~4' 3 6"'2'' 


refore 


s^y^-r-x^^^a^yK 


Multiply 


x-\-3^ + x~^ by x^ '\- x~^ - x'y 




X -\-x^ +ar"^ 




x^ + x~^-x~^ 




x^ + x^ +1 




A'* +\+x~^ 




--l-x'^-x'^ 




x^-\-2x^ + \ -x'^ 



Here in the first line a* x x = x*"*"^ = xK x^xx^= x\ 
^^x;i? »=;i/> = l; and BO on. 
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Divide 

«*-2a?V""^+ ^y~* 

— ;r^y~«+2jry~»-y~» 



Examples. XXXIIL 
Find the value of 
1. 9""i 2. 4"i 3. (100)"^. 4. (1000)1 5. (81)"'. 

Simplify 

6. (a2)-3. 7. (a-*)-'. 8. V«~*. 9- i/»"'. 
10. a^ X a* X a"i. 

Multiply 

^11. «* + 2r by a^-y^, 

^ 12. a' + a^fti + ft* by a*-6*. 

13. ir+^^ + 2 by :r+a?^-2. 
—14. ;c*+aj*+l by «"*— a:~" + l. 

>-15. a"* + a~i + l by a"*-l. 

16. a*-2+a"^ by a*-a~*. 

^17. a+aM-;r*y' by a+aM + a^'y*. 

75. x^-aiy^^x^-'^ by «-vxS^-vy. 
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Divide 

^19. x^-'ifi by a^-f^. 

<^0, a-b by a^-bK 

n21. 64j?-^ + 27y-' by 4a'^ + 3y''^. 

22. a;^-a:y^+x^p-y^ by ar-yK 

23. a*+aM+6' by ai + aM + 6*. 

24. a^ + 6*-c* + 2aM by a*+&* + A 

25. a^ - 2a^^ + a^ by oj^ - 2a^a?^ + a. 

26. a?^ - 4a^yi + 60:^2/^ — 4;i^y8 + y^ by ar* - 2a^f^ + y^« 

Find the square roots of the following expressions. 

27. iC*-4 + 4:c~'i. 

28. (;c + ^-7-4(;r-a?-i). 

29. x^-4x^ + 2xi + 4x- 4x^ + 0!^, 

30. 4i* - 12;i7S + 25 - 24a?~* + 16;i7"^. 



XXXIV. Surds. 

330. When a root of a number cannot be exactly 
obtained it is called an irrational quantity^ or a sura. 
Thus, for example, the following are surds ; 

And if a root of an aVgebTcAcaX e^Lvt^^^vsya. <:»:cs!l<^\» V«k 
denoted without tho \ibo oi a iiWiViVoiaJL \xv^«:l, v\» \% ^Jifl#i 
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ealled an irrational quantity or a surd. Thus, for ex- 
ample, the following are surds ; 

Ja, y|, V(«'+^ + n ^^«^ ^{a^ + b^)^ 

The rules for operations with surds follow from the 
propositions of the preceding Chapter; and the present 
Chapter consists almost entirely of the apptication of those 
propositions to arithmetical examples. 

331. Numbers or expressions may occur in the form 
of surds, which are not really surds. Thus, for example, 
4.^9 is in the form of a surd, but it is not resdiy a surd, for 
V9=3; and fj{a^ + 2db + ln is in the form of a surd, but 
it is not really a surd, for J{a^ + 2ab+b*)=a + b, 

332. It is often convenient to put a rational quantity 
into the form of an assigned surd ; to do this we raise the 
quantity to the power correspondhig to the root indicated 
by the surd, and prefix the radical sign. 

For example, 3 = ^/3"= ^9; 4= -^4^= ^^64 ; 

333« The product of a rational quantity and a surd 
ma^ be expressed as an entire surd, by reducing the 
rational quantity to the form of the surd, and then multi- 
plying ; see Art. 327. 

For example, 3 /s/2 = ^9 ^ n/2 = ^18 ; 

ajb=ja^xjb=j{anf). 

334. Conversely, an entire surd may be expressed as 
the product of a rational quantity and a surd, if tne root of 
one factor can be extracted. 

For example, JS2= ^(16x2)= Vl6x ^2=4,^/2; 

^48=»/(8x6)= J/8X 5^6=2 J/6; 
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335. A surd fraction can be transformed into an 
equiyalent expression with the surd part intcgraL 

Forexample, ^1=^1^=^11 = ^' 

V?_ 72 X 9 •/18_yi8 
^^3"" ^3x9""^27 ^3~* 

336. Surds which have not the same index can be 
transformed into equivalent surds which hare ; see Art 327. 

For example, take ^^5 and {/ll, 

6^ = 5*= ^5»= VlZS, (11)* = 11* = ^(11)2= •/WL 

337. We may notice an application of the preceding 
Article. Suppose we wish to loiow which is the greater, 
V5 or 4^11. When we have reduced them to the same 
index we see that the former is the greater, becaose 125 is 
greater than 121. 

338. Surds are said to be similar when they have, or 
can be reduced to have, the same irrational factors. 

Thus 4^7 and 5/^7 are similar surds ; 5 1^2 and 4 jj(16 
are also similar surds, for 4 ;J/16 = 8 ij2, 

339. To add or subtract similar surds, add or subtract 
their coefficients, and affix to the result the common 
irrational factor. 

For example, Vl2+V75~V48=2>/3 + 5V3-4V3 

= (2 + 5-4)^3 = 3^3. 

3^2 4^ 9 "3^^ 8 '*"4^ 27 
^2^12 I 4t/I2 ^ 2i/12 
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340. To multiply simple surds which have the same 
index, multiply separately the rational fEu^tors and the 
irrational £su;tors. 

For example, 3^2 X V3 = 3>/6; 4>/5x7>s/6=28V30; 

2 J/4x 3^2 = 6^/8 = 6x2 = 12. 

341. To multiply simple surds which have not the same 
index, reduce them to equivalent surds which have the same 
index, and then proceed b& before. 

For example; multiply 4>/6 by 2 ,J/11. 

By Art 336, n/6 = 4/ 125, 4/1 1 = ^121. 

Hence the required product is 8 V(125 x 121), that is 
81^16125. 

342. The multiplication of compound surds is per- 
formed like the miiltiplication of compound algebraical 
expressions. 

For example, multiply 6^3-6^2 by 2^3 + 3^2. 

(6^3-6^2) (2V3 + 3V2) = 36 + 18^6-10^6-30 

= 6 + 8^6. 

343. Division by a simple surd is performed by a rule 
like that for multiplication by a simple surd; the result 
may be simplified by Art. 335. 

For example ; 

3 /o^4 /3- W2_3 /2_3 /Q_^ 
3^2-^4^/3- -^Vg-^V 9 --J-. 



. IK . 9»/n_lN/l_iA/126 47126_4 yi26 



Xl21 



24^11 3^121 3^121 3^121x121 

4^15125 
3x11 • , 

The student will observe that by the aid of Art 335 the 
results are put in forms which are more convenient for nu- 
merical application ; thus, if we have to find the approxi- 
mate numerical value of 3*72 -r4ij^, \3aft ewaR^Tsw^^a^^^ 
to extract the square root of 6, Mid ^nS^l*^ ^^ t^w^^s^ *^* 
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344. The only case, of diyisioQ by a oomponnd sard 

which is of any importance is that in which the divisor is 

the sum or difference of two qtiadratic sards, that is, sards 

inTolving isqaare roots. The division is practically effected 

by an important process which is called rcUionaiising the 

denominator of a fraction. For example, take the fraction 

4 
•-— — — 5— T^ ; if we multiply both numerator and denomi- 

nator of this fraction by 5^/2 -2^3, the value of the frac- 
tion is not altered, while its denominator it made rational; 
thus ' 

4 4( 5^2-2^3) ^ 4(5V2-2V3 ) 

6V2 + 2V3 (6^2 + 2^3) (5 V2-2V3) 60-12 

10^2-4^/3 

19 

Similarly V3^n/2- (V3+ ^2) (2^3-1- ^/2) 
oimuariy, 3^3- V2-(2V3- V2)(2n/3+ ^2) 

^ 8 + V6 ^ 8 + 3^6 
12-2 " 10 • 

345. We shall now shew how to find the square root of 
a binomial expression, one of whose terms 'is a quadratic 
surd. Suppose, for example, that we require the square 
root of 7 + 4^3. Since {>Ja!-\- ^Jy)* = a +y +2 y/{ajy\ it i% 
obvious that if we find vsJues of w and y from a! + y=z7, 
and 2V(^)=4n/3, then the square root of 7 + 4/^/3 will be 
fjx + ^y. We may arrange the whole process thus. 

Suppose >/(7 + 4 ;^3) = >sja!+^jy; 

square, 7 + 4^/3 = ^+^+2 \/(iry). 

Assume ^+y=7, 

2V^=4>/3; 

square, and subtract, 

(^+y)'-4^=49-48 = l, 

that is, (^-y)'=l> 

therefore a: - y = 1 . 

Since a+y=7 and a?-y=i, we hare a?=4, y=3; 

therefore ^/(T +4s/^)= ^[4+ Kf3=2+ ^3. 

Similarly, ^/(7 - 4 ^/a^=^- ^J^. 



J l_ 

^2 ^16' 
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Examples. XXXIV. 
Simplify "^ 

1. 3V2 + 4V8-V32. 2. 2^4 + 54/32-4/108. 

3. 2V3 + 3V(1J)-n/(5J). 
Multiply 

6. V5 + V(li)--^by V3. 

7. 1 + V3-V2by V6-V2. 

8. V3W2by-i3 + -L. 

Rationalise tho denominators of the following fractions 

q 3+V2 10 n/3+V2 

^- 2-^2- ^"- V3-V2- 

2 ^5+ >/3 2^3 + 3^2 

• 3V5 + 2V3' • 3V3-2/S/5* 

Extract the square root of 

13. 14 + 6^5. 14. 16-6V7. 16. 8 + 4^3. 

16. 4-V15. 

Simplify 

17 1 18 1 

r. X 



19. N^12J^^). 20. V(3+^/5)+^^C3-^rsV 
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XXXV. Ratio. 

346. Ratio is the relation which one quantity bean 
to another with respect to magnitude, the comparison 
beinff made by considering what multiple, part^ or parts, 
the nrst is of the second. 

Thus, for example, in comparing 6 with 3, we obserre 
that 6 has a certain magnitude wiui respect to 3, which 
it contains twice ; again, in comparing 6 with 2, we see that 
6 has now a different relative magnitude, for it contains 
2 three times ; or 6 is greater when compared with 2 than 
it is when compared with 3. 

347. The ratio of a to & is usually expressed by two 
points placed between them, thus, a:b; and the former is 
called tne antecedent of the ratio, and the latter tiie ccmte* 
qtient of the ratio. 

348. A ratio is measured by the fraction which has for 

its numerator the antecedent of the ]*atio, and for its 

denominator the consequent of the ratio. Thus the ratio 

a 
of a to & is measured by r ; then for shortness we may 

say that the ratio of a to & id equal to ^ or is =- • 

o 

349. Hence we may say that the ratio of a to & is equal 

ft J. 

to the ratio of c to d. when -,-=-;. 

d 

350. If the terms of a ratio he mtdtiplied or divided 
"by the same quantity the ratio is not altered. 

^or^, = ^. (Ann,.) 

351. We compare two or more ratios by reducing 
the fractions which meaAxure \\veac> -wXKwe* \ft ^ common 

c/e/ioininator. Thus, suppoao on^ t^\Xo \» \i^ \3cia^ ^i a \ft>i. 
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and another ratio to be that oi do d\ then the first ratio 

? = i-r. wid the second ratio -} = rr . 
h hd d od 

Hence the first ratio is greater than, equal to, or less 
than the second ratio, according dA ad \& greater than, 
eqtial to, or less than he. 

352. A ratio is called a ratio of greater ineqtuxlity, of 
less ineqtuility, or of eqtuilitj/, according a& the antecedent 
is greater than, ^«.than, or eqiMl to the consequent. 

353. A ratio qf greater inequality is diminished^ 
and a ratio qf less inequality is increased, by adding 
any number to both terms of the ratio. 

Let the ratio be t , and let a new ratio be formed by 

^ j_ /p 
adding x to both terms of the original ratio; then - — 

is greater or less than t, according b& b{a+ai) is greater or 

less than a{b+x); that is, according as bx is ereater or less 
than axy that is, according as 5 is greater or less than a. 

364. A ratio qf greater inequality is increased, and 
a ratio qf less inequ^ity is diminished, by taking from 
both terms qf the ratio any number which is less than 
each of those terms. 

Let the ratio be -r , and let a new ratio be formed by 

taking x from both terms of the original ratio ; then ?~^ 

b-x 

is greater or less than -r, according as 5 (a— a?) is greater 

or less than a{b—x); that is, according as bx is less or 
greater than ax, that is, according as 6 is less or greater 
than a. 

355. If the antecedents of any ratios be xiKCiijQC^'Ji^ 
together, and also the consequents, ?Lii«N^ -wiCvaSai ^wsss^^ 
which 28 said to be compounded oi i\i^ ioxtast x^va?^ '''^>ks»» 
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the ratio ac:hdi^ said to be compounded of tiie two ratios 
a : h and c : d. 

When the ratio a : & is compounded with itself the 
resulting ratio is a' : &*; this ratio is sometimes called the 
duplicate ratio of a \b. And the ratio a^ : ^^ is sometimes 
called the triplicate ratio of aih. 

356. The followiDg is a Tory important theorem con- 
cerning equal ratios. 

Suppose that t = ^ = 7. > then each of these ratios 

where », q, r, w are any numbers whatever. 

For let A;= T = J ^S then 

Kb— a, kd=Cf lif=e\ 
therefore p{kbY + q{kd )" + r{kfY =pa* + gc" + re"; 

therefore *"=^6.T?rf.Tr/"' 

therefore ;fe^ /^ J'«^+g'^^r.' ^i 



\pll^-\-qd' 



+ r/V 



The same mode of demonstration may be applied^ and 
a similar result obtained when there are more tiiian three 
ratios given equal. 

As a particular example we may suppose n—\^ then we 
see that if -tr = ^ = ^, each of these ratios is equal to 

^ — ^ — j\ and then as a special case we may suppose 

p=gt-r, so that each of the given equal ratios is equal to 

a+c+e , 

d + d+f 
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Examples. XSiXY. 

1. What is the ratio of fourteen shillings to three 
guineas? 

2. Arrange the following ratios in the order of magni* 
tude; 3 : 4, 7 : 12, a : 9, 2 : 3, 6 : 8. 

3. Find the ratio compounded of 4 : 15 and 25 : 36. 

4. Two numbers are in the ratio of 2 to 3, and if 7 be 
added to each the ratio is that of 3 to 4: find tiie numbers. 

5. Two numbers are in the ratio of 4 to 5, and if each 
be diminished by 6 the ratio is that of 3 to 4 : find the 
numbers. 

6. Two numbers are in the ratio of 5 to 8 ; if 8 be 
added to the less number, and 5 taken from the greater 
number, the ratio is that of 28 to 27 : find the numbers. 

7. Find the number which added to each term of the 
ratio 5 : 3 makes it three-fourths of what it would haye 
become if the same number had been subtracted from each 
term. 

8. Find two numbers in the ratio of 2 to 3, such that 
their difference has to the difference of their squares the 
ratio of 1 to 25. 

9. Find two numbers in the ratio of 3 to 4, such that 
their sum has to the sum of their squares the ratio of 
7 to 50. 

10. Find two numbers in the ratio of 6 to 6, such that 
their sum has to the difference of their squares the ratio of 
1 to7. 

11. Find X so that the ratio x : 1 may be the duplicate 
of the ratio 8 : x. 

12. Find x so that the ratio a-x : h—x may be the 
duplicate of the ratio a : h, 

13. A person has 200 coins consisting of guineas, half- 
sotereigns, and half-crowns ; the sums of money in guineas, 
half-sovereigns, and h.alf-crowns are as 14 : 8 : 3; find 
the numbers of the different coins. 

14. If &-a : h+a=4a-h : Qa-h, find a : h, 

15. If — 7 - T — = , t\ien l-vm-va-^* 

a-o o — c c—a 
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XXXVI. Proportion, 

357. Four numbers are said to be proportional when 
the first is the same multiple, part, or parts of the second 

as the third is of the fourth ; that is when -r = -39 the four 

numbers a, h, Cy d are called proportionals. This is usually 
expressed by saying that a is to & as (; is to ^; and it is 
represented thus, a : h :\ c \ d^or thus a : h=c : d. 

The terms a and d are called the extremes, and h and c 
the means. 

358. Thus when two ratios are equal, the four numbers 
which form the ratios are called proportionals ; and the pre- 
sent Chapter is devoted to the subject of two equal ratios. 

359. WTien four numbers are proportionals the pro- 
duct of the extremes is equal to the product qfthe means. 

Let a, bfCfdhe proportionals ; 

then \ = -j'> 

b d 

multiply by bd\ thus ad=bc. 

If any three terms in a proportion are given, the fourth 
may be determined from the relation ad=bc. 

If b=c we have ad^b^; that is, if the first be to the 
second as the second is to the thirds t/ie product qf the 
extremes is equal to the square of the mean. 

In this case a, 6, c are said to be in continued propor- 
tion, 

360. If the product of two numbers be equal to the 
product of two others, the four are proportionals, tJie 
term>s of either product being taken for the means, and 
the terms of the other product for the extremes. 

X b 
For let ocy^ab ; divide by ay, thus - = - ; 

0* U 

or X \ a w b \ n ^s,K?ec,^^t^. 



PROPORTION, 231 

361. If a : & :: c : rf, and c:d\:e\/y then a:hi:e:f. 

For ^ = ^,and^=:-^; therefore v=^; 

or a ih :: e xf, 

362. If four numbers he proportionals, they are pro- 
portionals when taJcen inversely; that is, if a : d :: c : c/, 
then h I a :x d \ c. 

For T = ;>; divide unity by each of these equals; 

Cu 

thus " = - ; or 6 : a :: rf : c. • 
a c' 

363. If four numbers be proportionals, they are pro- 
portionals when taken alternately; that is, if a : b :: c : d, 
then a : c :: b : d. 

For T= j; multiply by -; thus - = ^; 
or a : c :: b : d, 

364. jj/* four numbers are proportionals^ the first 
together fcith the second is to the second as the third 
together with the fourth is to the fourth; that is 
if a : 6 :: c : if, iiien a+6 : b :: c + d : d, 

a c 
For -T = 3; Add unity to these equals; thus 

V + 1 = j + 1, that IS -T— = —T-'f or a+b:b ::c+d;d, 
b d d 

365. Also ths excess of the first above the second is to 
the second as the excess qf the third above the fourth is to 
the fourth, 

\ a c 
For T = ^ ; subtract unity from these equals ; thus 

T-^= }-h thatis— r-=- , ot a-\> \\> \\t-«.\^ 
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366. AUo the first is to the excess qfthe first above the 
second as the third is to the excess of the third above the 
fourth. 

By the last Article — ^ = —j- ; also £ = ^ ; 

.- . a—b b c—d d a—b c—d 

therefore -^— x - = —-5— x — , or = , 

bade' a c ' 

or a—b : a :: c-^d : c\ therefore a : a—b :: c : c—d. 

367. WJienfour numbers are proportionals, the sum 
of the first and second is to their difference as the sum 
of th£ third and fourth is to their difference ; that is, if 
a lb :\ c : d, then a+b : a-b :: c+d : c—d. 

By Arts. 364 and 366 -=— ■= —j- , and — ,— = —j- ; 
^ b d b d 

., - « + 6 a-b c+d c—d ., , . a+b c+d 
therefore -r- -^ — r— = — j- -^ --r-» woat is — =- «= — :5, 
b b d d a—b c-d 

or a+b : a— 6 :: c-¥d : c-rf. 

368. It is obvious from the preceding Articles that if 
four numbers are proportionals we can derive from them 
many other proportions; see also Art. 356. 



Examples. XXXVI. 

Find the value of ^ in each of the following propor- 
tions. 

1. 4 : 7 :: 8 : iP. 2. 3 : 7 :: iP : 42. 

3. 5 : iP :: ic : 45. 4. a? : 9 ;: 16 : x. 

5. x-h4 : a-\-2 :: ar+8 : a;+5. 

6. x-h4 : 2;p+8 :: 2aj-l -. ^x-V^ 
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7. 3^+2 : ;r+7 :: 9^-2 : 5;c + 8. 

8. ^ + ic+l : 62(;i? + l) :: x^-a+l : 63(ir-l). 

9. flw?+6 : &i?+a :: wi;i?+?t : na+m, 

10. If j»^=r*, and^^=*M, thenp : r :: ^ : «. 

H. If a : b :: c : d, and a' : 6' :: c' : d\ then 

a V c a" 

12. \id\h \.h \c, then (a2+&2)(52+c2) = (a5 + 5c)* 

13. There are three numbers in continued proportion ; 
the middle number is 60, and the sum of the others is 125 : 
find the numbers. 

14. Find three numbers in continued proportion, such 
that their sum may be 19, and the sum of their squares 
133. 

If a : 6 :: c : rf, shew that the following relations are 
true. 



a 0+6 
15. = — ;. 
c c-\-d 






17. 



{a-cXa^-c') (p-d){j/-a^)' 

pd^ + qc^ + rb^ _ pc^+ qcd +rd^ 
^* la*+mab+nb^ ~ 0+mcd+nd^' 

,n 1 1 1.1 1 /« ^ ^^ ^l 

^^' a 26 3c 4d ad l4 3 2 ^ J * 

• ■ • •' 

20. a : b :: i/{maf + nc') : ^'i^nb^+nd^). 



^— ^ 
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XXXVII. Variation. 

369. The present Chapter consists of a series of pro- 
positions connected with the definitions of ratio and pro- 
portion stated in a new phraseology which is conyenient 
for some purposes. 

370. One quantity is said to vary directly as another 
when the two quantities depend on each other, and in such 
a manner that if one be changed the other is changed in 
tiie same proportion. 

Sometimes for shortness we omit the word directly, 
and say simply that one quantity varies as another. 

371. Thus, for example, if the altitude of a triangle be 
invariable, the area varies as the base; for if the b^ be 
inereased or diminished, we know from Euclid that the 
area is increased or diminished in the same proportion. 
We may express this result with Algebraical symbols thus ; 
let A and a be numbers which represent the areas of two 
triangles having a common altitude, and let B and b bo 
nuimers which represent the bases of these triangles re- 
spectively; then — = -T« And from this we deduce 

A a 

"d = »: > ^y Art- 363. If there be a third triangle having the 

same altitude as the two already considered, then the ratio 
of the number which represents its area to the number which 

represents its base 'mX\. also be equal to r-. Put T=fn', 

then "d =w> a^d A=mB, Here A may represent the 

area of any one of a series of triangles which have a com- 
mon altitude, and B the corresponding base, and m re- 
maina constant. Hence tVie &ta.\iemetTL\> ^3zka.\> VXi<^ ^x^a^.'^mes 
Bs the base may also be expre^Ee^ \Xiwi&, ^^ ^x%i^\a& ^^ 



VARIATION. 235 

constant ratio to the base ; by which we naean that the 
number which represents the area bears a constant ratio 
to the number which represents the base. 

These remarks are intended to explain the notation and 
phraseology which are used in the present Chapter. When 
we say that A varies as B, we mean that A represents the 
numerical value of any one of a certain series of quantities, 
and B the numerical value of the corresponding quantity 
in a certain other series, and that A=m>By miere w, is 
some number which remains constant for every correspond* 
ing pair of quantities. 

It will be convenient to give a formal demonstration 
of the relation A=mB, deduced from the definition in 
Art. 370.' 

372. If A vari/ as B, then A is equal to B multiplied 
by some constant number. 

Let a and b denote one pair of corresponding values of 
two quantities, and let A and B denote any other pair ; 

then — = T-j by definition. Hence A= rB=mB. where 
a b' ^ b ' 

m is equal to the constant j- . 

373. The symbol x is used to express variation ; thus 
A oi B stands for A varies as B. , 

374. One quantity is said to vary inversely as another, 
when the first varies as the reciprocal of the second. See 
Art. 323. 

m 
Or if ^ = -^ , when m is constant, A is said to vary 

inversely as B, 

375. One quantity is said to vary as two oihen Jointly^ 
when, if the former is changed in any manner, the product 
of the other two is changed in the same proportion. 

Or if A=mBC, when m is coiiB>WA>) A\% «KL^\a ^"^x^ 
Jointly 08 B and C. 
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376. One quantity is said to yory directly as a second 
and inversely as a third, when it varies jointly as the 
second and the reciprocal of the third. 

AM 7? 

Or if -4 = -jr f where m is constant, A is said to yary 
directly as B and inversely as C. 

377. I/A a B, and B x C, tlien A oc C. 

For let A =mB, and B=nC, where m and « are con- 
stants ; then A^mnC; and, as mn is constant, Aoc C, 

378. ff AccC. and BocC, ^Am A±BocC, awrf 

n/(AB) X C. 

For let A^mC, and B=nC, where m and ware con- 
stants; then-4iJ?=(m«fc«)(7; therefore ^^bi^x C. 

Also ^{AB)= »J{mnC^=CJ{mn)\ therefore J{AB)(x:C. 

A A 

379. J/ Ace BC, ^A«n B x ^, anrf C x g-. 

For let A —mBC, then B^ - 77 ; therefore Bcc y^. 
Similarly, Occ ^, 

380. jy A X B, anrf C x D, ^A^ AC x BD. 

For lot A = mB, and C=nD; then AC=mnBD; 
therefore -4C7x BD, 

381. jfr A X B, ^A^n A" X B». 

For let A=mBy then -4"= m'*J5» ; therefore A* x ^. 

382. j{/* A X B, <A«n A? x BP, «rAer« P w aw// 
gua/itity variable or invariable. 

For lot ^ = m5, ihcn il P = mB P \ V)a!et^l«t^ AP ^ "BP . 
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383. ijf A oc B when C is invariable, and AccC when 
B is invariable, tJten A cac BC wJien both B and C are 
variable, 

Tho variation of A depends on the variations of the 
two quantities B and C\ let the variations of the latter 
quantities take place separately. When B is changed to b 

A B 

let A be changed to a'; then, by supposition, —, = -t-. 

^"^ow let C be changed to c, and in consequence let a' be 

a! G 
changed to «; then, by supposition, — = — . Therefore 

a c 

--, X — = -=- X — ; that is, — = "i— : therefore A x BC, 
da b c' 'a be 

A very good example of this proposition is furnished in 
Geometry. It can be shewn that the area of a triangle 
varies as the base when the height is invariable, and that 
the area varies as the height when the base is invariable, 
lience when both the base and the height vary, the area 
varies as the product of the numbers which represent the 
base and the height. 

384. In the same manner, if there be any number of 
quantities B, C, D, ,., each of which varies as another 
quantity A when the rest are constant, when they all vary 
A varies as their product. 



Examples. XXXVII. 

1. A varies as B, and A = 2 when B=l\ find the 
value of A when -5=2. 

2. If A^+B^ Tarics as -4^-^, shew that A + B 
varies 9aA — B, 

3. ZA + 5-B varies as 6A + 3^, and -4=5 when B=2\ 
find the ratio A : B, 

4. A varies as njB + C; aad A=\ ^Ve^. B— V«»S^ 
C=2; aDd:^ = 7 when J5=2, audC='^-. ^lAu, 
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5. A varies as B and C jointly; and A = \ ^hen 
B= 1, and 0=1 : find the value of A when J9=2 and 0=2. 

6. -4 varies as B and (7 jointly; and -4 = 8 when 
J9= 2, and C= 2 : find the value of BC when -4 = 10. 

7. .4 varies as B and C7 jointly; and A = 12 when 
-8=2, and (7=3: find the value of -4 ; -S when C=4. 

8. -4 varies as B and C jointly; and A = a when 
-S=6, and C=c: find the value of A when ^=&' and 
C=(^. 

9. A varies as 5 directly and as C inversely; and A=a 
when B=bf and C=c: find the value of A when ^=(; and 
0=6. 

10. The expenses of a Charitable Institution are partly 
constant, and partly vary as the number of inmates. 
When the inmates are 960 and 3000 the expenses are 
respectively ;£112 and ;£180. Find the expenses for 1000 
inmates. 



XXXVIII. Arithmetical Progression. 

385. Quantities are said to be in Arithmetical Pro- 
fession when they increase or decrease by a common dif- 
ference. 

Thus the following series are in Arithmetical Pro- 
gression, 

2,6,8,11,14, 

20, 18, 16, 14, 12, 

a, a + hy a+2hy o + 36, a + 46 

The common difference is found by subtracting any 
term from that which immediately follows it. In the first 
series the common difference is 3 ; in the second series it is 
— 2 ; in the third series it is h. 

386. Let a denote the first term of an, Arithmetical 
ProgreaBioUy h the commoii difference; then the second 

term is a + b, the third term \a a -v-'ib, VJcift Iwss^Ja. \j^ts&. ^& 
a -h 3d, and so on. Thua t\ie n^ Iwdcl Va a-v ^~VJ>» 
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387. To find the sum of a given number qf terms of 
an Arithmetical Progression, the first term and the com- 
mon difference being supposed known. 

Let a denote the first term, b the common difference, n 
the number of terms, I the last term, s the sum of the 
terms. Then 

*=»+(«+ 6) + («+ 26) + +/. 

And, by writing the series in the roTerse order, we have 
also 

^=/+(/-6) + (/-26) + + a. 

Therefore, by addition, 

25= (/+«) + (/+ a) + to n terms 

=w(/+a); 



therefore 


9=-{Ua).... 


(1). 


Also 


1= a + (w— 1)6 


(2), 


thus 


s=^{2a + {n-l)bl 


(3). 



The equation (3) gives the value of « in terms of the 
quantities which were supposed known. Equation (1) also 
gives a convenient expression for s, and furnishes the 
following rule: the sum qf any number qf terms in 
Arithmetical Progression is eqtud to the product of the 
number qf the terms into haJf the sum, of tJie first and 
last terms. 

We shall now apply the equations in the present Article 
to solve some examples relating to Arithmetical Pro- 
gression. 

388. Find the sum of 20 terms of the series 1, 2; 3, 4^. . . 
Here a=l, 6=1, n=20; therefore 

#=^(2+19)=10x«l\=^\^. 
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389. Find the sum of 20 terms of the series, 1, Z, 5, 7,... 
Here a=l, 6=2, w=20; therefore, 

20 20 

*= — (2 + 19x2)=— x40=(20)«=400. 

390. Find the sum of 12 terms of the series 20, 18, 16,... 
Here a =20, 6= —2, w = 12; therefore 

«=y(40-2xll) = 6(40-22) = 6x 18 = 108. 

391. Findthesumof 8termsoftheserie8,4, L^» oJ'- 

lZ 6 4 3 

Here«= j2>.^~io» ^=8? therefore 



8 



8/2 7\ . 9 ^ 

= 2 U -^12; =^11-2==^- 



392. How many terms mu^Pl^ taken of the series 
15, 12, 9,... that the sum may be:^2; 

Here «=42, a=15, 6= -3; therefore 

42 = ^ {30 - 3(n - 1)} = ^ (33 - 3w). 

We have to find n from this quadratic equation; by 
solving it we shall obtain n=4 or 7. The series is 15, 12, 
9, 6, 3, 0,-3, ; and thus it will be found that we ob- 
tain 42 as the sum of the first 4 terms, or as the sum of the> 
first 7 terms. 

393. Insert five Arithmetical means between 11 and 
23. 

Here we have to obtain an Arithmetical Progression 
consistii^g of %efoen terms, beginning with 11 and ending 
with 23. Thus a = 11, /= 23, w = 7 ; therefore by equation 
(2) of Art 387, 

23 = 11 + 66, 

tViereioT©b='i. 
Thm ihQ whole scries is\\,\^,\?>,VlA'^>'^^>*^> 
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Examples. XXXVIII. 

Sum the following series. 

1. 100, 101, 102, to 9 terms. 

2. 1, 2i, 4, to 10 terms. 

3. 1, 2|, 4J, to 9 terms. 

4. 2, 3|, 6i, to 12 terms. 

2 5 

5. -, -, 1, tolSterms. 

o o 

2' ~3'"" "6' tolSterms. 

7. Insert 3 arithmetical means between 12 and 20. 

8. Insert 5 arithmetical means between 14 and 16. 

9. Insert 7 arithmetical means between 8 and —4. 

10. Insert 8 arithmetical means between — 1 and 5. 

11. The first term of an arithmetical progression is 13, 
the second term is 11, the sum is 40: find &o number of 
terms. 

12. The first term of an arithmetical progression is 5, 
and the fifth term is 11 : find the sum of 8 terms. 

13. The sum of four terms in arithmetical progression 
is 44, and the last term is 17: find the terms. 

14. The sum of three numbers in arithmetical pro- 
gression is 21, and the sum of their squares is 155 : find the 
numbers. 

15. The sum of five numbers in arithmetical progres- 
sion is 15, and the sum of their squares is 55: find the 
numbers. 

16. The seventh term of an arithmetical progression 
is 12, and the twelfth term is 7 > tVi<& «!Vi\£LQl m^ ^jsr^V^a^ 
171 : Gnd the number of tcrms« 
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17. A trayeller has a journey of 140 mOes to perform. 
He goes 26 miles the first day, 24 the second, 22 the third, 
and so on. In how many days does he perform the 
journey ? 

18. A sets out from a place and travels 2^ miles an 
hour. B sets out 3 hours after Ay and travels in the 
same direction, 3 miles the first hour, 3^ miles the second, 
4 miles the third, and so on. In how may hours will B 
overtake A % 



XXXIX. Geometrical ProgresHon. 

394. Quantities are said to be in Geometrical Pro- 
gression when each is equal to the product of the preceding 
and some constant factor. The constant factor is called 
the common ratio of the series, or more shortly, the ratio. 

Thus the following series are in Geometrical Progres- 
sion. 

1,3,9,27,81, 

1 1 1 Jl^ 
^' 2' 4' 8' 16' 

a, ar, ar^, ar^y ar^y 

The common ratio is found by dividing any term by 
that which immediately precedes it. In the first example 

the common ratio is 3, in the second it is -, in the third 

it is r. 

395. Let a denote the first term of a Geometrical Pro- 
gression, r the common ratio ; then the second term is or, 
the third term is ar*, the fourth term is ai^^ and so on. 
Thus the n*^ term is ar^~\ 

396. To find the 9um qf a given number qf term^s qfa 
Geometrical Progression^ tha jirat terra and tlve commcm 

ra^io being supposed knotcn. 
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Let a denote the first tenn, r the common ratio, n the 
number of terms, s the sum of the terms. Then 

therefore *r = ar + ar^ + ar' + . . . + ar"-^ + ar\ 
Therefore, by subtraction, 

8r—8=^ar*—a, 

therefore 8= -^ — r-^. (1). 

t — 1 ^ ^ 

If / denote the last term we have 

l^ar--\ (2), 

therefore *= ~, (3). 

r-\ ^ ' 

E(^uation (1) gives the value of « in terms of the 
quantities which were supposed known. Equation (3) is 
sometimes a convenient form. 

We shall now apply these equations to solve some ex- 
amples relating to Geometrical Progression. 

397. Find the sum of 6 terms of the series 1, 3, 9, 27,... 
H ere a = 1, r = 3, w = 6 ; therefore 

3«-l 729-1 _. 

'=33r = -3^rr =3^^- 

398. Find the sum of 6 terms of the series 1, -3^ 
«/, ~" ^ I , . . . 

Herea=l, r=-3, »=6; therefore 

(-3/-1 729-1 _ 

*- -3-1 - -4 ^^^• 

399. Find the sum of 8 terms of the series 4, 2, 1, - , . . . 
Herea=4, r= -, w=8; therefore 



'(?-) <-?) 



, _ ^ 255 2 255 
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400. Find the sum of 7 terms of the series, 8, -4, 
2 -1 i 

Here a- 8, r=-^, w = 7; therefore 






129 2^43 

2 2 

401. Insert three Geometrical means between 2 and 
32. 

Here we have to obtain a Geometrical Progression 
consisting of five terms, beginning with 2 and ending with 
32. Thus a =2, /=32, ro = 5; therefore, by equation (2) 
of Art. 396, 

32 = 2r*, 

that is r*=16=2*; 

therefore r=2. 

Thus the whole series is 2, 4, 8, 16, 32. 

402. We may write the value of 8, given in Art 396, 
thus 

l—r 

Now suppose that r is less than unity; then the larger 

n is, the smaller will r" be, and by taking n large enough 

r" can be made as small as we please. If we neglect r* 

we obtain 

a 
s= 



1-r' 

and we may enunciate the result thus. In a Geometrical 
Progression in which the common ratio is numerically 
less than unity, by taking a sufficient number of terms 
the sum can be made to differ as little as toe please 

yrom . 

l—r 
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403. For example, take the series 1, - , -, -, ... 

^ 4 o 

Here a=l, r=- ; therefore =2. Thus by taking 

a sufficient number of terms the sum can be made to differ 
as little as we please from 2. In fact if we take four 

terms the sum is 2— -, if we take Jive terms the sum is 

o 

2— --, if we take six terms the sum is 2- —, and so 

on. 

The result is sometimes ex()ressed thus for shortness, 
the sum qf an infinite number of terms of this series is 
2 ; or thus, the sum to infinity is 2. 

404. Recurring decimals are examples of what are 
called infinite Geometrical Progressions. Thus for example 

3 24 24 24 
•3242424... denotes fo + iq^ "*" io^"*" lO^"*"- * 

3 

Here the terms after — form a Geometrical Progres- 

24 
sion, of which the first term is r-p , and the common ratio 

is r-p . * Hence we may say that the sum of an infinite 

24 / 1 \ 
number of terms of this series is tt^ 4- ( 1- --5), that is 

24 

— . Therefore \}olq value of the recurring decimal is 

± 24 

10 "^ 990 ' 
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Examples. XXXIX. 

Sum the following series. 

1. 1,4,16, to 6 terms. 

2. 9,3,1, to 5 terms. 

3. 25,10,4, to 4 terms. 

4. 1, V2, 2, 2^2, .... to 12 terms. 

« 3 1 1 X .* 

6. g, ^, g, to 6 terms. 

2 3 

6. ^, -1, ", to 7 terms. 

7. 1, -3, g, to infinity. 

8. 1,-, — , to infinity. 

4 10 

9. 1, — -, -, to infinity. 

2 

10. 6, —2,-, to infinity. 

tj 

Find the value of the follo^ving recurring decimals ; 

11. -ISISIS.... 12. -123123123... 
13. -4282828. 14. -28131313... 

15. Insert 3 Geometrical means between 1 add 256. 

16. Insert 4 Geometrical means between 5} and 40^. 

17. Insert 4 Geometrical means between 3 and —729. 

18. The sum of three terms in Geometrical Prog^e9sion 
is 63, and the difference of the first and third term is 45 : 
find the terms. 

19. The sum of the first four terms of a Geometrical 
Progression is 40, and the sum of the first eight terms is 
3280 : find the progression. 

20. The sum of three terms in Geometrical Progres- 
s/on ia 21, and the sum oi lYieVt ^P^v'xax^^ \& \^9 \ find Uio 
terms. 



HARMONICAL PROGRESSION, 247 



XL. Harmonical Progression. 

405. Three quantities A, B,C are said to be in Har- 
monica! Progression when ^ : U :: A—B : B—C. 

Any number of quantities are said to be in Harmonica! 
Progression when every three consecutive quantities are in 
Harmonical Progression. 

406. TJie reciprocals of quantities in Harmonical 
Progression are in ArithmeticoU Progression. 

Let A, B, C be in Harmonical Progression; then 
A : G :: A-B : B-C. 

Therefore A{B-C) = C{A- B\ 
Divide by ABG; thus 7^ "" "d = "» ~ ;^ • 
This demonstrates the proposition. 

407. The property established in the preceding Article 
will enable us to solve some questions relating to Har- 
monical Progression. For example, insert five Harmonica] 

2 8 

means between - and •— . Here we have to insert five 

3 15 

3 15 

Arithmetical means between - and ~ . Hence, by equa- 
tion (2) of Art 387, 

8- = 2+^^' 

3 1 

therefore 65=-, therefore 5=t^. 

o 16 

Hence the Arithmetical Progresrion is |, |, g, 

7^) T^f T^> Tl and therefore the Harmonical Pro- 
lo Id Id o 

. . 2 16 16 16 16 U % 
gressionis^, -, -, ^^, ^^, -, ^^. 
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408. Lot a and e be any two quantities; let A bo 
their Arithmetical mean, G their Geometrical mean, H 
their Harmonical mean. Then 

A-a=c—A ; therefore -4 = - (a +c). 

a : G :: G : c; therefore G=^l{ac), 

a : c ;: a-H : II-e\ therefore ^= - . 

a + c 



Examples. XL. 

1. Continue the Harmonical Progression 6, 3, 2 for 
three terms. 

2. Continue the Harmonical Progression 8, 2, If for 
three terms. 

3. Insert 2 Harmonical means between 4 and 2. 

4. Insert 3 Harmonical means between - and - - . 

o 21 

5. The Arithmetical mean of two numbers is 9, and 
the Harmonical mean is 8: find the numbers. 

6. The Geometrical mean of two numbers is 48, and 
the Harmonical mean is 46^ : find the numbers. 

7. Find two numbers such that the sum of their Arith- 
metical, Geometrical, and Harmonical means is ^^ and Uie 
product of these means is 27. 

8. Find two numbers such that the product of their 
Arithmetical and Harmonical means is 27, and the excess 
of the Arithmetical mean above the Harmonical mean 
is 1^. 

9. If a, &, e are in Harmonical Progression, shew that 

a + e—2b : a-c :: a—c : a+e, 

10. If three numbers are in Geometrical Progresnoo, 
amd each of them is incTeaseOiXi^ >iXv^ \fi\dA!kft TMxnbor^ shew 
tlmt the results are in Harmoii\c8\"5tci^^«vsstu 





III. 


6. 


7. 


11. 


420. 




IV. 


6. 


1. 


12. 


5. 
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train 30 miles per hour. 34. 160; 120; 90. 36. 3|#.; J 
• 3«.; 2)9. 36. 4; 69; 65. 37. 120; 80; 40. 3a 432. 
39. 420; 36; 21 shillings. 40. 2; 4; 94. 

XXVI. 1. ±4. 2. J=26. a i7. 4. *9. 

5. Jb9. 6. «fc6. 7. 1,2. 8. 2,3. 9. 2,-12. 

10. 3,-^. 11. 4J,-a 12. 10,6. la 6, -|. 

14. 6, -a 15. |,-^. 16. |, \. 17. 6,|. 

18. 3, -9. 19. ^\, -\. ^. ^\>-^V ^V V*L 
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22. 4. 23. 6,^. 24. 11,3. 25. 5, 3i. 

26. 44,-2. 27. 7, -j^. . 28. 10,-10. 

29. 3, -2i. 30. \, -3. 31. 2. 32. 2, -a 

33. ±2. 34. 1,-4. 35. 3,-^. 06. 6,2^. 

37. 6, y. 38. 7,|. 39. 8,23^, 40. 3, -4|. 

41. 3,-5. 42. 3,-^. 43. 2,-1. 44. 4^-1. 

45. 7,31t. 46. li,l. 47. 4J,J. 43^ 3, -|. 

49. 3,-9. 50. 10,9||. 51. 3, -IJ. 52. 3, -If. 

53. 4,0. 54. Ii,0. • 55. 13,^. 56. 6, -SJ. 

57. 5, -Ij^. 58. 5,1}. 59. 5, -l^. 60. 2^,0. 

61. a±i. 62. (a±6)2. 63. ^»J(pb). 64. fl,-4r^- 

XXVII. 1. ±2, ±3. 2. 49. 3. 4. 4. ±4. 
5. 5, -3. 6. 3, -2. 7. 6, 0. 8. 12, -3. 
9. 9, -12. 10. ±3. 11. 2. 12. 4, 11 J. 

13. 1|. 14. 16. 15. 1. 1^- |» |- ^7. 4. 

18. 4. 19. i(?±^,±^). 20. ^. 21. 3a«. 

(0—6)' 2 

22. 0, db-^. 23. 0, ±5.. 24. 0, db ,^2. 25. 2. 

26. 0, dz J(ab), 27. a, -2a, -2a. 28. a,-^^ -|. 

XXVIII. 1. 36, 24. 2. J36, 24. 3. 30, 24. 
4. 18,12,9. 5. 12,10. ^^. 4, ^. 1. ^^5^- 
8. 3,48. 9. 11. 10. 7. ^IV ^>V2»- "^"^^ ^^' 
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13. 24. 14 27 lbs. 15. 8*. 9d., 7«. 16. X20. 

17. 126,96. 18. 8rf. 19. 10, 9 miles. 20. 66. 
21. 192, 128. 22. 9 gallons. 23. 64. 24. Equal 

XXIX. 1. 6, 4; ^5, -4. 2. 4,-?^; 1, -g. 

3. ±8; ±6. 4 6,12; 2, -4. 5. 7, -4; 4, -7. 

_. 48" 41 ^ o^6-„4 _^ 4^ 13 

6.4,-j3;3,-j3. 7. -24, ^; 12, ^. 8. 6, -^j; 5, g-. 

9. 2, -2^; 4, --g . 10. 6,0; 5,0. 11. g,0; ^,0. 

12.3,6;J,3. ]3.4,g;8,J. 14 5^, ; ^, 0. 15. a, 6. 

16. a, ^^ -~- ; 6, ^^ -, - . 17. a, -7— rw; 6, -3—... 

7 1 

18. a, ; 0, b. 19. ±4, =^-^ ; '«^3, ^— ^ * 20. ±5 ; ±4 

21. »fc7; ±6. 22. ±15; ±7. 23. =fc4, ±14; ±1, ^i. 
24 ±9; ±4. 25. ±3; ±5. 26. ±9; ±3. 27. ±8; ±6. 
28. ±2; ±1. 29. ±9, ±8^/2; ±7, ± sJ2. 30. ±4; ±1. 

31. 0,1,22,0,2,22- 32. ^ j^2a'^2)' "^-^(2^2)' 
«^ a + 6 , a — 6 «, « + l a— 1 

•^•'=^'=*^-;;/2'='^^=*=^- ^•'=^'=*^';72''=^'=^-;?2- 

35. 6, -4; 4, -6. 36. :5, 4; 4, 6. 37. 4, 2; 2, 4 
38. 4, -3; 3, -4. 39. 1, 2; 2, 1. 40. ±4, ±3; ±3, ±4 

41. 2,1;^, |. 42. ±5; ±3. 43. 2, 1,-1,-2; 1,2,-2,-1. 

«. 3, -Jje, -|. 46. 6, -|;2, -g. 

c> "Y ^ 9 7 3 
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^/> . ^ a + 6+1 •, 6 ►^ « 

49. a + 6 + 1, -^^:i-; 6, -—J. 50. ^g; =^3*. 

51. db^; ±26. 52. 0, a+6, | (a-6)*| V{(a + 36)(a-6)}; 

0,a + 6,o(«-*)^|V{(« + 36)(a-6)}. 53. a7=a-=-4^(a6c); &c. 

54. (a7+y)(y + «r)(s: + ^)=±a6c; &c. 55. ±1; ±2; =ta 

^^8338 

^^- 3' 2' 2' ^' '^^• 

XXX 1. 11; 7. 2. 6; 18. 3. 8; 24. 4. 8; 16. 
5, 10 ; 15. 6. 10; 12. 7. 7 ; 5. 8. 18; 8 : 6; 16. 
9. 5; 3. 10. 4; 2. 11. 2; 2. 12. 4; 6. 

13. 7; 4. 14. 12; 8. 15. 20; 15. 16. 30; 40. 
17. 60. 18. 6-4. 19. 160; £2. 20. 24; 4*.; 3«. 
21. 756 ; 36 ; 27. 22. 4J walking ; 4^ rowing at first. 
23. 10 ; 12 miles per hour. 24. 6 miles. 

XXXI. 1. arVijf^. 2 -apVis®. 3. 81a*6Pc^«. 
4r* _64a?5 r^ 

9y* • 2.7 f ' 



7. #i«+6a»6 + 15a^62 + 20o363 4.i5a254 4.^55^.j«, 

9. a«-3rt*6» + 3^264 -6«. 10. l-ar + ar«-^. 

11. 8 + 12^ + 6r2+a;3. x2. 27-54^ + 36ar«-8a^. 

13. l+4r + 6a?2 + 42:* + ^. 14. a:*-8.r» + 24»2-32jf + 16. 

15. 16a;*-96j;3 + 2iar2 + 216^+81. 16. 2a3^+6a.r6'j/". 

17. 2aV+12a2a7262y2 + 26V. 18. 2(5a?+10a;3+A 

19. l-4dr2 + 6d?*~4-c« + aj«. 20. l + 2dr+3j;» + 2j?3+«*. 

22. l + 2jr-a?2-2aj3 + ^. 23. l + 6.r+ia2?2 + 12j;» + 4j^. 

24. l-6jr + 15ar»-iai?3 + 9a^. 25. 2(4+23ar»+16^). 

26. l+3.r+6.r2+7j;3 + g^+3^+^^ 

28. l+3j:-5a?' + 32r»-^. 

29. l + 9^4-3ar2 + 63^+66a7*+36a?'+8a^. 

30. l-9a? + 36ar*-8l4?3 + 108^*-8lar^-v27a!*- 

^h ^(3fir-f irijr» + 144dP»). S^.l-^-V^^- 3^^141?^* 
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33. l+4a? + 10jc* + 2ar3 + 254r* + 24jj»+l&P*. 

34 4(a6+flrf + 6c+W). 35. 2(aH2ac+c*+6«+2M+d«. 

36. l + 6a? + 15^ + 20«' + 154r* + 6a7' + Jp'. 

37. l-12j7 + 6ar*-16ar' + 240a^-19247' + 64r». 

38. l + ar + 2ar' + 6ar' + 7ar* + 56jr' + 2a»« + ar'+<r«. 
39.1-ar' + ar«-*». 40. l+3a^+ap* + 7«' + aF8 + ar^*+x^. 

XXXII. 1. 3a^6'. 2. 2ab. 3. -4fl6*. 4. 2aftV. 
5. -a6V. 6. y^. 7. -^. a -^. 9. -^. 

10. -^. 11. 4a + 56. 12. 7a«-66. la Sj^+I. 

14. 8a + 36c. 15. - — ^ . 16. -« — j, . 17. a^ + J?+l. 

5a + 2c 2>i?-3 

18. l-d7 + 2j^. 19. ^ + 3j? + 8. 20. «*-2j7-2. 

21. l-2r + 3jr». 22. 2a?*-j^~2. 23. *»-a4?+2o*. 

24.0^-0^ + 62. 25.d;5-ar* + 12j7-a26.a?' + 2flw?2_2a«^-(i». 

27. l-^+x2~a?'+^. 2a |?-f--?^. 29. 1+jr. 

3^ oz 4z 

30. 2a?-3y. 31. 1-x+a^, 32. j;*- (a + 6) a: +06. 

33. 47 + 1. 34. x^-xy+i^, 35. 34. 36. 45. 

37. 61. 38. 72. 39. 87. 40. 99. 

41. 123. 42. 321. 43. 407. 44. 555. 

45. 6*42. 46. '914. 47. 1234. 48. 5420. 

49. 6201. 50. 705a 51. 8-008. 52. "4937. 

53. 12007. 54. 50406. 55. 18042. 56. 2-1319. 

57. -75416. 5a 44332a 59. -94868. 60. 2-4919a 

61. -65574. 62. -09233. 63. 412310. 64. 1135781. 

65. 18 63488. 60. 119-56331. 67. 2^ + 3^^. 68. 12a?«+4y«. 

69. x—a-b, 70. ^2+a?+l. 71. a^—ax—a^. 

72. 2^+4ca:-3c*. 7a l--ar+4^«. 74. l-x+a^-j^, 

77. 27. 7a 35. 79. 54. 80. 61. 81. 8a 82. 92. 

83. 138. 84. 148. ^5. ??I^* ^^. '^l. 87. 5 76. 

88. '604. 89. IIU. ^. ^155. ^V ^^«>. ^1.^«C^, 
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XXXIII. 1. |. 2. i. a j^. 4. 100. 5. ~. 

6. a~«. 7. a«. 8. a-«. 9. a-^. 10. a^^. 11. a:*- y*. 
12. a-5. 13. a:*+2a?t + a?-4. 14. a?*+l+;i?"*. 15. a-1. 

16. a»-3aV+3a*a-*-a-*. 17. a'+2aM + aJ-^V* 
18. x^+x^y-xifi-y^, 19. .ii?^ + a?*y^ + ir*y*+y*. 

20. a'+a*6* + &*. 21. 16a?-*-12a?-V'+9y"*- 

22. a:+y. 23. a*-a^&^ + &*. 24. «* + &*-<;*. 

25, x^'\-23^a^+^a-\-2a^(fi-\-a\ 26. ;i?J-2;i?*y*+y*» 

27. a?*-2ir-*. 2a x-2''X~\ 29. d7'-2a?* + a:*. 

3a 2;i:*-3 + 4a?-*. 

XXXIV. 1. 7n/2. 2.9^4 a|V3- ^ ^• 
6.^^. ^•-2"- 7-2 + 2^/2-2^3. a2+|^/6. 
9. 4+|^/2. 10. 5 + 2 VC 11. ^^^^^ - 
12. =ri8+9V6+4VI5 + 6^/10y 13. 3+^/5. 

14. 3-V7. 15. V6+^/2. 16. \/|-y|. 

17. iy3-«/2. 18. 2 + ^3- l^- n/3. 20. ^/lO. 

^f XXXV l?'/2.-^5^^^ aA 

' 4. 14,21. 5. 24,30. a 20,32. 7. 1. 

a 15,10. 9. 6, a 10. 35,42. 11. 4. 

12. -^. la 50,60,90. 14. 0,2:5. 
a+6 

XXXVI. 1. 14. 2. 18. a 15. 4. 12. 5. 4. 
a 4. 7. 2, 2J, 8. 5. 9. 1, -\. \^. i^^^^^J^* 
14. 4,6,9 
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XXXVII. 1. 4. a 6 : 2. 4. 2. 5. 4. 



6. 6. 7. 8. 8. abe. 9. -„ . 10. £113J. 



XXXVIII. 1. 936. 2. 77J. a 69. 4. 13a}. 
5. 37i. 6. -115. 7. 14,16,18. 8. 14i, 14J,... 

9. 6^,5,... 10. -L i,... 11. 10,4. 12. 82. 

o o 

la 5,9,13,17. 14. 5,7,9. 15. 1,2,3,4,6. 

16. 14,23. J7. 7. 18. 5. 

XXXIX. 1. 1365. 2. 13 J. 3. 40j. 4. 63(^/2 + 1). 
665 ft 463 ,^3 4 2 

648* 96 • '•4' '"* 3* 3* .^* 

11 ^ 12 i^ 13 ?^ 14. ^^^ 

/^' 33* • 333* ^'^' 495' ^^ 1980' 

15. 4, 16,64. 16. 8, 12, 18, 27. 17. -9, 27, -81, 24a 

18. 3, 12, 48 ; or 81, -54, 36. 19. 1, 3, 9,... 20. 3, 6, 12. 

2' 5* 5* 1*?' * ^' ' 

4. j^^, ^"^2* g^g. 5. 6,12. 6. 36,64. 7. 1,9. a 3,9. 



THE END. 
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yavibovi wxb Csmbnbgt. 



MACMILLAN AND CO.'S 



DESCRIPTIVE CATALOGUE OF 



CAMBRIDGE CLASS BOOKS. 



lie Works in this Series of Cambbidge Class-Books foe 
THE USE OP Schools akt) Colleges, which ha/oe been 
isstied at intervals dwring the last ten years, are intended 
to embrace all branches of Education^ from the most 
Elementary to the most Advanced^ and to keep pace with 
the latest discoveries in Science, 

If those hitherto published the la/rge and ever increasing sale 
is a sufficient indication of the manner in which they have 
been appreciated by the public, 

i SERIES of a more Elementa/ry ckwracteT \% m •^ptw^owoi- 
^iof^, a Itet of which will le /ouud on -po^* '^ «S ^^ 
Catalogue, 

JOO, 



ELEMENTARY SCHOOL CLA88 BOOKS 

The volumes of this Series of Elbmbktaby School Cu 
Books are haridsomely printed in a form that, it is hope 
will assist the young student as much as clearness of ty 
and distinctness of arrangement can effect. They a 
published at a moderate price to ensure an extensive st 
in the Schools of the United Kingdom and the Colom 

1. Euclid for Colleges and Schools. 

By I. TODHTJNTER, M.A., F.RS., Fellow and Principal Math 
matical Lecturer of St John's College, Cambridge. 18mo. 3«. 6 

2. An Elementary Latin Grammar. 

By H. J. ROBY, M.A., Under Master of Dulwich College Upp 
School, late Fellow and Classical Lecturer of St. John's CoUeg 
Cambridge. 18mo. 2s, 6d, 

3. An Elementary History of the Book of Comma 

Prayer. 

By FRANCIS PROCTER, M.A., Vicar of Witton, Norfolk, lai 
Fellow of St Catharine's College, Cambridge l8mo. 2f. 6^. 

4. Mythology for Latin Versification. 

A Brief Sketch of the Fables of the Ancients, prepared to \ 
rendered into Latin Verse, for Schools. By F. C. HODGSON, B.D 
late Provost of Eton College. New Edition, Revised by F. ( 
HODGSON, M.A., FeUow of King's College, Cambridge. ISmo. & 

5. Algebra for Beginners. 

By L TODHUNTER, M.A., F.R.S. lln the IWi 

6. The School Class Book of Arithmetic. 

By BARNARD SMITH, M.A, late Fellow of St. Peter's CoUegi 
Cambridge. [J» the JPtw 

7. The Bible Word-Book. 

A Glossary of old English Bible "Words with Illustrations. 
By J. EASTWOOD, M.A.., St. John's CoUege, Cambridsre, m 
Incumbent of Hope in H.an\e7,^\aSax^ wA'^ , i^\ilS WRIGHl 
M.A., Trinity College, CambriQige. \^«fi«»Ni 

**♦ Other Volumei will be annovtvced iiv ««» cmwrM. 



CAMBEIDGE CLASS BOOKS 



FOB 



SCHOOLS AND COLLEGES. 



WOBKS by the Bev. BABNABD SMITH, 1C.A. 

Fellow of St. Peter's College, Cambridge. 



I. 

Arithmetic & Algebra 

In their Principles and Applications. 

With numerous Examples^ aystemat- 
ieaUy arranged. 

3:igbtliEdit. 696 pp. (1861). Cr.Svo. 
strongly bound in cloth. 10«. 6(f. 

^The first edition of this work was published 
in 18M. It was primarily intended for 
the use of students at the Universities, 
and for Schools which prepare for tiie 
Uniyersities. It has however been found 
to meet the re<^uirements of a much 
larger class, and is now extensiyely used 
in Schools and Colleges both at home and 
in the Colonies. It has siao been found 
of great service for students preparing 
for the Middle-Class and Civil and 
Military Service Examinations, f^m 
the care that has been taken to elucidate 
the principles of all the Rules. Testi- 
mony of its excellence has been borne by 
some of the highest practical and theo- 
retical authorities ; of which the follow- 
ing from the late DEAN PEACOCK may 
be taken as a specimen : 

"Mr. Smith's Work is a most useful 
publication. The Rules are stated with 
great clearness. The Examples are well 
selected and worked out with just suffi- 
cient detail without being encumb^ed by 
too minute explanationa ; and there pre- 
raila througbont it that iu«t proportion of 
beory and practice, which is the crown- 
ig excellence of an elementary "work." 



2. Arithmetic 

For the Use of Schools, 

New Edition (1862) 348 pp. 
Crown 8vo. strongly bound in cloth, 
is. 6d. Answers to all the Ques- 
tions. 

3. Key to the above, contain- 
ing Solutions to all the Questions 
in the latest Edition. Crown 8yo. 
cloth. 392 pp. Second Edit. Ss. ed. 

To meet a widely expressed wish, the 
ARITHMETIC was published separately 
firom the lai^ger work in 1854, with so 
much alteration as was necessary to make 
it quite independent of the ALGEBRA. It 
has now a very large sale in all classes of 
Schools at home and in the Colonies. A 
copious collection of Examples, under 
each rule, has been embodied in the work 
in a systematic order, and a Collection of 
Miscellaneous Papers in all branches of 
Arithmetic is api>ended to the book. 

4. Exercises in Arith- 
metic. 104 pp. Cr. 8vo. (I860) 
28. Or with Answebs, 2f. 6a. 
Also sold separately in 2 Parts 
Is. each. Answers, 6d. 

These EXERCISES \u&M«\)i«e&.^<s^;^Sii£G«^. 
m. OT^et to vN^^ XJftft "^^Kw^ «iassssj«*. '^ 
CVCT\ x\j3Lfe ol NriSMBSS^^. IF^t^^SS 



CAMBRIDGE CLASS BOOKS 

WOBKS by ISAAC TODHUHTEB, K.A. F.R.S. 

Fellow and Principal Mathematical Lecturer of St. John's College, Cambridge. 



1. Algebra. 

For the U»e of Colleges and Schools. 



Third Edition. 642 pp. (1862). 
Strongly bound in cloth. 7«. 6d, 



3. Spherical Trigonometry. 

For the Use of Colleges and Sehock 

1 12 pp. Crown 8vo. (1859). 

Strongly bound in cloth. 4s. 6d. 

This -work is constructed on the esmt 

This work contains all the propositions ^^ "♦ *H.-^^ — ^ i*f^** ^*^ 

which are UHuilT^cluded hi S«m^^ ^^If* ^ "^^^^ ^^ » mtended as a seqwL 

wnicn are UHuaiiymcmaeam elementary Considerable labour has been exn^ded 

treatiHeH on Algebra, and a large number Xn ♦itr*JV* 4«^«0il«. ♦T-Jj!^-* ^^-T 

accuracy of the demom,tratioi£roir W ^3i?l^jP ^'P*"* haye all b« 
tracting the limits of the subject. The *»"'*^y vermeo. 

The Elements of Eadid 

For the Use of Schools and CoUejm, 



ig tne limits or tne subject 
Examples have been selected with a view 
to illustrate every put of tiie subject, and 
as the number of them is about Sixteen 
hundred and fifty ^ it is hoped they will 
supply ample exercise for the student. 
Kach set of Examples has been carefully 
arranged, commencing with very simple 
exercises, and proceeding gradually to 
those which are less obvious. 



compiusiko the first six books a» 
Portions of ths £i.evkkth a» 
TwKLFTH Books, with Notxb, Ar> 

PKNOIX, AMD EXKBCISBS. 

384 pp. 18mo. bound. (1862). 3«.6i 

As the Elements of Euclid an usoal^ 
placed in the hands of yoim^r students : 

2. Plane Trigonometry . ;r,jrr^r'a^'SeS''ur^^5i5S ' 

For School, and Cottege*. \ '^J^^^.'^l^^S^Z 

o jT?Ti. o»rn fxoaiw n-« o I tinuous argument. No method appeals to 
2nd Edit. 279 pp. (1860). Cm. 8vo. | be so useful as that of breaking^ th 



Strongly bound in cloth, bs. 

The design of this work has been to ren- 
der the subject intelligible to beginners, 
and at the same time to afford the student 
the opportunity of obtaining all the infor- 
mation which he will require on this branch 
of Mathematics. Each chapter is followed 
by a set of Examples : those which are 
entitled Miscellaneous Mxamples^ together 
with a few in some of the other sets, may 
be advantageously reserved bv the student 
for cxcrclHO after he has made some pro- 
gress in the subject. As the Text and Ex- 
amples have been tested by considerable 
exporienco in teaching, the hope is entcr- 
toinrfJ tlmt they will be suitable for impart- 
InffaHound and comprehensive knowledge 



demonstrations into their constituent psrti, 
and this plan has been adopted in ti» 
present edition. Each distinct assertiai ii 
the argument begins a new line ; and at 
the end of the lines are placed the noccnwy 
references to the preceding principles a 
which the assertions depend. The long* 
propositions are distributed into subocdk 
nate parts, which are distinguished ^ 
breaks at the beginning of the lines. Ihi , 
Notes are intended to indicate and expliii i 
the principal difficulties, and to supply A* ; 
most important inferences which can to 
drawn from the propositions. ThemA 
finishes with a collection of Six hmdrd 
and twenty-five JSxercisea, which have bea 
selected prmcipally fh>m Cambridge Ex* 
amination papers and have been tested by 
«. ^ fkr as poBsiUe tter 



1 



of Plane Trigonometry, toRetYiet mlY^Uoti^ tr^«r«jM». 

readineHB in the application of this kno^- Vote «fft«£Wfc<5dL "vn ^. _ 

Icdfi^c to the Holution of problema. In t\ie \ Y\?;v3lTC6 ^\^ \» IwaAXa \jfe\3tt«%^^ 
^eoond Kdftionthc hints for the Bo\u\ioii\\mc\.,^^\vw^^ 

' tte^«x«,aplc. have >>een coB.l4ex.U,\^^j^^^^^^-S5^^Sa^ 



FOR SCHOOLS AND COZLJEGJES, 



WORKS by ISAAC TODHUNTEB, 1C.A., T.B„B— continued. 



5. 

Fhe Integral Calculus 

And its Applications, 

With numerous Examples. 

Second Edition. 342 pp. (1862). 
Crown 8vo. cloth. 10«. 6<?. 

In writing the present Treatise on the 
ntegral Calindtis, the object has been to 
roduce a work at once elementary and 
omplete— adapted for the use of beginners, 
nd sufficient for the wants of advanced 
tudents. In the selection of the propo- 
itions, and in the mode of establishing 
iiem, the author has endeavoured to ex- 
ibit fully and clearly the principles of 
tie subject, and to illustrate ail their most 
nportant results. In order that the stu- 
ent may find in the volume all that he 
squires, a large collection of Examples 
}r exercise has been appended to the 
ifferent chapters. 

3. Analytical Statics. 

With numerotcs Examples, 

Second Edition. 330 pp. (1858). 

Crown 8vo. cloth. 10*. 6rf. 

In this work will be found all the pro> 
ositions which usually appear in treatises 
n Theoretical Statics. To the different 
hapters Examples are appended, which 
ave been selected principall;j^ from the 
rniversity and College Exammation Pa- 
ers ; these will furnish ample exercise in 
bie application of the principles of the 
abject. 

7. EXAMPLES OF 

Analytical Geometry 
of Three Dimensions. 

6 pp. (1858). Cm. 8vo. cloth. 4». 
A collection of examples in illustration 



8. The 

Differential Calculus. 

With numerous Examples. 

Third Edition, 398 pp. (1860). 

Crown 8vo. cloth, 10«. 6<?. 

This work is intended to exhibit a com- 

{)rehensive view of the Differential Calcu- 
us on the method of Limits. In the more 
elementary portions, explanations have 
been given in considerable detail, with 
the hope that a reader who is without the 
assistance of a tutor may be enabled to ac- 
quire a competent acquaintance with the 
subject. More than one investigation of 
a theorem has been frequently given, 
because it is believed that the student de- 
rives advantage from viewing the same 
proposition under different aspects, and 
that in order to succeed in the examina- 
tions which he may have to undergo, he 
should be prepared* for a considerate va- 
riety in the order of arranging the several 
branches of the subject, and for a corres- 
ponding variety in the mode of demonstra- 
tion. 



9. Plane Co-Ordinate 
Geometry 

AS APPLIED TO THE STRAIGHT LINE 

AND THE CONIC SECTIONS. 

With numerous Examples. 

Third and Cheaper Edition. 

Cm. 8vo. cl. 326 pp. (1862). 7«. 6<f. 

This Treatise exhibits the subject in a 
simple manner for the benefit of beginners, 
and at the same time includes in one 
volume all that students usually require. 
The Examples at the end of each chapter 
will, it is hoped, furnish sufficient exercise, 
as they have been carefully selected with 
the view of illustrating the most impor- 
tant points, and have been tested by re- 
peated experience with pupUs. IrL<5«K\.- 
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10- ELEMEST.IKV TEE.\TISE OS THE 

Theory of Equations. 
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Bg J. M. PKATT, M.A. 
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A Treatise oil 
Attractions, 
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(1861). clotJi. 61. 6d. 
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8vtt doth. 532 pp. (1861). 12a. 
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1- Mathematical Tnicti 
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'^^tb«'^ ^""^ Edition. 400 pp. (IBi?. 

heir Btren^b StO. 1S(. 

2. Theory of Errors of 
Observations 

And the Ctmiintttion of 

103 pp. (1861). Crown 8vo. 6<. Si 



A TREATISE ON 

Ueclianics and Hydro- 
statics. 

With Solutions of Qaeitiona 
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By GEORGE BOOLE, D.C.L., F.R.S. 

Professor of Mathematics in the Queen's 
University, Ireland. 

Differential Equations 

468 pp. (1859). Cm. 8vo. cloth. 14«. 

The Author has endeavoured in this 
treatise to convey as complete an account 
of the present state of knowledge on the 
subject of Differential Equations as was 
consistent with the idea of a work in- 
tended, primarily, for elementary instruc- 
tion. The object has been first of all to 
meet the wants of those who had no pre- 
vious acquaintance with the subject, and 
also not quite to disappoint others who 
might seek for more advanced informa- 
tion. The earlier sections of each chapter 
csontain that kind of matter which has 
usually been thought suitable for the 
'bennner, while the latter ones are devoted 
either to an account of recent discovery, 
or to the discussion of such deeper ques- 
tioiiB of principle as are likely to present 
themselves to the reflective student in con- 
nection with the methods and processes 
of his previous course. 

2. The Calculus of 
Finite Differences. 

248 pp. (1860). Crown 8vb. cloth. 
10*. 6rf. 

In this work particular attention has 
been paid to the connexion of the methods 
with those of the Differential Calculus— a 
connexion which in some instances in- 
volves far more than a merely formal 
analogy. The work is in some measure 
designed as a sequel to the Author's 7V«a- 
tise on Differential Equations, and it has 
been composed on the same plan. 



Elementary Statics. 

By the Rev, GEORGE RAWLINSON 

Professor of Applied Sciences, Elphin- 
stone Coll., Bombay. 

Edited by the Rev. E. STURGES, M.A. 

Rector of Kencott, Oxfordshire. 

(MO pp.) 1860. Cm. 8vo. cl. 4«. 6d. 

SSfl^ ^^ ^: ^' Secretary of State fox \ T\^'Ei^^Ti^<i«ssJw»2»*^'^^^I^ 
ana couegea m India. \ ^^ \Xi^ eoiOL ^i i5>aft\*a«S«-' 



By P. G. TAIT, M.A., and 

W. J. STEELE, B.A. 

Late Fellows of St. Peter's Coll. Camb. 

Dynamics of a Particle. 

With numerous Examples, 
304 pp. (1856). Cr. 8vo. cl. lOs. 6d. 

In this Treatise will be found all the 
ordinary propositions connected with the 
Dynamics of Particles which can be con- 
veniently deduced without the use of 
D'Alembert's Principles. Throughout the 
book will be found a number of illus- 
trative Examples introduced in the text, 
and for the most part completelv worked 
out ; others, with occasiomil solutions or 
hints to assist the student are appended to 
each Chapter. 

— ♦ 

By the Rev. G. F. CHILDE, M.A. 

Mathematical Professor in the South 
African College. 

Singular Properties of 
the Ellipsoid 

And Associated Swrfaees of the Nth 
Degree, 

162 pp. (1861). 8vo. boards. 10*. 6<?. 

As the title of this volume indicates, 
its object is to develope peculiarities in 
the Ellipsoid; and further, to establish 
analogous properties in unlimited con- 
generic series of which this remarkable 
surface is a constituent. 



By J. B. PHEAR, M.A. 

Fellow and late Mathematical Lecturer of 
Clare College. 

Elementary Hydrostatics 

With numerous Examples and 
Solutions. 



Second Edition. 156 pp. (1867). 
Crown 8vo. cloth, hs. 6d. 

" An excellent Introductory Book. The 
definitions are very clear ; the descriptions 
and explanations are sufficiently fuU. and 
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2. A Treatise on Optics 

304 i^. (1859), Crown 8yo. 10*. 6d. 
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et. John's College. Cam' 
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Pabi I. Crown 8vo. dot 
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By G, B. PUCKLE, M,A, 
Principal of Windermere College. 

Conic Sections and 
Algebraic Geometry. 

With numerous Easy Examples Fro- 
gressively arranged. 

Second Edition. 264 pp. (1856). 
Crown 8vo. 7«. ^d. 

This book has been written with special 
reference to those difficulties and misap- 
prehensions which commonly beset the 
student when he commences. With this 
object in view, the earlier part of the 
subject has been dwelt on at length, and 
geometrical and numerical illustnttions of 
tide analysis haT« been introduced. The 
Examples appended to each section are 
mostly of an elementary description. The 
work will, it is hoped, be found to con- 
tain all that is required by the upper 
dlasses of schools and by the generality 
of students at the Universities. 



By EDWARD JOSN BOUT^, M.A. 

Fellow and Assistant Tutor of St. Peter's 
College, Cambridge. 

Dynamics of a System 
of Bigid Bodies. 

With numerous Examples. 

336 pp. (1860). Crown 8vo. cloth. 
10«. ed. 

Contents: Chap. I. Of Moments of 
Inertia. — II. D'Alembert's Principle.— 
III. Motion about a Fixed Axis.— IV. 
Motion in Two Dimensions.— V. Motion 
of a Bigid Body in Three Dimensions. — 
VI. Motion of a Flexible String.— VII. 
Motion of a System of Rigid Bodies.— 
Vni. Of Impulsive Forces.— IX. Miscel- 
^ - laubo ns Examples. 

The numerous Examples which will be 

found at the end of each chapter have 

been cbieSy selected from the Examina- ' 

Hon Papers set in the University and 

CoUegea of Cambridge daring the last fe^w 
yean. 



The 

Cambridge Tear Book 

AND UNIVERSITY ALMANACK 

For 1863. 

Crown 8vo. 228 pp. price 2^. 6d. 

The specifio features of this annual pub- 
lication wiU be obvious at a glance, and 
its value to teachers engaged in preparing 
students for, and to parents who are send- 
ing their sons to. the Universiiy, and to 
the public generally, will be clear. 

1. The whole mode of proceeding in 
entering a student at the University and 
at any particular College is stated. 

2. The course of the studies as regulated 
by the University examinations, the man- 
ner of these examinations, and the specific 
subjects and times for the year 1863, are 
given. 

3. A complete account of all Scholar- 
ships and Exhibitions at the several Col- 
leges, their vidue, and the means by which 
they are gained. 

4. A brief summary of all Graces of the 
Senate, D^rees conferred during the year 
1861, and University news generally are 
given. 

5. The Regulations for the Local Ex- 
amination of those who are not members 
of the University, to be held this year, 
with the names of the books on which the 
Examination will be based, and the date 
on which the Examination will be held. 



By N. M. FEBBEBS, M.A, 

Fellow and Mathematical Lecturer of 
Gonville and Cains College, Cambridge. 

AN ELEMENTARY TREATISE ON 

Trilinear Co-Ordinates 

The Method of Reciprocal FdlarSy 
and the Theory of Frojections, 

154 pp. (1861). Or. 8vo. d. 6«. 6<f. 

The object of the Author in writunE 
on this s\3Ai\%«A. \ia& \as£aJs^ \sR5SB.NKi -'^^ 
1 it on. a\i«L»a aNXosseN:cL«\sv^'!2^^«^^^^ 

\ RaTW^^.^^^\^«rS^S^S^^ 



CAMBBIDQE CLASS S00K8 
Senate-Honae 
, matical Problems. 
Plane and Spherical | wah Sobaum,. 

Trl^nometry. jlSlUl. BrFnimudJu^Kur. tn, 

With the Comlructiaa and Uit of 

Tablet of LogaritKmi. 
Nintli Edition. 240 pp. (1867). 
Crown 8vo. 7«. M. ; 
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By W. B. DRSW. M.A. 
fiecond Ua^tet of BUcUitathBchDo], 

Geometrical Treatise 
on Conic Sections. 

JFiihaagiiout Collection of ExampUt. 
Second Edition. Crown 8to. cloth. 
ii.6d. 
In tUs work the subject of Conic Bec- 
tioTd haA been placed before the student 
in gucb a form that. It la hoped, after 
masteringr the elemeon ot EucUd. he may 
find 11 an eaay and IntereBUng continuitlDn 
of hia mometrloal atudiee. With a rtew 
alu of rendering the work a complete 
Manual of what la required at the Uni- 
*enldea, there hs^e h»n eitber embodied 
Into the text, or inserled iniong the ei- 

In the Cambridge • -.■ — 



SolutionB to the Pro- 
bleniB in. Drew's Oo- 
nic Sections. 

Crown Syo. clotb. 48. fid. 



Bf n. A. MOBOAJT, Jf.jL 
f etlaw of JnoB ColItgB, Cunbridfa 

A Collection of STathe- 
matitial Problems and 
lixamples. 

With Annoert. 
190 pp. (1858). Crown 8to. 8«. M 
This book containe a nomhcr of pn»- 
leiuB, chiefly elementiiy, In the Mi^ 
miilical Bnbjecta uausJly read at Ci»- 
bridge. They bare been geleet«] bm 
tlwpapen set during late yean alJoa 
Cullege. Veryfew of them are to be net 
vritli In other callettions, and by He Oa 
Urtrer number are due lo some of tlie onit 
iti^tinguUbed MathematidMne inttiellBt 

Cambridge TTniTersit; i 
Examination Papers. '■ 

Crown 8to. 184 pp. 2». M 
, K OiQiKUDa of all tbe Fapan H 
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A Treatise on 

Solid Geometry. 

By PERCIVAL FROST, M.A., 

St. John's College, and ' 

JOSEPH WOLSTENHOLME, if.^., 
Christ's Coll. Cambridge. 

472 pp. 8vo. cloth. 18«. 1863. 

The authors have endeavoured to present 
before students as comprehensive a view of 
the subject as possible. Intending as they 
have done to make the subject accessible, 
at least in the earlier portion, to all classes 
of students, they have endeavoured to ex- 
plain fully all the processes which are 
most useful in dealing with ordinary theo- 
rems and problems, thus directing the 
student to the selection of methods which 
are best adapted to the exigencies of each 
problem. In the more difficult portions of 
the subject, they have considered them- 
selves to be addressing a higher class of 
students; there they have tried to lay 
a good foundation on which to build, if 
any reader should wish to pursue the 
science beyond the limits to which the 
work extends. 



By JOHN E. B, MAYOR, M,A, 

Fellow and Classical Lecturer of St John's 
College, Cambridge. 

1. Juvenal. 

With English Notes, 

464 pp. (1854). Crown 8vo. doth. 
10«. M. 

" A School edition of Juvenal, which, 
for really ripe scholarship, extensive ac- 
quaintance with Latin literature, and £&> 
miliar knowledge of Continental criti- 
cism, ancient and modem, is unsurpassed, 
we do not say among English School-books, 
but among English editions generally."— 
Edinbuboh Review. 



AN ELEMENTARY TREATISE ON 

The Planetary Theory. 

"WITH A COLLECTION OP FBOBLEMS. 

By C. H H. CHETNE, B,A, 
Scholar of St. John's College, Cambridge. 

148 pp. 1862. Cm. 8vo. cloth. 6». 6rf. 

• 

In this volume, an attempt has been 
made to produce a Treatise on the Planetary 
Theory, which being elementary in cha- 
racter, should be so far complete, as to 
contain all that is usually required by 
Btudents in the University. A coUection 
of Problems baa been added, taken cMefLv 



2. Cicero's 
Second Philippic. 

With English Notes, 

168 pp. (1861). Fcp. 8vo. cloth. 6«. 

The Text is that of Halm's 2nd edition, 
(Leipzig, Weidmann, 1858), with some 
corrections from Madvig's 4th Edition 
(Copenhagen, 1858). Halm's Introduction 
has been closely translated, with some 
additions. His notes have been curtailed, 
omitted, or enlarged, at discretion; pas- 
sages to which he gives a bare reference, 
are for the most part printed at lengtii ; 
for the Greek extracts an English version 
has been substituted. A large bod^p^ of 
notes, chiefly grammatical and historical, 
has been added from various sources. A 
list of books useful to the student of 
Cicero, a copious Argument, and an Index 
to the mtroduction and notes, complete tiie 
book. 



By P. FROST, Jun., M.A, 
Late Fellow of St. John's Coll. Cambridge. 

Thucydides. Book VI. 

With English Notes, Map and Index. 
Text \M» \jfc«iv\xc«w\ft^ ,p«ss3M»''^^ 
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By EDWARD THRING, M.A. 
Head Master of Uppingham School. 

Slements of Grammar 
Taught in English. 

With Questions. 

hird Edition. 136 pp. (1860). 
Demy 18mo. 2s. 

. The Child's English 
Gtrammar. 

ew Edition. 86 pp. (1859). Demy 
18mo. Is. 

The Author's eflfort in these two books 
IS been to point out the broad, beaten, 
'ery-day path, carefully avoiding digres- 
ons into the byeways and eccentricities 
■ language. This Work took its rise 
om questionings in National Schools, 
id the whole of the first part is merely 
le writing out in order the answers to 
lestions which have been used already 
Ith success. The study of Grammar in 
Qglish has been much neglected, nay by 
•me put on one side as an impossibility, 
lere was perhaps much ground for this 
tinion, in the medley of arbitrary rules 
rown before the student, which applied 
deed to a certain number of instances, 
it would not work at all in many others, 
must always be the case when princi- 
es are not put forward in a language 
U of ambiguities. The present work 
>es not, therefore, pretend to be a com- 
ndium of idioms, or a philological trea- 
le, but a Grammar. Or in other words, 
I intention is to teach the learner how to 
eak and write correctly, and to under- 
md and explain the speech and writings 
others. Its success, not only in National 
hools, from practical work in which it 
3k its rise, but also in classical schools, 
full of encouragement. 

3. School Songs. 

. COLLECTION OF SONGS FOR 
SCHOOLS. 

[TH THE MUSIC ABBAN6ED FOR 

POUR VOICES. 

^tYffd by Bev. JS. THRINQ and 

M. mccius. 

Music Size. 7s. Qd, 



By EDWABD THBING, M.A. 

4. A First Latin Con- 
struing Book. 

104 pp. (1855). Fcap. 8vo. 2». Qd. 

This Construinjg Book is drawn up on 
the same sort of graduated scale as the 
Author's English Grammar. Passages 
out of the best Latin Poets are gradually 
built up into their perfect shape. The 
few words altered, or inserted as the pass- 
ages go on, are printed in Italics. It is 
hoped by this plan that the leftrner, whilst 
acquiring the rudiments of language, may 
store his mind with good poetry and a 
good vocabulary. 



By C. J. VAUGRANf D.D. 
Head Master of Harrow SchooL 

St, Paul's Epistle to 
the Komans. 

The Greek Text with English Notes. 

Second Edition. Crown Svo. cloth. 
(1861). 6s. 

By dedicating this work to his elder 
Pupils at Harrow^ the Author hopes that 
he sufficiently indicates what is and what 
is not to be looked for in it. He desires 
to record his impression, derived from the 
experience of many years, that the Epis- 
tles of the New Testament, no less than 
the Gospels, are capable of ftimishing 
useful and solid instruction to the highest 
classes of our Public Schools. Hth^are 
taught accurately, not controversiaUy ; 
positively, not negatively; authorita- 
tively, yet not dogmatically; taught with 
close and constant reference to their literal 
meaning, to the connexion of their parts, 
to the sequence of their argument, as well 
.as to their moral and spiritual instruc- 
tion ; they will interest, they willte&swa.^ 
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1. 

By a J. VAVGHAN, D.D, 

Notes for 
Lectures on Confirmation. 

With Suitable Prayers. 

4th Edition. 70 pp. (18*62). Fcp. 
8yo. Is. 6d, 

This work, oriffinall^ prepared for the 
nse of Harrow School, is published in the 
belief that it may assist the labours of 
those who are engaged in preparing can- 
didates for Confinnation, and who find it 
difficult to lay their hand upon any one 
book of suitable instruction at once suffi- 
ciently fuU to fUmish a synopsis of the 
subject, and sufficiently elastic to give free 
scope to the individual judgment in the 
use of it. It will also be found a hand- 
book for those who are being prepared, as 
presenting in a compact form the veiy 

Eoints wMeh a lecturer would wish his 
earers to remember. 

2. 

The Churcli Catechism Illus- 
trated and Explained. By 
ARTHUR RAMSAY, M.A. 

ISmo. cloth. 2s. 

3. 

Hand-Book to Butler's Ana- 
logy. By C. A. SWAINSON, 
M.A. 65 pp. (1856). Crown 8vo. 
U. 6d. 

4. 

History of the Christian 
Ohurch during the First 
Three Centuries, and the 
Beformation in England. 
By W. SIMPSON, M.A. Fourth 
Edition. Pep. 8yo. cloth. 3«. 6d. 

6. 

Analyaia of Paley's B[videii-\'E^«> "Se^ ^^^^^.^ttissGfc 
ces of Christianity. By\ ^^f^^^l?§§^^,^t 
CHARLES H. CROSSE, "M.X.V b.o^t, ^.t^., i«to^^t\^ 

11^ pp. (1855). 18mo. Zs,^d. \ Ttvoitl ^o\^^«^« 



FOBTHCOMING BOC 
1. 

An Elementary Treat 
Natural Philosophy. 

By WILLIAM THOMSON 
F.R.S., late FeUow of St. Pet 
Cambridgre, Professor of Nat 
losophy in the University of < 
and PETER GUTHRIE TA 
late Fellow of 8t. Peter's 
Cambridge, Professor of Nat 
losophy in the University 
burgh. With numerous . lUu 

[Jn i 



2. 



The Narrative of Od^ 

Homer's Odyssey, Books ix- 
Greek Text with English No 
Schools and Colleges. B 
E. B. MAYOR, M.A., Fe 
Principal Classical Lecture 
John's College, Cambridge. 

[TiTearl 



3. 

First Book of Alegbra 

Schools. ByJ. C.W.ELL 
and P. M. CLARKE, M.A 
' Sussex College, Cambridge. 

[J 



4. 



Aristotelis de Bhetorii 

With Notes and Introducti 
E. M. COPE, M.A., FeUow a 
ant Tutor of Trinity Colle 
bridge. 



5. 
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CAMBKIDGE MANUALS 



FOH, THEOIjOaiOAIj STUDENTS. 



1. History of the Christian 
Church during the Middle 
Ages. By Abchdeacon HAED- 
WLCK, Second Edition. 482 pp. 
(1861). With Maps. Crown 870. 
doth. .10«. ed. 

This Volume claims to be regarded as 
an integral and independent treatise on 
the MedisBval Church. The History com- 
mences with the time of Gregory the Great, 
to the year 1620,— the year when Luther, 
having been extruded from those Churches 
that adhered to the Commxmion of tiie 
Pope, established a provisional form of 
government and opened a fresh era in the 
history of Europe. 

2, History of the Christian 
Church during the Refor- 
mation. By Akchdn. HABD- 
WICK. 459 pp. (1866). Crown 
8vo. cloth. 10». 6d. 

This Work forms a Sequel to the Au- 
thor's Book on The Middle Ages. The 
Author's wish has been to give the reader 
a trustworthy version of those stirring 
incidents which mark the Reformation 
period. 

8. History of the Book of Com- 
mon Prayer. With a Rationale 
of its Offices. By FRANCIS 
PROCTER, M. A. Fifth Edition. 
464 pp. (1860). Crown 8vo. cloth. 
108. 6d. 

In the course of the last twenty years 
the whole question of liturgical knowledge 



has been reopened with great learning and 
accurate research, and it is mainly with 
the view of epitomizing their extensive 
publications, and correcting by their help 
the errors and misconceptions which had 
obtained currency, that tiie present 
volume has been put together. 

4. History of the Canon of 
the New Testament during 
the First Four Centuries. 
By BROOKE FOSS WEST- 
COTT, M.A. 694 pp. (1866). 
Crown 8vo. cloth. 12*. 6rf. 

The Author has endeavoured to connect 
the history of the New Testament Canon 
with the growth an'l consolidation of the 
Church, and to point out the relation 
existing between the amount of evidence 
for the autiienticity of its component jmrts 
and the whole mass of Christian literature. 
Sudi a method of inquiry will convey both 
the truest notion of the connexion of the 
written Word vidth the living Body of 
Christ, and the surest conviction of its 
divine authority. 

5. Introduction to the Study 
of the GOSPELS. ByBROOKE 

FOSS WESTCOTT^ M.A. 458 

pp. (1860). Crown 8vo. doth. 
108. 6d. 

This book is intended to be an Intro- 
duction to the Study of -the Gospels. In 
a subject which involves so vast a hterature 
much must have been overlooked ; but the 
Author has made it a point at least to 
study the researches of the great writers, 
and consciously to neglect none. 



This Series of Theological Manuals has been published with, 
the aim of supplying Books concise, co\tiYc^^"w&^:^'i,^K!^^^iRya-'v^i^N 
convenient for the Student, and ^e\. \TA«t^^Nj«v% \.^ *^^ ^^^--^ 
reader. 
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I. THE GOLDEN TREASUHT 

OF TUE BEST S0SG3 AND LTBICAL POEMS IN THE XSmM 
L-INGUAGS. 

Selected and orrajigcd, with Hotei, by P. T, PALGEATK 
Viinittlc by T. " 



" There Is no bnoh in Ibc KniiUth lanirunitf wtalcb will nutke b mon Mdl 
wmpdnlim tbun this . . . wbiph must not only be resd, but poaae^wL bow 
H Bdwjualcly nilotd."— Spbctatob. 



2. THE CHILDEEN'8 GAEL AND. 

FROM THE BEST POETS. 

Selcctcil ana Arronged by COVENTET PATMOEB. 

"Mr. Patmoro dcwrvr- our (rraCtudc for hBiing nesrcbed tbrauKh the wM 
or EnitliBb iionry (or Ihwc flowcra wbicb yonUi and am cui eqiuUr mint, i 
worm them inlo 'The CbUdrcn'a Garland.^"— Los iwcRiTuw. 

3. THE PILGEIM'S PROGEESS. 

By JOHN" BCNYAN. 

With Viimclte by W. noiii*^ Hdft. 

Larue paper coi)ic8, mum 8vo. clolb, Ti. 6J., haJf morooco, 10*. (dL 

" A prclllcr and bettn nlitlonand one more tiactl; aulted fornoeMadV 

and inaip^njdvo Gift Doolt is not to be found." — LxAjnificB. 

4. THE BOOK OF PRAISE. 

FUOM HIE BEST ENGLISH IIYMS WBITEKS. 

Selected and nrrangcd by KOUNDELL PALMER.' 

EiDDTu Thovkahd, Kith Vignette b; T. Woolukb. 

" CoinprebeniUnK nearly all that is Ex»llent In the hymnoloffy of the hMii^ 

.... In the detuiLi of editorial laboon the most ciqaiiiite Bsiib la manUMi''— H 

5. BACON'S E8SAT8 AND COLOURS OF GOOB 

AND EVIL. ■ 

■Witt Notes and GloBsnrial Indei, hy W. ALDIS "WHIGHT, ILi 

Trinity ColUgc, Camhrrd^a. 

And a ViRticlW; ol WodUvct'is ftiaWc oS^«iit»Baii, 

Lane Paper Coplea, Uratn Svo. c\pifti.".>.M.,^BW.-™™w»,-v^.«4. 
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